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Of fuch problems as uſually paſs under the name of 
„„ Diophantine problems. 
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/ Dror kx rs and his writings. 


IOPHANTUS of Alexandria in Egypt is the firſt writer 
of Algebra we meet with among the Ancients: not that the 
invention of that art is particularly to be aſcribed to him; 
for befides that we meet with ſome few ſketches of it in au- 
thors of greater antiquity, Diophantus has no where, that I know of, taught 
the fundamental principles and rules of Algebra: he treats it everywhere 
as an art already known, and ſeems to intend, not ſo much to teach, as to 
cultivate and improve it, by applying it to certain indeterminate arithmeti- 
cal problems concerning ſquare and cube numbers, right-angled triangles, 
&c, which till that time ſeemed to have been either not at all conſidered, 
or at leaſt not regularly treated of. Theſe problems are very curious 
and entertaining ; Fat yet in the reſolution of them there frequently occur 
difficulties, which nothing leſs than the niceſt and moſt refined Algebra, 
applied with the utmoſt en and judgment could ever ſurmount: and 
moſt certain it is, that in this way, no man ever extended the limits of the 
analytic art further than Diophantus has done, or diſcovered greater pe- 
netration and judgment; whether we conſider his wonderful ſagacity and 
peculiar artifice in forming ſuch proper poſitions as the nature of the 
jueſtions under conſideration required, or the more than ordinary ſub- 
tilty of his reaſoning upon them. Every particular problem puts us up- 
on a new way of thinking, and furniſhes a freſh vein of analytical trea- 
ſure, which, conſidering the vaſt variety there is of them, cannot but be 
very inſtructive to the mind in conducting itſelf through almoſt all diffi- 


culties of this kind, wherever they occur. Of theſe problems I ſhall ſe- 
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464 - . Or DioPHANTUS AND HIS WRITINGs, Book vi. 

lect ſome, to wit, ſo many as may ſuffice to give the learner a juſt" taſte of 
= this ſort of reaſoning, and to incite him to look into the author himſelf, 
vyrhene ver he ſhall find leiſure enough for that purpoſe. 


The way of ſubſtituting letters for quantities given in a problem, as 


well as for thoſe that are ſought, was either not known, or not in uſe in 
Diophantus's time; nor the way of introducing more letters than one in- 
to à problem where more unknown quantities were to be repreſented: 
and (to confeſs the truth) the intolerable liberty ſome modern Analyſts 


have taken in this way, makes Diopbantus's method appear much the 
more elegant of the two; though it muſt not be denied but that it ſome- 


times occaſions perplexity and confuſion, when the ſame letter in one and 


the ſame problem is made to ſignify two or three different things, as it is 
employed by Diophantus in ſo many different operations. For my own 
part, I ſhall ſteer a middle courſe (as often as I ſee occaſion) between 
theſe two extremes, and ſhall endeavour, as far as I can, to dreſs up 
theſe problems in ſuch a manner as may render them agreeable to a mo- 
dern taſte, without loſing any of the elegancies of Diophantus's analyſis. 


Upon the whole, if it be allowed that theſe problems haye not ſuffered 
in paſſing through my hands, that will ſufficiently juſtify my inſerting = 
them here, as others before me in their algebraical tracts have done; and 


that is the utmoſt I ſhall pretend to. \ WW - 
As to the age Drophantus lived in, we have nothing certain: all that 


his learned and beſt commentator Monſieur Bachet could collect con- 


cerning this point is as follows. 

The famous Geometrician Apollonius flouriſhed in the time of Prolemæus 
Euergetes king of Egypt, and conſequently above two hundred years be- 
fore Chriſt. Hypficles, who is ſuppoſed to be the author of the fourteenth 
and fifteenth books annexed to Euclid's elements, tells us in his preface 
to thoſe two books, that he had ſeen two copies of a treatiſe of Apollo- 
nus concerning the regular bodies, whereof the former was very imper- 
tect, but the latter came from Atollonius himſelf; whence it plainly ap- 
pears that Hypicles muſt have lived not long after Apollonius. Diophantus 
in his treatiſe of multangular numbers quotes Hypficles; and therefore 
muſt have lived ſome time after hin. On the other hand, the learned 
lady Hypatia who was daughter to Theo the Mathematician, and lived in 
the time of Arcadius and Honorius, that is, about four hundred years af- 


ter Chriſt, wrote a comment upon Drephantus; and therefore Diophantus 


muſt have lived a conſiderable time before her, ſince it is not uſual to 
write comments upon modern productions. All then that can reaſonably 
be conjectured from this account is, that Drophantus flouriſhed in or 


about the third century, 
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Art. 223, 224, D1oPHANTENE PROBLEMS. 365 
His Arithmetics, out of which treatiſe theſe problems are collected, 
conſiſted of thirteen books, whereof only the firſt fix books are now ex- 
tant. The, beſt edition I have met with of Diopbantuss works is that 
publiſhed at Paris by Monſieur Bacbet in the year 1621 : he has cer. 
tainly beſt explained Dzophantus's meaning, and made the beſt obſervati- 
ons upon him, of any commentator before him; befides that, he has re- 
ſtored and cleared up the text in innumerable places, hich by the igno- 
rance or negligence of tranſcribers, was in almoſt evety problem moſt 
miſerably corrupted. Beſides that abovementioned, there is another editi- 
on of Bachet's Diophantus, publiſhed in the year 1670, with Fermat's ob- 

ſervations upon ſome few of the queſtions. re 
AE. Lx MMA. | 
324 If all the three fides of a right-angled triangle be increaſed or di- 
min ſhed in the ſame proportion, there will be formed another right-ang- 
led triangle ſimilar to the former. 5 g 
That the triangle thus found will be ſimilar to the former, needs no 
proof; ſince the Frnilitude of triangles conſiſts in nothing elſe but in a 
proportionality of their ſides, that is, when every fide of one triangle 
fa the ſame proportion to it's correſpondent fide in another: and 
from hence it follows, that the triangle formed as above deſcribed will 
be a right-angled triangle, ſince all ſimilar triangles are equiangular. 
But without touching upon geometrical principles, I ſhall demonſtrate 
this in the following manner. - ; 
Let a, 5 and c be the three ſides of a right-angled triangle, to wit, 4 
and 5 the legs, or ſides about the right-angle, and c the hypotenuſe; then 
will # +=. Let now all the three ſides a, ô and c be increaſed or 
diminiſhed in the proportion of d to e, by ſaying, as d is to e fo is a to 75 


alſo, as d is to e ſo is b to 7 ; laſtly, as d is to e ſo is c to 7 ; this done, 


ae be 


I fay that the numbers 7, J and 7 will be the three ſides of a right- 
| * e* | TI 
angled triangle : for the ſquare of _ 18 > and the ſquare of I is 


$a; H de 3 
__ and the fum of theſe two ſquares 1s - 2 — = 7", becauſe a 


| b 
+6 = ; therefore the numbers 7 and 7 will repreſent the two legs 


of a right-angled triangle whoſe bypotenuſe is 7. 2, E. D. 
| EG Cokox- 
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triangle will be cc and V, or £4 = and 77 


| will have x, the root of the 
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Hence if a right-angled triangle be given, another fimilar ts it may be 


' formed whoſe bypotenuſe ſhall be any aſſigned number whatever. f Let 
e hypo- 


a, b and c repreſent the ſides of a given right- angled triangle w 

tenuſe is c, and let it be required to form another ſimilar to this whoſe 
hypotenuſe ſhall be : this may be done by faying, As c, the hypotenuſe 
of the original triangle, is to f, the hypotenuſe i 5 triangle to be formed, 


fois a, one of the legs of the former triangle, to C @ correſpondent beg of 


the latter triangle; and ſo is b the other leg of the former triangle to — 
the other leg of the latter triangle: The three ſides therefore of the latter 


RG: „ ENS 5 
Being the 8th of the ſecond book of Diophantus's Arithmetics. 
225. It is required to divide a given ſquare number into two ſuch parts, 
that each part may be a ſquare number. 0 . 
N. B. By numbers, in a ſimple ſenſe, are meant by Diopbantus all 
rational numbers, whether they be whole numbers or fractions, in con- 
tradiſtinction to ſurd roots, and all ſuch other numbers as are incom- 
menſurable to unity, which are commonly called irrational numbers. 


SOLUTION, 


Let 100 be the ſquare number propoſed to be divided; and fince the 
two parts of this number are alſo to be ſquares, let xx be one of them, 
and the other will be 100 —xx, which, as well as the former, is to be a 
ſquare. Now as the problem ſuppoſes no relation betwixt the ſides of 
theſe two ſquares, we are left at liberty to feign what relation we pleaſe 
betwixt them, provided that will but furniſh us with a proper equation 
for determining the fide of the firſt ſquare. Let us then ſuppoſe the 
ſide of the ſecond ſquare to be 2 x— 10, (the reaſon of which poſition 
will be explained hereafter ; ) then muſt the ſquare of 2 x— 10 be equal 
to the ſecond ſquare, that is, to 100— x x; but the ſquare of 2x— 10 
is 4Xx-— 40x +100; therefore 4xx— 40x + 100=100—xx; re- 
ſolve this equation by 2 off 100 from both ſides &c, and you 

ſt ſquare, equal to 8; whence 2x— 10, 


Or 


Art. 23. DroyHAnTINE FROBLEME, 367 
or the fide of the ſecond ſquare, will be 6 ; therefore 8 and 6 will be 


the ſides of the two ſquares ſought, and the ſquares themſelves will be 
64 and 36, which together make 100, as required. | * 
| _ The ExePLiCATION. 
1ſt. If any one aſks why 2x— 10 is here ſubſtituted for the ſecond 
fide rather than y or any other unknown quantity; it may be anſwered, 
that the problem furniſhes only one equation, to wit, «„ Ey = 100 ; 
and therefore it will be impoſſible to determine either x or y without 
. ſome other equation expreſſing the relation betwixt x and y, 
as by making y=2x—10, &c. | 
2dly. If it be aſked why the fide of the ſecond ſquare was feigned 2x 
—10 rather than 2x—11, 2K — , or any other; the anſwer is, be- 
cauſe 10 is the fide or root of 100, the ſquare firſt propoſed to be divi- 
ded ; and therefore 1 poſition we have 100 on both ſides of the equa- 
tion; which being ſtruck off. from both ſides leaves a ſimple equation, 
wherein x will always be rational: whereas had any other number been 
joined with 2x, the equation would have been a quadratic, and would 
not ( by chance) have exhibited x rational, Thus if 2x— 11 had 
been made the fide of the ſecond ſquare, the equation would have been 
4XX — 44x ＋ 121 =100—xx, 5 33 
3dly. If it be aſked why the ſide of the ſecond ſquare was made 2 x 
— 10 rather than 10—2x; I anfwer, that either of theſe two poſitions 
would equally have ſerved the purpoſe, becauſe the ſquare of 1o— 2K 
is the ſame with the ſquare of 2x—10, and therefore the equation would 
have been the ſame in both caſes. It muſt not be omitted however, that 
if 2x—10 be an affirmative quantity, 10— 2x will be a contrary nega- 
tive, and vice verſa: but this can create no difficulty; for if 10—2x 
had been found negative, it might eaſily have been exchanged for the 
affirmative fide, and the ſquare ſought wauld ſtill have been the ſame. 
4thly. If it be aſked why 2x — 10 rather than 2x10; I anſwer, 
that this laſt poſition might have been uſed; but then the equation would 
have been 4xx—+ 40x+ 100==100—xx; in which caſe x (the fide 
of the firſt ſquare) would have been found equal to —8, and 2x+10 
(the fide of the ſecond) equal to — 6 : however theſe negative ſides — 8 
and — 6 might eaſily have been exchanged for their affirmatives +8 
and -+ 6, as was before obſerved. It appears however from what has 
been faid, that 2x — 10 was a more elegant ſubſtitution. 
5thly. If it be aſked why 2x — 10 was made the fide of the ſecond 
ſquare rather than x— 10,..3x— 10, 4x— 10, 5x—10, Cc; the an- 
fer is, that had x—10 been made the ſide of the ſecond ſquare, the 
equation 


. 


368 | DrornANnTINE: PROBLEMS: Book vi. 


equation would have been xx—20x-+ 100 = 100 - xx, in which 
caſe x, the fide of the firſt ſquare, would have been found equal to ro, and 
* 10, or the fide of the ſecond, equal to nothing: had the fide of the 
ſecond ſquare been put 8 to 3a — 10, the equation would have given 
us the A ſquares as before, but in an inverted order, that is, x would 
now have been found equal to 6, and 34 — lo 8: had 4K — 10, 
or * 10 been uſed to expreſs the fide of the Leg ſquare, theſe po— 
fitions would have been leſs fimple, and the ſquares ws, ws, by them 
fractional numbers, which 3 would have anſwered the condi- 
tions of the queſtion, and in ſome of Drophantus's quettions are una- 
voidable. | 
To form a general canon for the reſolution of any queſtion of this kind, 
Let aa be the ſquare to be divided; then aſſuming at pleaſure any two num- 
bers, 7 a greater and s a leſs, let sæ be the fide of one of the ſquares ſought, 
and let 7x— be the fide of the other; then will the former ſ uare be 
, and the latter 20 e K* reſolve this laſt 


equation, and you will have x ; : hence Xx — a, the ade of 
LY SE 2a7 2 ar—as 
one of the ſquares fought, will be iz —7 => 4 % the 


ſide of the other ſquare, will be r therefore 1f any two unequal 


numbers be taken at pleaſure, whereof the anne is called er and the 
—AS" . - 2ars 


leer s, the fides of the two ſquares ſought will be = e and — Pe 


The 2 e r and s muſt be unequal is, becauſe if it was otherwiſe, 


a $* 


the fide e would be nothing, as it would be negative if 7 was 


not made to =. py the greater of the two numbers r and 5. 


This problem admits of an infinite number of ſolutions, | according to 
the different ignifications of r and s, 


EXAMPLE 1. 


HF 3 427 — 3 32 e 
Let r=2 3 x ; then we ſhall have _— = 5, and 
„„ Bars : 5 
r = a, Now the ſquare of 5 18 we, and the ſquare of 7 is 
16a 2548 


, and the ſum of theſe two ſquares is 


or aa, as required, 


BJ: 


25 
SCHOLIUM. 


Art, 225, 226, DIoPHANTINE PROBLEMS. 369 9 
SCHOLIUM. | | 

„ % :. 24875 557 1 i 
Since PIs and = are the ſides of two ſquares, which ſquares | i 

: ar —af  2ars | 

when added together make @*, it follows, that if — __ and == | 


be made the two legs of a right-angled triangle, the hypotenuſe of that 
triangle will be a, and ſo we ſhall have a right-angled triangle whoſe 
three ſides are all expreſſed in rational numbers. Let now theſe three 
ſides be all increaſed or diminiſhed in the proportion of @ to * , that 
is, let all the ſides be multiplied by 7* +5 and divided by a, and the re- 
ſulting numbers will be -, 275, and -*+£ ; but according to the 
foregoing lemma, theſe three numbers will alſo repreſent the three ſides 
of another right-angled triangle whoſe hypotenuſe is -g: hence then 
we are fallen into the fame method for forming a right-angled triangle 
out of any two given numbers whatever, as is laid down in article 12, 
which ſee: the rule is this. Aſſuming any two unequal numbers whatever 
r and s, wheregf er is the greater, make r·— 8. d, 2rs=e, and ri 
A: then will d, e and i be the three ſides of a right-angled triangle form- 

> ed from the numbers r and s, whoſe bypotenuſe is f. According to this way 
of notation, the ſides of the two ſquares that ſolved the foregoing pro- 
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ar —as 2487s #4 . © ae 
blem, towit, 5 and — 8 will now be — and 7 whence a- 


riſes another canon for the reſolution of the foregoing problem, which is this. 

Let d, e and f be the three ſides of any right-angled triangle whoſe hyps- 
tenuſe is f; and by coroll. in art. 224. find another triangle ſimilar to this, 
whoſe hypotenuſe is a; then will the two legs of this laſt triangle be the fides 
of tuo ſquares whi 5 will anſwer the condition of the problem, becauſe theſe 

C 
ſ1 1 > * f 
"ou ides will * 7 and Fo 1 above 05 
PROBLEM, 


Being the 10th of the ſecond book of Diophantus. 


226, It is required to divide any number conſiſting ef two ſquare num- 
bers into other two ſquare numbers. OG 
N. B. This problem is of great uſe in Diopbantus, being made the 
baſis or foundation of the reſolution of ſeveral other problems; and there- 
fore I muſt be excuſed if I inſiſt ſomewhat the longer upon it. I ſhall 
here give it a general ſolution, that the reaſons of the poſitions and the 
limitations of the problem may the more eaſily appear; or where they 
do not, may the more eaſily be explained. 
Aaa 8 0 L u- 


370 DioPHANTINE PROBLEMS, Book vi. 
f SOLUTION. 


= Let then TL be the number to be divided, being compoſed of two 
{quare numbers, to wit, a* a greater, and #* a leſs; and let it be required 


to divide this number into other two ſquare numbers. To do this, take 


two unequal known numbers, 7 a greater and s a leſs, but with theſe 
two cautions notwithſtanding,” to wit, that the proportion of 7 to s be 
not the fame with that of à to b, nor the fame with that of a+ 4: to: 
a—b, Theſe precautions being obſerved, make r* - the fide of one 
of the ſquares ſought, and 5x—6 the fide of the other; then will the 


former ſquare be *x*—2 r &, and the latter fx*—2b5sx+6*, and 


the ſum of theſe two ſquares is Px*+£fx*—20a7rx—2bsx+0*—+b*=a*+6 


| 3 | 3 _ 3 7 
by the ſuppoſition; reſolve this equation, and you will have x = — = 2. 


r 
hence & —, the ſide of the firſt fquare, will be e eee 


* os 
ar—aSf+2brs 
e 


From the two numbers r and s form (by art. 12) a 


right-angled triangle whoſe two legs and hypotenuſe let be 4, e and 


reſpectively, by making *—5* d, 2rs==e, and * + ==; then will 


= 22s (or the fide of the firſt fquare) be © 7 =, Again, 
fince x = — 2 we ſhall have sx —b, the fide of the ſecond 


2ars+bss —brr . ; 
fquare, equal to — FT that is, according to our former 
ae—bd 


IRE Thus then we have the ſides of two ſquares which 


will ſolve the problem, to wit, ee and bee and this theorem 
ariſes by making 7x — 4 and * — 6 the ſides of the two ſquares ſought. 
But ſuppoſe the fide of the ſecond ſquare had been made 5x —+ b inſtead 
of *, what then would have been the conſequence? why, without re- 
ting the foregoing operation, upon this ſuppoſition it is eaſy to foreſee, 
that all the difference in the concluſion will be this, to wit, that thoſe terms 


in the foregoing theorem wherein & was concerned muſt now have the 


ligns changed, and then you will have a theorem calculated for this lat- 


ter ſuppoſition : but the former theorem was, that 4 and — 


7 


were the ſides of two ſquares which would ſolve the problem; therefore 


the 


1 
„ 
1 


1 
Er 
£4 


" 
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Art. 226, DIoPHANTINE PROBLEMS, 37 


the theorem will be, that . > and nl of ano- 
ther pair of ſquares which would equally ſolve the problem: thus we 
ſee problem is capable of two ſolutions without changing the tri- 
angle d, e, f. But here it muſt be obſerved, that if any of the ſides of 
the ſquares expreſſed above come out negative, they muſt be changed in- 
to their affirmatives; which may be done, for reaſons given in the fore- 
going problem. bg | | | 
Had rx—+ @ and 5x been made to expreſs the fides of the ſquare 
ſought, they would have come out the ſame as in the firſt caſe ; eſpe- 
cially after the negative ſides in both caſes were made affirmative, Had 
rx+a and sx— b expreſſed the two ſides ſought, thoſe ſides would 
then have come out the fame as in the ſecond caſe : fo that though there 
be four caſes, there are but two theorems exhibiting two different ſolu- 


tions of the problem, which two theorems are both included in the fol- 
lowing canon. 5 


Let a and b be the fides of the original ſquares, whereof the number to 
be divided is ſuppoſed to conſiſt; and from any two unequal numbers, whereof 
the greater is not to the leſs as the greater of the tævo fides a and b is to the 
leſs, nor as their ſum to their difference, let a right-angled triangle be form- 
ed, whereof the two legs and hypotenuſe are the numbers d, e and f reſpec- 
tively : multiply now the two legs d and e by a the fide of one of the original 

ſquares, and put down the two products ad and ae: multiply again the 
ſame legs d and e in the ſame order, by b the fide of the other original 
ſquare, and the tawo products bd and be put down after the two former; 


fo that the products with the common denominator f placed under them may 
ad ae bd be LI | 


ftand thus, F, F., F, F: T ſay then, that of theſe four fractions the 
ſum of the extremes and the difference of the taw middle terms will be the 
des of two ſquares which will ſolve the problem : I ſay moreover, that the 
difference of the extremes and the ſum of the tac middle terms will be th 
ſides of other two ſquares which will equally ſolve the problem. | 
N. B. The legs of the triangle may be taken in any order, to wit, d 
and e, ore and d in the firſt multiplication, provided they be taken in 
the ſame order in the ſecond multiplication : neither is it of any con- 
ſequence which of the two multiplicators a and 6 you begin with: the 


ſides of the ſquares ſought will come out the fame in all theſe caſes, but 
in a different order, as will eaſily appear upon tryal. | 


EXAMPLE. 


The number 13 is compoſed of two ſquare numbers, viz, 4 and q, 
which I call original ſquares, whoſe ſides are 2 and 3: let it then be re- 


a 4 2 quired 
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quired to divide this number into two other ſquare numbers. Firſt then 
I aſſume two numbers, ſuppoſe 2 and 1, which are not in proportion to 
one another as 3 to 2, oras 5 to 1; and from theſe numbers 2 and 1, 
form a right-angled triangle, whoſe ſides therefore will be 3, 4 and 5; 
then I multiply the legs of this triangle, to Wit 3 and 4, by 2 the fide 
of one of the original ſquares, and the products are 6 and 8; the fame. 
legs I multiply again by 3, the fide of the other original ſquare, and the 
products are ꝙ and 12; theſe products being put down after the former 
with the common denominator 5 under them, I have four fractions, to wit, 


-, 2 : l and 15 the ſum of the extremes whereof is =, and the dif- 


: I 18 5 
ference of the middle terms ; therefore and are the ſides of two 


ſquares which will ſolve the problem, as appears upon tryal; for the 


| ſquare of 5 i 255 and the ſquare of 1 25 9 5 


| | ga” 
l | or 13. Again, the difference of the extreme fractions is ay the ſum 


of the two middle terms is al - therefore S 26 are the ſides of o- 
l | ther two ſquares which will alſo ſolve the problem ; for the ſquare of 
if | 2 - and the ſquare of —7 is = , and their ſum is 5 or 13: 
| a then we have two ſolutions from one and the fame triangle, to wit, 
whoſe ſides are 3, 4 and 5; and any other triangle that is not ſimilar to 
this, and that is formed according to the directions above given, will fur- 
niſh two more ſolutions of the fame problem; and fo on ad 4 anna 
If the number to be divided be compoſed of two equal ſquares, the 
two ſolutions which the ſame right-angled triangle other wife affords will 
then run into one. As for inſtance, the number 2 is compoſed of two 
equal ſquares, to wit, 1 and 1, whoſe ſides are 1 and 1: let it then be 
required to divide this number 2 into other two ſquares. Firſt then, ob- 
ſerving the precautions above given, I take the two numbers 2-and 1, 
whereby I form the right-angled triangle whoſe ſides are 3, 4 and 5, as 
above; then multiplying the legs 3 and 4. firſt by 1, and then again by 
I, (which two multiplicators are the equal ſides of the original ſquares, ) 


the products, with the common denominator 5 under them, will be 2 : 


| 5 5 R 7 the ſum of the extremes whereof is - and the difference of 


the 
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the middle terms 1 therefore Sand 7 will ſolve the problem, the 


ſquare of "4 being pt and the ſquare of Ts —_ whoſe ſum is or 


2: on the other hand, if the difference of the extremes and the ſum of 
the middle terms be taken, the ſides will be : and 5 the ſame as be- 


fore, but in a contrary order. 5 

The reaſon of the precautions above given in forming the right-ang- 
led triangle which is to ſolve the aeg is this: If the two numbers 
forming the triangle be to each other as the ſides of the original ſquares, 
or as the ſum afid difference of thoſe ſides, the triangle will give us two 
pair of ſquares, as before; but then one of theſe pairs will be the ſame 
with thoſe very original ſquares whereof the number to be divided is com- 
poſed. As for example; as the number 13 conſiſts of two ſquares 4 and 
9, whoſe ſides are 2 and 3, let it again be required to divide the num- 
ber 13 into other two ſquares. To do this, let us take two numbers 
which are to each other as 2 to 3 the fides of the original ſquares; nay 
let us take the very numbers 2 and 3, and by them form a right-angled 
triangle; and the ſides of the triangle will be 5, 12 and 13; multiply 
the legs 5 and 12 by the ſides 2 and 3, and the four products, with the 


3 3 720 3 CC 
common denominator 13 : will be 15 5 8 and 5 „vVvhereof the 


ſum of the extremes is = : and the difference of the middle terms is 
A | 


hy and theſe fides 15 and 13 will ſolve the problem, as may eaſily be 


f ; - | . 26 
ſeen: on the other hand, the difference of the extremes is 13 or 2, and 


the ſum of the middle terms 2. or 33 and the ſides 2 and 3 will folve 


the problem, but then they are the ſides of the original ſquares. 

To demonſtrate this in general, let à and þ be the ſides of the two 
original ſquares, to wit, à the greater and “ the leſs; alſo let r and s be 
the two numbers from which the right-angled triangle is to be formed : 
and firſt let r be to 5s as à is to 6; then by multiplying extremes and 
means we have br =as ; multiply both ſides by 25, and you will have 
2brs=2a5s; add arr—ass to bath fides of the equation, and you 
will have arr —ass+2brs==arr-+ass, that is, according " our 
| mer 
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Former notation, ad BE A; divide by f, and you will have 


that is, one of the ſides ſought, equal to a, the fide of one of the original 

tl 2 therefore the he: fe + ſought muſt be 5, the fide of the other 

= original ſquare; otherwiſe the ſum of the ſquares of theſe two fides would 

1 not compoſe the number to be divided. 3 

Again, let 7 be to 5 as a+b toa—5; and by multiplying extremes 

and means we ſhall have ar —br=a5+bs, and by tranſpoſition, ar 

== as+br+bs, and again by tranſpoſition, ar—as=br+bs ; multi- 
ply both ſides by 7-5, and you will have ar* —a&f =br 2 br bg; 

tranſpoſe 2 br 5, and you will have a —af—2br5=br*+þ&, that 

is, according to our former notation, ad—be==bf; divide by f, and 

ad—be | 


von will have „which is one of the ſides ſought, equal to 6, 
the ſide of one of the original ſquares, | | 
5 Sc HOL IU M. 8 


The defign of this ſecond problem was to divide any number as a* ＋ , =x 
conſiſting of two ſquare numbers, into other two ſquare numbers. Let = 
the ſide i, and conſequently one of the original ſquares & be equal to no- : 1 
thing; then will the problem be changed into this: Jo divide à given N 1 
As number as a into two other ſquares, which is the firſt problem; F 
erefore the firſt problem is but a particular caſe of the ſecond, to wit, 
when 6 in the ſecond problem equals o; therefore if in the expreſſions 
of the ſides ſought in the ſecond problem, þ be made equal to nothing, 
that is, if all the terms be ſtruck out wherein 6 is a multiplier, the reſt 


will expreſs the fides ſought in the firſt problem ; but < = o and 
—34 OE "3 

_ 7 expreſs the two ſides ſought in the ſecond problem; therefore 

7 and 7 will expreſs the two ſides ſought in the firſt problem; and 

and fo you will find them expreſſed, if you look back upon the reſolu- 


lution of that firſt problem. The ſame expreſſions might alſo have been 
obtained from the other ſolution of this problem, where the ſides were 


42d — be ae+bd 


ö 


PROBLEM z. 


227. To find four right-angled triangles expreſſed in whole numbers, whi hb 
Have all the ſame hypotenuſe, 
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and b, and whoſe hypotenuſe is c. 


Art. 227. DIoPHANTINE PROBLEMS, „ 
This problem is not in Diophantus, but is in a manner ſuppoſed by 


him in the twentyſecond queſtion of the third book of his Arithmetics. 


Note, that in the reſolution of this problem we ſhall denote all right- 
angled triangles by their ſides, the eee, being always laſt expreſ- 
ſed. Thus a, 6, c denotes a right-angled triangle whoſe two legs are a- 


SOLYTLION, 


1ſt, Form two right-angled triangles that are not ſimilar to each other, 
ſuppoſe a, b, c, and d, e, F: theſe I call primitive triangles, as being thoſe- 
from which the four triangles ſought are to be derived. „ Ink 
2dly. Multiply a, ö, c, the three ſides of the firſt primitive triangle, 
by f, the hypotenuſe of the other, and the eee af, bf, cf will 
conſtitute another right-angled triangle whoſe hypotenuſe is /, by art. 
2243 and this will be one of the four triangles ſought. | 
z3dly. Multiply d, e, / the three ſides of the ſecond primitive triangle, 


by c, the hypotenuſe of the firſt, and the products cd, ce, cf will con- 


ſtitute another right-angled triangle whoſe hypotenuſe is cf, and which 
therefore will be a ſecond triangle of the four ſought. 

4thly. Multiply 4 and e, the legs of the ſecond primitive triangle, 
ſucceſſively by a and 4, thoſe of the firſt, and the products with the. 
common denominator F under them, being put down as in the canon to 


| 44 bd b ; 
hs ſecond problem, will ſtand thus, 77 Fe 7. + ; the ſum of the 


d4＋ 5 e—bd. 
extremes 1s 29 and the difference of the middle terms as 7 


| F 3 
bd—ae _ : 9 8 . 
z; therefore according to the canon above cited, the ſquare 


pd alt * and the ſquare of 2 muſt both together make a*+#* 
7 | the a 7” F 


or 


of 
ad+be ae—bd 


or c; therefore 4 and 20D muſt be the two legs of a right- 


angled triangle whoſe hypotenuſe is c; therefore, by art. 224, ad be 
and ae—bd will be the legs of a right-angled triangle whoſe hypotenuſe 


is cf; therefore ade, ae—bd, cf will be the third triangle ſought. 
5thly. The difference of the extremes of the abovewritten fractions is 


d—be be—ad 
. ne a and the ſum of the middle terms is _—_ there- 


fore in the ſame manner as in the laſt paragraph it may be demonſtrated 


that ad—be, ae d, cf will be the fourth triangle ſought. 
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Thus then from the two primitive triangles firſt given we have deri- 
ved four others, all expreſſed in whole numbers, and all having the fams | 
hypotenuſe, to wit, 5 oe 


* 
2dly, Y; „ 3 4 


3dly, ad- be, aan cf, 
Athly, ad—be, ae bd, cf. 


EXAMPLE. 


Let the primitive triangles be 3, 4, 5, formed by the numbers 2 and 

1, and 5, 12, 13, formed by the numbers 3 and 2. Here if we multiply 
, 4 and 5, the three ſides of one of the original triangles, by 13 the 
8 of the other, we ſhall have 39, 52, 65 for the firſt of the 
four triangles: again, if we multiply 5, 12 and 13 the three ſides of the 
other primitive triangle by 5; the hypotenuſe of the firſt, we ſhall have BÞ 
25, 60, 65 for the ſecond triangle ſought : let us now multiply 5 and = 
12, the legs of the ſecond primitive triangle, by 3 and 4, the legs of the 
firſt, ſucceſſively, and the products will be 15, 36, 20, 48, whereof the 2 
ſum of the extremes is 63, and the difference of the middle terms 16 ; 1 
therefore 16, 63, 65 will be the third triangle: laſtly, the difference of LL | 
the extremes is 33, and the ſum of the middle terms 56 therefore 33, : 
56, 65 will be our fourth triangle: ſo that from the two primitive right- 


4 8 2 NP. 


angled triangles 3, 4, 5 and 5, 12, 13, we have derived four others ex- | 

preſſed in whole numbers and having the fame hypotenuſe, to wit, M 
V _—_— 
2dly, 25, 60, 65. 


200; 10, 03, 05, 
athly, 33, 56, 65, | 
It was cautioned in forming the two primitive triangles, that they 

ſhould not be ſimilar to each other; becauſe if they be fo, the firſt and 
ſecond of the triangles fought will become one and the fame triangle, 
and of the two laſt one will vaniſh. To demonſtrate this, let the triangle 
a, ö, c be ſimilar to the triangle d, e, /, and let à and d, C and e, c an 
be correſpondent ſides; then by art. 224, a will have the ſame proporti- 
on to d that c hath to /; whence we ſhall have cd a 1 : moreoyer 3 
will be to e as g js to ; whence ce will be equal to /; therefore cd, ce, 
c f, the ſides of the ſecond triangle ſought, will be the ſame with af, / 
cf, thoſe of the firſt : moreover from the ſuppoſed fimilitude of the two 
primitive triangles a, b, c and d, e, f, we ſhall have a to das b toe, and 
conſequently ae == bd, and ae — d o: but ae—b4 is one of the legs 


of 
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of the third triangle ; therefore in this caſe, the third triapgle will vaniſh ; 
and we ſhall only have two right-angled triangles having the ſame hypote- 
nuſe, to wit, the firſt and the laſt. 

| LEMM A. 


228, In every right-angled triangle, if the double product of the legs be 
either added to or ſubtracted from the ſquare of the hypotenuſe, both 
the ſum and remainder will be ſquare numbers. 

Let a, b and c be the three ſides of any right-angled triangle whoſe 
hypotenuſe is c; I fay then, that both c! ＋ 2 ab and c. 246 will be 
ſquare numbers: for c ; therefore & + 2 ab= a+ 2 ab+6 
- a ſquare number, whoſe fide or root is a+6: in like manner c 246 
=4a*—2 ab + a ſquare number, whoſe fide is 2— 5. 9. E. D. 


: PROBLEM 4. 


Being one particular caſe of the rwentyſecond of the third 
book of Diophantus. | 


229. To find a number with this property, to wit, that whether it be 
added to, or ſubtracted from it's ſquare, both the ſum and the re- 
mainder fhall be ſquare numbers, 


Firſt SOLUTION, 


Let x be a number that hath the property above deſcribed, that is, 
let x be ſuch a number, that both x» + x and xx - x be ſquares, which 
we uſually expreſs thus, xx +x =D, and xx - Q. This is one 
kind of that which Dzophantus calls duplicate equality, to wit, when two 
difterent quantities are both to be equated to ſquares. Now to reſolve 
this duplicate equality we are here to take notice, that the two quanti- 
ties x x +x and xx x both together make 2x x ; therefore if we can 
find two ſquare numbers which both together make 2 xx, and if we 
make xXx equal to the leſſer of theſe two ſquares, the other quantity 
xx + x muſt neceſſarily be equal to the greater ſquare ; and fo we ſhall 
have both x x+x and xx — x ſquare numbers: now the number 2 
was diyided into two ſquare numbers in the ſecond problem, and thoſe 


C 2 
{quares were ＋ d 255 therefore 5 * : =2 ; therefore 25 + 


xXx | | F | 3 
— — =2xXx; therefore we have two ſquare numbers which both to- 


gether make 2x x: let us then make xx — x = 75 the leſſer of thoſe 
B b b | two 
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number, whoſe fide is . 
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two ſquares, or xx +x =" the greater ; and either of theſe equa- 


2 | 1 
tions being reſolved will give x = _ therefore the fraction — will 


anſwer the conditions of the problem, which we may examine thus : 


the ſquare of 2 is = ; and the fide of that ſquare > , by multiply- 


3 5 600 
ing both the numerator and denominator by 24, becomes =; now 


570” 


625 1225 


©. ber. © 2 025 ET 
if the fide 576 be added to it s ſquare 5765 the ſum Fa will be a 


3 


ſquare number, whoſe ſide is =.” and on the other hand, if the fide 


600 


575 be ſubtracted from it's ſquare 575 there "_ remain 77 a ſquare 


To the ſolution already given of this problem I ſhall add another, 


which for it's elegancy deſerves a place here, and much more as it will 


prepare the learner for the better underſtanding of the next following 
problem. „ 


Second SOLUTION. 


Let a be the double 2 80 of the baſe and perpendicular of any right- 
angled triangle whoſe hypotenuſe is þ; then will both þ* + a and h*—g 
be ſquare numbers the laſt article; and if theſe numbers be multi- 


plied by any other ſquare number, ſuppoſe x x, not as yet determined, 
the products Fx* EA and H - & will ſtill be ſquare numbers, 


ſince a ſquare multiplying a ſquare produces a ſquare. If therefore we 
wanted a number, which being added to, and ſubtracted from ſome 


ſquare number would make both the ſum and remainder ſquares, a * 
would be the number, and H would be the ſquare; and that, what- 


ever the quantity x was made to ſignify : but we want a number which 
being added to, and ſubtracted from the ſquare of itſelf will make both 
the ſum and remainder ſquare numbers; therefore to anſwer the requi- 
ſites of this problem, the value of x mutt be ſuch, that 4 x* may be the 
ſquare of @ x* but þ* is the ſquare of x; therefore ax* mult be equal 
to hx: be it fo, and we ſhall have & b 2 


2 and XX ==, and ax* (or 
| 52 ö | 

the number ſought) equal to —: If therefore the ſquare of the bypotenuſe 

of 


2 LS NP 
Not vc 


— = 3 
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of any right-angled triangle be divided by the double produdt of the legs, 
1. — will be ſuch a number as is deſcribed in the problem. As for 
inſtance, 3, 4 and 5; are the ſides of a right-angled triangle, the ſquare 
of whoſe \ harm. is 25, and the double product of whoſe baſe and per- 
7 is a number which will anſwer the con- 
ditions of the problem, as above. „ 
| 85 PROBLEM 5. | 


Being the ſame with the twentyſecond of the third book of 
Diophantus. « 


pendicular is 24; therefore 


23 o. To find four ſuch numbers as bein g. ſeverally added to and ſubtracted 
from the ſquare of their ſum, will make both the ſums and the re- 
mainders all ſquare numbers. 


SOLUTION, 


By the directions given in the third problem (art. 227) compute four 
right-angled triangles having all the ſame hypotenuſe, which common 
hypotenuſe call Y; then taking theſe triangles in any order, let a, 6, c, d 
repreſent the double products of their baſes and perpendiculars multi- 
plied together ; that is, let a be the double product of the baſe and per- 


pendicular of the firſt triangle multiplied together, and ſo of the ret ; 


then by art. 228, * a, Mb, h. c, and H= d will all be ſquare 
numbers; and other ſquare numbers of the fame ſtamp may be found 
out ad infinitum, by multiplying theſe into other ſquare numbers taken 
at pleaſure :; let then x* be a ſquare number hereafter to be determined, 
and let the ſquare numbers already mentioned be all multiplied into x*, 
and we ſhall have HD = a , H bx, MX C, and * * Ax 
all ſquare numbers: therefore if we only wanted four ſuch numbers, as 
being ſeverally added to and ſubtracted from ſome ſquare number, would 
make both the ſums and remainders all ſquares, the numbers ax*, Y, 


cx* and dx would anſwer this purpoſe, and H would be the ſquare 
number to and from which theſe numbers were to be added and ſub- 


tracted ; this would be the caſe, let the indeterminate quantity x be what 
it will: but we want four ſuch numbers as being ſeverally added to and 
ſubtracted from the ſquare of their own ſum, will make both the ſums 
and remainders all ſquare numbers.; therefore to anſwer this condition, 
the quantity x muſt now be reſtrained to ſome particular ſignification, to 
wit, ſuch a one as will make /* x* the fquare of the ſum of all the num 


—ͤ —— m 
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7* Ta. or if we make FTE S J e, ba muſt be the ſquare 
of ex: but Þ x* is already the ſquare of h x ; therefore e & muſt be e- 


| | * | 
qual to h; whence we ſhall have x= >, and x* ==, and ax*, bx", 
oe 


cx* and dx, or the four numbers ſought, equal to , =, = and 


To demonſtrate this ſynthetically, the ſum of all theſe four numbers is 
alt + bb + cb + db ew #Þ 


” 


5 == =; therefore the ſquare of their ſum is 


hr a h* 


* 
MAH Þ . 


— 7 V; but is in it's own nature a ſquare number, 


. 5 
and . a is a ſquare number by art. 228; therefore Tx +a is a 
ſquare number ; that is, the firſt of theſe four numbers laſt found being 


added to the ſquare of their ſum will make a ſ uare number : and after 
the ſame manner it may be demonſtrated that if the firſt number be ſub- 
tracted from the ſquare of their ſum, the remainder will be a ſquare num- 
ber ; and the fame demonſtration may alſo be _ to all the reſt of 
the numbers; and therefore — 2 0 2 and = are ſuch numbers as 
will anfwer the conditions of the problem. „ 
If any one will be at the trouble of exemplifying this canon in num- 
bers, he may make uſe of the four triangles already computed in the 
ſolution of the third problem, whoſe common hypotenuſe is 6 5. 


. | PROBLEM 6. 
Being the 11th of the ſecond book of Diophantus, 
231, To find two ſquare numbers whoſe difference ſhall be any number 


given. 


This problem may be ſolved various ways; but the moſt elegant as 
well as the moſt uſeful ſolution is that which follows. 


SOLUTION, 


Let it be required to find two ſquare numbers whoſe difference is J; 
and let thus difference d be reſolved into any two unequal factors 4 and 


b, 


5 add to this ſquare number the firſt number , and the ſum will be : 
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WY — N 15 be 4 75 8 . — by 
2722 PSs NY | ut e 5 
. SECT AERIE Fn ant J r 8 I, 4 * MI 
e WE ar OD ni 3 S r 0MY0 wet ccc 
id n RE . 5 - po xi £ 2 
NNE Tots N 8 y oy 


£2438 * 
1 


lefler ſquare equal to 
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3, that is, let à and 5 be any two unequal numbers which being multi- 
plied together will produce d, and whereof 2 is ſuppoſed the greater and 
b the leſs: put x br the ſide of the leſſer ſquare ſought; and ſince the 
difference of the ſides is not determined in the problem like the difference 
of the ſquares themſelves, call the fide of the greater ſquare x- then 
will the ſquares themſelves be xx and x & 2bx+bb; and the difference 
of theſe two ſquares will be 2 U - dab; but if 2bx--bb==ab, 
then dividing by &, we ſhall have 2 x ＋- ==, and x the fide of the 


; whence x-+6, the fide of the greater 


ſquare will be 2 ; and ſo the ſides of the two ſquares ſought will 


. 3 
1 


. Hence may be derived the following canon: 
Reſolve the given difference into any tao unequal factors; and half the 
difference and half the ſum of thoſe factors will be the fides of tao ſquares 
whoſe difference is the number given. 
As for example, let it be required to find two ſquare numbers whoſe 


difference is 60: now the number 60 may be reſolved into theſe two fac- 


tors, 1 and 60, becauſe 1x69=60; the half difference of theſe two fac- 
e 60 
tors is — or 22 and half their ſum is _ . or = therefore 22 


61 
2 


and 


are the ſides of two ſquares whoſe difference is 60: and fo: we 


1 2 481 3 6 61, 3721 
find them; for the ſquare of = 18 4 and the ſquare of 2 is * 


and their difference is ＋ bo. The number 60 may alſo: be refol- 


ved into other factors, as 2 and = „ that is, 2 and 30; 3 and Y that is, 
6 | 
3 and 20; 4 and 5 that is, 4 and 15; 5 and =, that is, 5 and 12; 6. 
= Sg : 
and _ that is, 6 and 10; 7 and nc and fo on ad inſnitum; and therefore 
problems of this kind admit of an infinite number of folutions. 
Again, let it be required to find two ſquare numbers whoſe difference 
is 45: now the number 4.5, amongſt an infinite number of other factors, 
may be reſolved into theſe; 1 and 45, 3 and 15, 5 andg: the firſt 
couple, 1 and 4.5 give 22 and 23 for the ſides; the ſecond couple, 3 and 


15 
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15 give 6 and 9 for the fides ; and the third couple, 5 and 9 give 2 and 


for the ſides of two ſquares whoſe difference is 45. 

Note, that if the two factors into which the given difference is reſol- 
ved be whole numbers, and both even or both odd, the ſides of the two 
ſquares ſought will come out in whole numbers, otherwiſe not; as may 
eaſily be ſeen by the two foregoing examples. 1 

5 Soner 1 55 

Hence, if there be two indeterminate quantities x and y, whoſe diffe- 


rence x - is reſolved into two factors a and b, fuch, that the ſquare of 


1 —b 
wn may equal x; then will the ſquare of - 5 equal y: and e con- 


. 5 —b arb 
verſo, if the ſquare of . 2 equals y, then the ſquare 0 > uy Doll e- 


qual x; and ſo in both 252 x and y will be ſquare numbers: inſtances 
whereof will be ſeen in ſome of the following problems. 
If the quantities „and 7 be fo undetermined, that it cannot be known 


which is the greater, in ſuch a caſe either quantity may be ſuppoſed the 


greater, and the other may be ſubtracted from it; but then care muſt be 
taken that the ſquare of half the ſum of the factors be always equated 
to the ſuppoſed greater quantity, and the ſquare of half their difference 
to the leſs: and as to the factors themſelves, it matters not which is 


taken for the greater; for half their ſum will ſtill be the fame, and the 


ſquare of half their difference will alſo be the ſame, whether that diffe- 
. rence be expreſſed affirmatively or negatively, 


LEMM A, 


232. If a and b be any two quantities whereof aa is greater than b; I 


ſay then, that a muſt either be greater than + b or leſs than — \/ b. 
As if & be 25 and @* be greater than 25, 4 mult either be greater than 
-+ 5 or leſs than — 5 | 
| Por if @ be made equal to any number within thoſe limits, as to = 4, 
aa will be equal to 16, and conſequently will be leſs than 2 5, contrary 
to the ſuppoſition; whereas on the other hand, if à be made equal to 
any number without thoſe limits +5 and — 5, as if à be made equal 
to == 6, aa will be 36, and fo will be greater than 25, agreeable to the 
ſuppoſition. In like manner it may be demonſtrated that 77 aa be lefs than 
b, a muſt be ſome number between Vb and —\/b. 


PROBLEM 7. 


Being the 12th of the ſecond book of Diophantus. 


"#73. Is find a number, which being [everally added to tao given numb 
will make them both ſquares, as nan, 
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SOLUTION, 


Let the given numbers be aa and bb, whereof let aa be the greater, 
and let their difference be d; not that it is neceſſary that the two given 
numbers ſhould be ſquares, ſince this condition is neither expreſſed nor 
implied in the problem ; but they may however in a general calculation, 
to avoid ſurds, be repreſented under that form, as will eaſily be ſeen in 
the application annexed, Fs „ 

Put x for the number ſought, and then adding it ſeverally to the two 
given numbers a and bb, we muſt have x-+aa and x66 both ſquare 
numbers, Here then we have another, ſort of duplicate equality different 
from that in art. 229, and which therefore muſt be reſolved after a dif- 
ferent manner: now to reſolve this duplicate equality, ſince the difference 
betwixt x ＋ aa and x +66 is d, it follows, that if by art. 231 we find 
two ſquare numbers whoſe difference is d, and make x + 44 equal to 
the greater of theſe two ſquares, x +6 5 muſt of courſe be equal to the 
leſs; or if x +66 be . equal to the leſs, x A muſt be equal to 
the greater, and fo we ſhall have x + aa and x + 66 both ſquare num- 
bers. But it is not any two ſquare numbers whoſe difference is d that 


will ſerve our turn neither; for ſince the greater ſquare muſt be equal 


to x + aa, and the leſs to x +6 6, it follows, that the greater ſquare 
muſt be greater than a, and that the leſs ſquare muſt be greater than #* ; 
but if the leſs ſquare be made greater than 4*, the other muſt of courſe 
be greater than , becauſe the difference of the ſquares is the ſame with 


the difference of the numbers; therefore we are not only to find two 


ſquare numbers whoſe difference is d, but alſo ſuch, that the leſſer of 
thoſe two ſquares may be greater than 556: now two ſquares whoſe dif- 
ference is d may be found by article 231, that is, by reſolving the dif- 


ference d into two unequal factors, and by making half the difference 


and half the ſum of thoſe factors the ſides of the two ſquares ſought; and 
if any two ſquares would have ſerved our turn, any two factors might 
have been taken; but fince the leſſer of the two ſquares ſought muſt be 
greater than bb, the queſtion now turns upon this hinge, viz. To reſolve 
the given difference d into two ſuch factors, that the ſquare of half the dif 


ference of thoſe factors may be greater than bb. To reſolve this queſtion, 


let & and 5 be the two factors ſought, ſince 2 5 d; then will the 
d 22—4 


difference of theſe two factors be 2—2 or ——— ; whence half the 


2 3 
—4 N | 
difference will be L; and it is the ſquare of this half difference 


0-5 
that 
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that muſt be greater than 53, that" is, — 75 X© muſt be greater 
than 55: treat this inequality like an equation, that is, multiply all by 
4, and then z#— 2 d2*+4* muſt be greater than 4/*z?, and z*— 24z* 
—46/2*+d* muſt be greater than nothing: but 4+ e by the 
ſuppoſition, and 2 4+24= 24, and 2d+45*=24 2] ſubſti- 
tute then 2 ＋ 2˙ inſtead of 2 4 4 in the gr 2H —2 dof — 
462*+4d*, and you will have 3*— 24*z*—2# 2*+ d greater than 
nothing, and 2*—2 &2*—2 þ2* greater than — dd; but d= a —#, 
and d . - 2 + þ+; whence —d*=— a +24 }— 4+ ; ſubſti- 
tute this laſt quantity inſtead of — 4“ in the foregoing account, and you 
will have 2.— 24 2*— 20, greater than —a*-+ 2 a* -. proceed 
as in a quadratic equation, that is, fince the ſecond term here is — 2 4. 
—2 2, half the coefficient whereof is — a — , add the ſquare of 
this half coefficient to both ſides, and you will have 23+— 2 #2* — 2 H 
+a +2 + greater than 44*#* extract the ſquare root of both 
ſides, and you will have *— af —* either greater than ＋ 2 46, or leſs 
than —2 46, by the foregoing lemma; therefore 2* muſt either be great- 
er than a*+ 2ab+#, or leſs than a*—2 ab-+#* ; if 2* be greater than 
a. Zz ADO, then 2 muſt be greater than + +6, or leſs than —@ 
—=b, by the abovecited lemma; if 2“ be leſs than a* — 2 4b+#*, then 
2 muſt be leſs than a —5, and greater than þ— 4, by the ſame lemma; 
therefore if 2 be a factor for our purpoſe, it muſt either be taken with- 
out the limits +a-+6b and —a— , or elſe it muſt be taken within 
the narrower limits a—6b and þ— a; fo that > muſt not be any number 
between ab and a—6b, nor any number between þ—a and —b—4g. 
"The caſe is this; that though 2 was made to repreſent but one of the fac- 
tors ſought, yet, properly ſpeaking, it repreſents them both, ſince the 
proceſs and the concluſion will be the ſame, whichſoever of the two fac- 
tors you .make x to ſtand for: now If z one of the factors be taken 


witkout the larger limits +a + b and —a—b, the other factor 1 20100 


fall within the narrower limits a—b and b—a; and vice verſa, if 2 be 


taken within the narrower limits, A ao fall without the more diſtant 
limits; of which I ſhall give the following demonſtration. 


CASE 1, 
3 
Let z be taken greater than a ＋- ö; then will - be leſs than = be- 
cauſe the former fraction hath the greater denominator ; but a+ 3x a—3 


8 


factor be — 


choice of. 
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27-5. but = was found lefs than 


d 
therefore 2 will be leſs than a — 6 and that — is greater than 


=. - d; therefore 
4 


a+ | 


5 a is evident, fince the former is an affirmative quantity, and the latter 


a negative one, 


CASE 2, | a 
Let now — 2 be a factor taken leſs than — 2 —5; then will the other 
2 and fince — 2 is les than — 45, + will be greater 
mY ws dic hey OS, 
than AN, and 5 will be leſs than a—6, as before, and _—_ will | 


| | 1 
ſtill be leſs than a—6 ; but 2 be leſs than a—6b, then mir oe muſt be 
greater than þ—a; whence it appears, that if in any caſe 2 one of the 
factors be taken without the limits +a +65 and —a—56, the other 


factor 5 will fall within the limits a—6 and þ—a. And thus being 


2 ll 
directed to proper factors, the ſquares ſought will eafily be found by makin 
their fides equal to half the difference and half the ſum of the factors ma 


For an example, let it be required to find a number which being ſe- 


verally added to 3 and 2 will make them both ſquares: here a=}, 


b=2, d=1, a=4/3, ia; therefore the higheſt and loweft 
limits are +4/3+4/2 and - J -V, and the intermediate limits 


are 3 -V and /2—1/3: now to take a factor above the high- 


eſt limit, it may be obſerved, that 2 is greater than /, and greater 
{till than 1/2 ; therefore 4 is greater than 3 ＋ V2; make then 4 one 
of the factors, and conſequently : the other; then will half the ſum of 


theſe factors be * and half their difference , and the two ſquares 


8 3 
1 2-41 1269 225 : | * 
ſought will be 4 and TOE, whereof the former exceeds 3, the htter 


exceeds 2, and the difference is 1: make now x -þ 3 _ or xt 2 


3 —. IS 86 as 
= 5 8 , and either equation will give x = 1 therefore 5 is a num- 


ber, which being ſeverally added to 3 and 2 will make them both ſquares. 


Sec : 1 have 


386 Dior AN TINE PROBLEMS. Book vi. 

I have dwelt the longer upon this problem, as it introduces a new 

way of arguing very uſeful in Drophantus in ining the limits of 

his poſitions, &c, | | PO 

« -— 5.49 5 BD Bs Bid Wil $ellftor =" ojginsc 

Having ſome relation to the 21/t of the ſecond book of Dio- 
pPlhantus, But being of a much greater extent. 

234. To find a number, which being divided into any two parts what- 

euer, the ſquare of either part, together with a hundred times the 
other part ſhall make a ſquare number. 

at 7 ww & & & + 

Put y for the number ſought, and put x and y —x for any two parts 

of that number, whereof the ſquare of x and a hundred times y both 

together are to make a ſquare number: now the ſquare of x is xx, and 


a hundred times y— x is 100y—100x ; therefore xxx — 100x + 100y. 
muſt be equated to a ſquare ; let x2 or 2 — x be the ſide of this ſquare, 


be & what it will, and we ſhall have xx — 100x+ 100y==xx—2 2x 
+22; caſt away xx from both ſides of the equation, and you will have 


— loo + loo =—22x-+ 22: thus have we excluded xx out of the 
equation; and to do the fame * x, to the end that it may not enter the 
concluſion, but that the value of y may be found without it, and x may 


| be till left undetermined, let 22z=100; then we ſhall have 2 = go, and 


==2500, and the equation will now ſtand thus, — 100x ＋ 100y=— 
i00x-+2500; ſtrike off —100x from both ſides, and you will have 
I00y=2 500, and y=25; therefore if xx— 100x-+ 100y be the ſquare 
of à — X or 50—x, y muſt be 25; and e converſo, if y be 25, then 
xx — I00x + 109y will be xx— 100x+ 2500, which is the ſquare 
of 50 — x, let x be what it will: but xx 100 * ＋ 2500 is the ſquare 
of x and a hundred times 25 — * put together; therefore the ſquare of x 
and a hundred times 25 — x put together will always be a ſquare num- 
ber, let x be what it will; for it will always be the the ſquare of 0 — x. 
Thus then we have found a number 25, which being divided into any 
two parts whatever, the ſquare of either part together with a hundred 
times the other will make a ſquare number: I ſay the ſquare of either 
rt; for as we have taken care in this ſolution not to confine x to any 
particular ſignification, but to leave it entirely unreſtrained, x may with 
equal propriety repreſent either of the parts into which 25 is divided. 


EXAMPLE, 


Let the number 25 be divided into theſe two parts, 1 and 24: now 
the ſquare of 1 is 1, and 100 times 24 is 2400, and 2401 is a ſquare - 
number 
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number whoſe ſide or root is 49, Let us again take theſe parts, but in a 
contrary order, and let 24 be the part to be ſquared : now the ſquare of 
24 is 576, and 100 times 1 is 100, and 576 atid 100 taken together 
make 676 a ſquare number, whoſe ſide is 26. And thus will this pro- 
perty be inſeparable from the number 25, whether the two into 
which it is divided be integral or fractional; nay fo inſeparable is it, that 
it will ſubſiſt even when one of the parts is taken negative: as for ex- 
ample, let 25 be reſolved into — 5 and ＋ 30: now the ſquare of. — 
is --25, and 100 times 30 is 3000, and 3025 is a ſquare number whoſe 
fide is 55. If we take theſe parts in a contrary order, the ſquare of 30 is 
goo, "_ a hundred times — 5 is — 500, and goo — 500 is 400 the 
{quare Ot 20. Bo . 1 

N. B. This problem might have been propoſed more generally thus: 
To find a number which being divided into any two parts whatever, r times 
either part, together with the ſquare of s times the other ſhall make a ſquare 
number : and if the foregoing proceſs be repeated, and the operations be 
made in theſe more general terms, the number ſought will be found at 
laſt to be — 

45S 5 
„„ © 


Being the 23d of the ſecond book of Diophantus. 


235. To find two numbers ſuch, that the ſquare of each being added to 
the ſum of them both may make a ſquare number. PER 


"SO@&LIV TION: 


Put x for one of the numbers ſought, and it's ſquare will be x x : now 
the ſquare of x ＋- I 18 xx+2x-+1 ; therefore 2x +1 is ſuch a num 
ber, as being added to xx the ſquare of one of the numbers ſought, will 
make a ſquare ; therefore if 2x + 1 be ſuppoſed to be the fam of the 
two ES ſought, one condition of the queſtion will be anſwered. 
Let then 2x -+ 1 be the ſum of the two numbers ſought ; and fince x is 
named already for one of the numbers, the other number muſt be x+ x, 
whoſe ſquare is xx +2x—+1 ; add to this ſquare 2x-+ 1 the ſum of 
the numbers, and you will have xx +4 x + 2, which, according to 
the other condition of the problem, muſt alfo be a ſquare ; let it then be 
a ſquare whole ſide is x — 2, and we ſhall have this equation, xx ＋ 4 


+2==xx—22x+2z3; which equation, when reſolved, gives x = 
22—2 | | 


22 = for the leſs number; and if to this 1 be added, you will have 


the greater number ſought ; and > being left undetermined, any number, 
| "FE except 
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except unity, may be put for 2. As for example, let 2 22, and 'we 


3 2882 1 1 5 1 SE 
— — ==; theref — and = will an- 
ſhall have 2E and +1 F * 7 4 Will an- 
. | ; 


cont the conditions of the problem. To try this, the ſum of — and 5 | 

is * or =; now if to the ſquare of 1 (the leſſer number) be added. the 
wh 2 

16 

number: on the other band, if to 75 the ſquare of : (the greater num- 

ber) be added the ſum 2, you will have = , which is alſo a ſquare number. 


— 


ſum of both, that is, if to 76 be added = you will have-—2 a ſquare 


PROBLEM 10. 


Being the 31f of the ſecond book of Diophantus. 
236. To find two numbers ſuch, that if their ſum be either added to or 


 ſubtratted from the product of their multiplication, both the ſum and 
the remainder ſhall be ſquare numbers. 


SOLUTION. 


Put x for one of the numbers ſought, and then taking any two known 
numbers à and h, make a x+ þ* x the other number _ and the pro- 
duct of their multiplication will be a * : now if 24 * be either 
added to or ſubtracted from this product, both the ſum and the remain- 
der will be ſquare numbers; for the ſum will be a , 2abx* + & x*, 
which is the ſquare of ax x; and the remainder will be a* x* — 2 abx* 
+4 x*, which is the ſquare of ax— bx; and therefore if 24 bx* was 
the ſum of the two numbers ſought, both the conditions of the problem 


would be fatisfied, let x be what it will: but as x is the leſs number, and 
K* +6 x the greater, their ſum will be a x +#*x + x; therefore to 


make 2abx* the ſum of the two numbers ſought, x muſt be reſtrained 
to ſuch a value, that 2 4 may be equal to &x + #x + x; be it fo, 
and we ſhall have x, one of the numbers ſought, equal to = - 5 bh 


and if this number, when found, be multiplied into a* + B, we ſhall have 


* x +# x the other number fought. As for example, ſince the numbers 


a and 6 are to be taken at pleaſure, make a=1 and b=2, and you will 
have CES 3 


246 


= — for the leſſer of the two numbers ſought ; 


and 


1 


1 
4." 
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and this multiplied into @* ＋ & = 5, will give — for the other num- 


— 


s 4 


„n, LE diy Zi 
the ſum © + b =.0 5 © now : + 55 that is, 7 i ſquare. 


| ES RE 5 
ber ſought. For a further proof of this, the product 2 x > is 25. and 


number; and 0 ＋5 that is, 5 is alſo a ſquare number. 


4 
| PROBLEM 11, 


Being the 7th of the third book of Diophantus. 


237. To find three numbers ſuch, that not only the ſum of all three, but 
alſo the ſums of every two of them be ſquare numbers. yy 
This problem may be variouſly ſolved, _— to the various arbi- 
trary repreſentations that may be made of the ſums of the numbers ſought ; 
but the moſt ſimple ſolution, as I take it, is as follows, | 


SOLUTION. 


1ſt. Since the ſum of all the three numbers ſought is to be a ſquare, 
let it be the ſquare of x-+ 1, and we ſhall have the ſum of all the three 
numbers equal to xx +2x+1. 1 816 | | 

2dly. Since the ſum of the firſt and ſecond numbers is to be æ ſquare, 
let x x be that ſquare; and then if we ſubtract xx, the ſum of the firſt 
and ſecond numbers from x x + 2 x + 1, the ſum of all three, we ſhall 
have 2x + 1 for the third number alone. 

3dly. Again, ſince the fum of the ſecond and third numbers is alſo 
to be a ſquare, let that be the ſquare of x — 1 ; and then if from x x— 
2x + 1, the ſum of the ſecond and third numbers, be ſubtracted 2 x+ 1, 
the third number alone, there will remain x x— A x for the fecond num- 
ber alone. 8 | 

4thly. Since, according to the ſecond ſtep, x x is the ſum of the firſt 
and ſecond numbers taken together, if from this ſum xx be ſubtracted 
the ſecond number xx—4x, there will remain 4x for the firſt number ; 
and fo the three numbers ſought will be thus repreſented : 5 ; 

1ſt, 4x; 2d, xXx - Ax; 3d, 2 & ＋- 1. 
5thly. But there is one condition of the problem ſtill unſatisfied, which 


is, that the ſum of the firſt and third numbers muſt, like the reſt, be a 


ſquare : now the third number is 2x +1, and the firſt is 4.x, and their 
ſum is GX 1; therefore 6x-+ 1 muſt be equated to fome ſquare: 
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let us then aſſume ſome ſquare number greater than 25, 


for a reaſon 


2x-+F1. | 155 3 

But this ſolution is liable to two limitations: for firſt, x muſt be af- 
firmative, becauſe the number 4x is ſo: ſecondly, xx - 4 x muſt be af- 
firmative, becauſe it is the ſecond number; that is, xx— 4x muſt be greater 
than nothing; therefore x— 4 muſt be greater than nothing; therefore 
x muſt muſt be greater than 4; therefore 6 x muſt be greater than 24, 
and 6x-+ 1 or aa muſt be greater than 25, as above. 


1 ExXAMPLE. 
Let aa be taken equal to 121, which is the ſquare of 11 then will 


4421 


5 or x be equal to 20; ' whence 4x, or the firſt number, will be 


80; xx— 4x, or the ſecond number, will be 320; and 2x-+ 1, or the 
third number, will be 41: fo the three numbers will be 80, 320 and 
41. For firſt, the ſum of all three will be 441, the ſquare of 21: 
ſecondly, the ſum of the firſt and ſecond will be 400, the "47706 of 20: 
thirdly, the ſum of the ſecond and third will be 361, the ſquare of 19: 
and laſtly, the ſum of the third and firſt will be 121, the 3 of 11. 


| PROBLEM 12. 
Being the 12th of the third _ book of Diophantus. 
238. To find three numbers ſuch, that if to the product of every two 


of them a given number be added, the ſums may be all ſquare numbers. 

N. B. Though Diophantus's ſolution of this problem be very artful- 

ly contrived, yet as it produces only fractional numbers, I prefer the 

following before it, which furniſhes as many anſwers in whole numbers 
as we pleaſe. 8 7 
SOLUTION. 


Let the three numbers ſought be 4, J and c, and let e be the given 
number to be added to each product; then muſt ab+e=10, ac Cel, 
and bc+-e=0D; to effect which, it will be proper in the firſt place to 
enquire for two ſuch numbers @ and 5 as will folve the firſt condition of 


the 


Book. vi. 
hereafter to be given; and calling this aſſumed ſquare a a, let 6 x + 1 be 
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the number ne be reſolved into any two factors whatever, theſe fac- 
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the problem, thus: let an be any ſquare number greater than e, and 
let ab Tenn; then will 26 n -e; whence it follows, that if 


tors may be taken for @ and 6, and fo we ſhall have two numbers a and 
b which will anſwer the firſt condition of the problem. But that we 


may not be obliged to tryals for proper values for a, b and n, let us aſ- 
ſume any two numbers 7 and 5, whereof 7 1s greater than s, and whoſe 


ſquares are both greater than e, and let us make fr a, and n—5==b, 
that is, let »+r and u- be the two factors into which the number 


une is ſuppoſed to be reſolved ; then will n rn, or nn rn 
Og | 3 
n - rs e nne; whence ru — SH—rS=—0Ce, and n=: 
| | 1 8 5 r 
— err rra—e 


the values of à and þ may be expreſſed two ways, to wit, either by a Kr 
r= ,$5—C 


F 
— and g 
— Fs 


and z—-s, or (which amounts to the ſame thing) by 

Having thus ſecured two numbers à and ô to anſwer the firſt condition 
of the problem, we are in the next place to enquire whether c will ad- 
mit of ſuch a value, as being joined with thoſe of @ and h above found 
will folve the other two conditions of the problem. Now to do this, from 
the number ab-+e, which is already a ſquare, I ſubtract the number 


ace, which is to be made a ſquare, and find the difference to be ab—ac 
and this difference being the product of à into b—c, may be reſolved in- 


to thoſe two factors a and 6 c; of theſe two factors the ſemiſum is 


bh — 5 — 
LE # and the ſemidifference is = 5 + Ho : again, from the fame 


, and 


AY Or 4 = 


{quare number ab+el ſubtract ce, which is to be a ſquare, and 


find the difference to be abh— bc, which is the product of & into ac: 

therefore it luckily happens, that the ſemiſum of theſe two factors, vis. 

e is the fame with the ſemiſum in the former caſe, but the ſe- 

* — — a+b—c 
2 

can by any rational value of c be made equal to ab e, from which 


both ace and bc-+e were ſubtracted, the conſequence will be, that 
a—b4-c 


midifference is 5 therefore if the ſquare of the ſemiſum 


both ac te will become equal to the ſquare of the ſemidifference 


2 2 
and 


j 
; therefore 


P 


| 
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and be will be equal to the ſquare of the ſemidifference j 


and ſo both ac e and bc e will be ſquare numbers; all which is evi- 
dent from article 23 1. Let us then ſuppoſe the ſquare of the ſemiſum 
— — to be equal to abe; and ſince it has been ſhewn above, that 
. Mae 44 —4 Z 
ae is equal to u, we ſhall have the ſquare of ——— equal to 


a+b—c 


: 1 1; whence, taking the ſquare roots of both ſides, we have 


===", and c=a+b=2n: thus then we have two rational values 
of e, each of which, joined with the numbers 4 and b above found, will 
ſolve the problem, to wit, a+ b-+2n and a+b—27, the ſum of which 
two values of c is 24H25; therefore if the leſſer value of c be found, 
and ſubtracted from 24-26, the remainder will be the greater value: 
but to expreſs either of theſe values according to our preſent notation, 
we muſt have recourſe to our former notation, where a was made equal 
to Ar, and b to 1—5; therefore a+b= 2n-+r—s, and a+b—27 
r-); therefore the leſſer value of c will always be equal to r —s ; 
and therefore the greater value will always be the exceſs of 2 a+ 26 
above r — s; and fo we ſhall have the following canon: Wy 
Take any two known numbers r and s, whereof r is greater than s, and 
| n rr—e 88— e 
new ſquares are both greater than e; make —x— =a, — b, and 
make r —s, or the exceſs of 24+ 2 b above r—s, equal to c, and you will 
have two values of c, either of which, joined with the two numbers a and 
b above found, will ſolve the problem. | 
From this canon it plainly: appears, that J for r and s be taken any 
tao numbers whoſe difference is unity, and whoſe ſquares are both greater 
than e, the values of a and b, and conſequently that of c, «vill be all whole 
numbers. As for example, let e the given number to be added to each 


product be 3, and make 1 A, and s=3 ; then will rf or a=1 3, 


725 


r or = b, and - or the leſſer value of c will be 1, and the 
greater value of c, to wit 24 ＋26— 1, will be 37; whence we have 


two ſets of numbers that will ſolve the problem, to wit. either 1, 6 and 
13, (for it matters not now in what order the fhumbers are taken,) or 6, 
13 and 37, either of which ſets of numbers will ſolve the problem: for 


in the firſt ſet, to wit 1,6 and 13, we have iſt 1x6+3 =9 the ſquare 
| | of 
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of 3, 2dly 1x13+3==16 the ſquare of 4, and 3dly 6x13-+3=81 
the ſquare of g ; in the other ſet, to wit 6, 13 and 37, we have 1ſt 
6x13 +3==81 the ſquare of , 2dly 6 x 37+ 3==225 the ſquare of 
15, and 3dly 13x37 +3=484 the ſquare of 22. 


Another example of the foregoing canon may be this: let 3 be the 


number to be added to each product as before; and make 1 = 5, z, 


— : 3 — 3 

or a , -—— or b=3, and y—s or 
cD2; whence the other value of c will be 24 +2þ—2=—26; and 
the two ſets of numbers that will ſolve the problem will be 2, 3 and 11, 
and 3, 11 and 26: in the firſt ſet, to wit 2, 3 and 11, we have 1ſt 
2x3+3=9 the ſquare of 3, 2dly 2x11-+3==25 the ſquare of 5, 
3dly 3x 11+ 3==36 the ſquare of 6; in the other ſet, to wit 3, 11 
and 26, we have 1ſt 3x 114+ 3==36 the ſquare of 6, 2dly 3x 26+ 3 
==81 the ſquare of 9, and 3dly 11x26+3 =289 the ſquare of 17. 


rr 4 
1 


and you will have 
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If it were required To find three ſuch numbers, that if from the pro- 
duct of every two of them a given number be ſubtracted, the remainders 


ſhall be all ſquares, the foregoing canon with a very little alteration would 


ſuit this problem; I mean by changing the ſign of e wherever it is to 
be found, thus. In the foregoing canon @ was taken equal to , 
therefore in this caſe a muſt be _ : there 6 was taken equal to 


| 
$S—e Ss e 
; therefore here 6 muſt be —— 


er value of c was the exceſs of 24+ 2 6 above r—s, that is, the ex- 


 2rr +255—4e 1 

ceſs of — 8 * bove r—s; therefore here it muſt be the ex- 
2rr +255+-4e | . 5 

cels of —— £ above r — 5, which, according to the ſenſe a 


_ 


: in the former caſe the great- 


7 _—y 


and b are here taken in, will be the exceſs of 244+ 2 þ above r —5, As 


for the leſſer value of c, to wit r—s, that will be the fame in both 
caſes, becauſe the number e is not concerned in that expreſſion; therefore 
the canon for that problem is as follows : 

' Take any two known numbers r and s, whereof r ts greater than s; make 
rr e sse . 

b, and er —s, or the exceſs of 24+ 2 b above r—s 


D d d equal 
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equal fo c, and you will have three numbers a, b and c, which taten in any 
order will fokve the problem. As for example, let e, the number to be 
ſubtracted from each product, be 3; make 7=2 and l, and you will 


rr '' Se | . | 
hive - I's a=7, .f or 5 4, and — or the leſſer value of c 


equal to 1, and 24 ＋ 2þ— 1 or the greater value of c equal to 21; there- 


fore the two ſets of numbers are 1, 4 and 7, and 4, 7 and 21: for in 
the ſet 1, 4 and 7 we have 1ſt 1x 4—3==1 the ſquare of 1, 2dly 1x 
7—3=4 the ſquare of 2, and 3dly 4x7 —3=25 the ſquare of 5; 
in the other ſet 4, 7 and 21 we have 1ſt 4x7 — 3==25 the ſquare 5, 
2dly Eta fs the ſquare of 9, and 3dly 7x21 —3=144 the 


Steno l TUM 2. 


When the addititious number (which is to be added to the ſeveral pro- 
ducts in order to make them ſquares) is itſelf a ſquare number, Diopbhan- 


tus has given us a very elegant ſolution of the caſe in the 2oth queſtion 
of the fourth book of his Arithmetics, whereof I muſt here give ſome 


account, becauſe of the relation it hath to the thirteenth problem, 
SOLUTION. 


Let unity be the addititious number, (fince, when a canon is calcula- 
ted for the number 1, it may be eafily made to ſuit any other ſquare 


number whatever, as will be ſhewn hereafter,) and let it be required to 


find three numbers ſuch, that if an unit be added to the product of every 
tao of them, the ſums may be all ſquares, Here I put x for the firit 
number ſought, and then aſſuming ſome known number as a, to the 


product ax I add 1, the ſquare root of the addititious number, and from 


the fide ax-+ 1 I raiſe the ſquare aaxx+24ax-+1 : now if unity be 
ſubtracted from this ſquare, there will remain aaxx+29x; whence it 
follows, that if aaxx+2ax be conſidered as the product of the firſt 
and ſecond numbers, one of the conditions of the problem will be an- 
{wered ; for then the product of the firſt and ſecond numbers, with an 


unit added to it, will be a ſquare number: let then aaxx+2ax re- 


preſent the product of the firſt and ſecond numbers multiplied together; 
and then {ſince x is the firſt number, the ſecond will be aax + 2 4. Take 
now another known number as 5, and from the ſide * ＋ 1 raiſe the 
ſquare 5bxx-+2bx—+1 ; and if from this ſquare an unit be ſubtracted, 
there will remain bbxx+26bx; therefore if Y x + 2 bx be conſidered 
as the product of the firſt and third numbers ſought, another condition 
of the problem will be anſwered: let then bbxx + 2b repreſent the 


pro- 
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product of the firſt and third numbers ſought; and ſince by the 0 = 
tion the firſt number is x, the third number mult be repreſented by 
bbx+26b; and fo the names of the three numbers will be 1ſt x, 2d 
aax+2a, 3dbbx 26, and two of the three conditions of the pro- 


blem will be ſatisfied. It remains now that we provide for the other 


condition, to wit, that the product of the ſecond and third numbers 
ſought may, after the addition of an unit, be a ſquare number : now the 
ſecond number was aa +24, and the third was bbx +26, and the 


product of theſe will be.aabbxx+ 2aab+2bbaxx+4ab; and if to 


this be added an unit, the ſum will be aabbxx-+2aab-+2bbaxx+-4ab+1 
but the ſecond term of this number, to wit, 2aab4-2bbaxx==2abxa-+bxx; 


and therefore if we make a-+6 equal to c, the ſecond term of this ſum 


will be 2abcx, and the whale ſum to be equated to a ſquare will be 
aabbxx+2abcx+ 446+ I: now it is certain that aabbxx+2abcx 


Acc is a {ſquare number whoſe fide is abx + c; and therefore if 4ab+1, 
the laſt term of the ſum to be equated to a ſquare, was equal to cc, the 
laſt term of the abovementianed ſquare, then it is plain that the above- 
mentioned ſum would be a ſquare number : let us then ſuppoſe cc or 
aa+2ab+bb to be equal to 44b-+ 1, and by tranſpoſition we ſhall 
have aa—2ab--bb==1, and conſequently a—6b or b—a=1. J. 
therefore a and b be jo taken that their difference be unity or 1, the 


three numbers ſought will be 1ft x, 2d aax + 2a, and zd bbx+2b; 


and all the three conditions of the problem will be ſatisfied, whatever 
number the quantity x is made to ſtand for, As for inſtance, make 
a=1, b=2, and the ſecond number aax + 2@ will be x + 2, and the 
third number þbx + 2b will be 4x +4 ; and fo the three numbers will 
be x, x+2, and 4x +4: or if we make x—1, the three numbers 
will be 1, 3 and 8, whereof 1x3-+1==4, 1x84+1==9, 3x8+1==2 5, 
which are all ſquare numbers. | | 

F inſtead of unity any other ſquare number be made the addititicus 
number, ſuppoſe cc, then the three numbers above found, to wit 1, 3 
and 8, or any other three numbers of the ſame kind that may be found 
by the ſame method, muſt be multiplied into c the ſquare root of the ad- 
dititious number cc, and the products 1 c, 3 0c and 8c will anſwer this caſe. 
Thus 1cx3c+cem4ce, Ic dc cc cc, and 3ex86+oemngce: 
ſo that theſe laſt three ſums are nothing elſe but the former ſums multi- 
plied into cc ; and therefore if the former ſums be ſquare numbers, theſe 
laſt muſt be ſo too; for a ſquare number multiplying a ſquare number will 
always produce a ſquare, 
5 | D d d 2 PR o- 
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PROBLEM 13. 
Being the 21t of the fourth book of Diophantus. 


239. To find four numbers ſuch, that if an unit, or any other ſquare num- 
1 5 be e to the product of every two of them, the ſums may be all 
ſquares. _ 2 ; 1 . 

| SOLUTION. 


Take three numbers a, h and c in arithmetical progreſſion, ſo that their 
common difference be unity; and putting x for the firſt number ſought, 
let aax 24 repreſent the ſecond, bbx--26 the third, ccæx c the fourth; 
and by the ſecond ſcholium in the foregoing article, the property of theſe 
four numbers will be, that the ſeveral products of the firſt and ſecond, 
the firſt and third, and the firſt and fourth of theſe numbers, with an 


unit added to each will be all ſquare numbers: it follows alſo from the 
fame ſcholium, that the products of the ſecond and third, and of the third 


and fourth, with an unit added to each will be ſquare numbers; becauſe 
the difference between a and 6, as well as the difference between 5 and c, 
is unity: therefore if the product of the ſecond and fourth numbers, 
with the addition of unity, can be made a ſquare number by reſtraining 
* (which is yet indeterminate) to ſome particular value, then will all the 


conditions of the problem be ſatisfied. 


But before we proceed any further upon this head, let us aſſign par- 


ticular values to a, h and c. As for inſtance, make a=1, b—2, and 


cz; then will the ſecond number aax+2@ be equal to x + 2, the 
third number þþx + 26 be equal to 4x + 4, and the fourth number 
cx ＋ 2 be equal to & ＋ ; and fo the names of the four numbers 
will be x, x2, 4x+4 and 9gx-+6. We are now to contrive that the 


product of the ſecond and fourth of theſe numbers, with the addition of 


an unit, may be a ſquare number: now the ſecond number was x + 2, 
and the fourth was gx ＋ 6, and the product of theſe two is gxx + 24x 
+ 12, which with the addition of an unit is gxx+ 24x+ 12 ; there- 
fore this laſt number muſt be equated to a ſquare: now to find a proper 
fide for ſuch a ſquare, ſince 4x is the ſquare root of 9x x in the num- 
ber above mentioned, if from 3x be ſubtracted 4, 5, 6, or any other num- 
ber whoſe ſquare exceeds 13, you will have a fide to whoſe ſquare the 
ſum abovementioned may be equated; I ſhall here make the fide 3x 


— 11, whoſe ſquare is gxx—66x-+ 121, and ſo feign the following equa- 


tion, x x ＋ 24x-+13==9xx—66x+121; this equation being re- 


3 | «+ 
ſolved gives x = 75 3 Whence x-+2 or the ſecond number equals — 
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4x+4 or the third number equals 75 , and 9x-+6 or the fourth num- 
168 12 32 88 168 


ber equals ——: ſo the four numbers fought m = „ . and ——, 


0 10 10 10 d To 
This is upon a ſuppoſition that the addititious number is unity; but if 
we make it any other ſquare number, ſuppoſe 100, then the four num- 
bers laſt mentioned muſt all be multiplied by 10 the ſquare root of 100, 


and they will become the whole numbers 12, 32, 38 and 168, The 


proof is as follows: 1 1 8 
12x 32+100= 484 the ſquare of 22. 
a 12x 88+100== 1156 the ſquare of 34: 
12x168+100== 2116 the ſquare of 46. 
32x 88+100= 2916 the fquare of 54. 
32x168+100= 5476 the ſquare of 74. 
88x168++100==14.884. the ſquare of 122. 
If the numbers a, 5 and c be taken equal to 2, 3 and 4 reſpectively, 
the four numbers ſought will be x, 4x+4, 9x +6, and 16x +8; 


the product of the ſecond and fourth, with the addition of an unit, will 


be 64 xx + 96x—+ 33; and if this be made equal to the ſquare of 8x9, 
we ſhall have the following equation, 64 xx + g6x + 33 =64xx—144x 


+ 81; whence x the firſt number will be 75 „4x ＋ 4 the ſecond 
number will be = 9x +6 the third number will be — and 16x 


112 


+8 the fourth number will be ZS. This is ſuppoſing the additi- 


tious number to be an unit ; but if we ſuppoſe it to be 100, and fo 
multiply the four numbers abovementioned by 10, they will then be 2, 
48, 73 and 112, See the proof : | 
2x 43+100= 196 the ſquare of 14. 
2x 78+100== 256 the ſquare of 16. 
 2x112+100= 324 the ſquare of 18. 
48x 78+100==3844 the ſquare of 62. 
43x112+100==5476 the fquare of 74. 
738x112+100==8836 the ſquare of 94. 


SCHOLIUM, 


Monſieur Bachet in his comment upon the 12th queſtion of the third 
book of Diophantus, from the 11th and 13th propoſitions of his ſecond 
book of Poriſms, analytically demonſtrated in my ſolution of the fore- 


going 
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e 1 


going twelfth problem, ſolves this problem two ways univerſally, whether 


the addititious number be a ſquare or not, and ſeems to value himſelf 
very much upon it, as having herein outdone even Dzophantus himſelf. 
But to ſpeak freely my „ er of the matter, I think thoſe ſolutions 
would have appeared much more beautiful, had not the concluſions been 
ſo much embarraſſed with ſuch very high fractions: therefore I ſhall 
here paſs them over, and ſhall only produce a canon of my own, which 
though it does not ſolve the Ea in whole numbers, unleſs the po- 
ſitions be fo contrived before hand, yet it leads to fractions much more 
ſimple than thoſe of Bacher, as will eaſily appear to any one who ſhall 
think it worth his while to compare them with his in the place aboye. 
cited, The canon is as follows : | „„ 


5 PROBLEM. 8 
e de. 
„„ ; | 
Aſſume any number as a, whoſe ſquare is greater than c; ſubtraft aa 
ze from any ſquare number that is greater, ſuppoſe from bb; and then 
dividing the remainder by 4a ＋ 2 b, call the quotient d; make _ De, 


d+ce-+2a==f, and ze f- za g; then will the numbers d, e, f, g 
be ſuch as will anſwer the conditions of the queſtin. 


EX A®DPLS. 


1ſt, Let the given number to be added to the ſeveral products be 3; 
then will c=3. ; 


2dly. 
from q, a greater ſquare number, leaves a remainder of 2, which re- 
mainder being divided by 44 ＋ 26 or 14, gives or = for the firſt num- 
ber d. ”— OMEN | 

zdly. According to this notation &'—c= 7, which being divided by 
d or; quotes e . > | Ds 

GOP 3 0 : 

4thly. . ==. and if to this be added 2 4 or 7. we 
ſhall have d- 2a, that is, f= - | 
Schly. 


Make aa==4; then will 44a—3c==7, and this ſubtracted 
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78 28 
5thly. 3e=21 or x, and =, and 24 = 75 therefore 3e 
' | 5 | Y 
fo+ 24, that is, . 75 : therefore the numbers d, e, Fand g are 7 


2 2 and Td reſpectively. See the proof: 


1. 49, 142 19 4. 2 
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X — 40 the ſquare of > 
X=22 4-3 = ow of 7 
39099 \e 03 
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1 FROBLEM I4. 
we | Being the 17th of the third book of Diophantus. 
= 240, It is required to find three numbers ſuch, that the product of every 
Tao of them, together with their ſum, may be a ſquare number, 
This is the problem chiefly intended in this place : but becauſe a more 
general ſolution may be had at the ſame expence as a particular one, and 
a | may be of ſome uſe hereafter, as in the ſcholium hereto annexed, and 
| in the fifteenth problem following, I ſhall propoſe and ſolve the problem 
. as follows: | | b 
It is required to find three numbers ſuch, that the product of every two- 
of them, together with t times their ſum, may make a ſquare number, 
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1 5 - SOLUTION 
=» | Let the three numbers ſought be a, & and c, and the conditions of 
_ the problem may be expreſſed by the three following equations; 
1 ab+ta+tb=0, 
1 ci e , 
1 be+thb+tc=0. 
| Now fince in this problem there are three unknown quantities, whereof 
only two enter every condition, this problem may be ſolved, in a great 
meaſure, 


1 
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meaſure, after the ſame manner as the twelfth, thus: aſſuming any known 
| ſquare number as , make ab fa ＋ tb ;] then you will have ab 

+ta+th+f=r+i ; but ab+ta+tb+t is nothing elſe but the pro- 
duct of a+? multiplied into ET; whence it follows, that if 7+# 
| be reſolved into any two factors, the leſſer whereof is greater than f, 

theſe two factors may be taken for a+? and ?; and if ? be ſubtract- 
ed from each, there will remain two numbers @ and &, which will an- 
ſwer the firſt condition of the problem: but for more convenient values 
of a, b and n, take any two numbers 7 and s, whereof 7 is the greater, 
and make Arat, and -: t, that is, let »+r and n—-s be 
the two factors into which the number 7z*—+#* is to be reſolved ; then will 


n run or WmArn— n-, = MF; therefore nnn N 


= ri+f 4 r | 
and n = — , and n-+r or err . and for the 


So ge therefore we have two ways of 
Poway | 

expreſſing the values of @ and 6b, either by making à equal to n+r—t 
and h equal to n—s— , or (which amounts to the ſame thing) by ma- 


. Pf A 
king 4 equal to —— * 


ſame reaſon n—+s or b+t= 


Ky and þ equal to 


Having thus got two numbers @ and þ to anſwer the firſt condition of 


the problem, we are now in the next place to enquire, whether we can- 
not aſſign ſuch a value to c, that c joined with the other two numbers 
a and 5 already found ſhall anſwer the other two conditions of the pro- 
blem: now to try this, we have one number that is already a ſquare, 
to wit, ab- ta tb, and other two numbers which, if poſlible, are to 


be made ſquares, to wit, ac farc and bc tb tc: to do this, from 


the firſt {quare 45 r +76 ſubtra& the number ac tagte, and the dif. 
| ference wall be ab—ac +7 b—tc, which difference is the produ & of at 
multiplied into Mc; and the half ſum of theſe two factors is ab- 


* 


but their half difference is 8 


SY — 2 — 


ab-+ta-+tb ſubtract the other number Sc tb tc, and the difference 
will be ab—bc-ta—tc, which is the product of e into Y; but 


half the ſum of theſe two factors is == which is the fame with 


— > 


18 


the half ſum in the former caſe; and half their difference is a—b—c—t_ 


whence 


again, from the fame ſquare 


5 
7 


. a *zx4) 
8 
. 
1 
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whence it appears by art. 231, that the ſolution of this problem will 
be poſſible : for if we make the ſquare of the ſemiſum _ 0 4 3 
qual to ab ＋— fa + tb, the ſquare from which the other two were ſub- 
trated, and from thence get a rational value of c, we ſhall have not 


only acta tc equal to the ſquare of the ſemidifference — — — ; 
a—b—c—f 


but alſo Ic -rf equal to the ſquare of the ſemidifferenea 


and fo not only ac + fta+tc, but alſo bc +tb+?c will be a ſquare 
2 ; 4b b—c+t 
number. Let us then ſuppoſe the ſquare of 1 
+ta+tb; and fince ab＋ ta + #b equals * as above, we ſhall have 
a+b—c+t „ 2 4 -c? 
3 equal to , whence — by ==, 
and cg ULF 2. Here then we have two values of c, either 
of which, joined with the former numbers @ and 6, will ſolve the pro- 
blem: the greater of theſe two values is a -H 27, and the leſs 
a+b+t—21n ; the ſum of theſe two values is 24-24-27, and their 
difference 41 ; therefore if the leſſer value of c be found, and either ad- 
ded to 47, or ſubtracted from 24-26-27, we ſhall either way have the 
greater value of c: but to find the leſſer value of c we muſt have re- 
courſe to our former notation, where a was made equal to z+r—f, and 
b equal to n—s—f ; therefore a+b==2n-+r—5—2t, and a+b+t=27 
+r—5—f, and a+b+t—2n=r—s—t ; therefore in all problems of 
this kind, the leſſer value of c will be , and therefore the greater 
value of c will either be nt An, or (which is the fame thing) 
the exceſs of 24+24-+27 above r—5—t; and fo we ſhall have the fol- 
lowing canon. . 


equal to ab 


the ſquare of 


rt 


—— 


Taking any two numbers r and s, whereof r is the greater, make 


n —t==b, and make r—s—t, or the exceſs of 2a-4-2b+-2t_ 


above r—$s—t equal to c, and you will have three numbers, a, b and c, 
which vill anſwer the conditions of the problem. 

Here we may obſerve, 1ſt, that if ? be ſuppoſed equal to 1, this 
problem will be changed into the problem firſt propoſed : 2dly, that if 
any two numbers whoſe difference is 1 be taken for r and s, the anſwers 
will all come out in whole numbers: 4dly, that in the caſe where y—-: 
equals 1 and ? equals 1, the leſſer value of c, which is r—5—t will al- 
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ways be equal to nothing, and the greater value will always be equal to 
2a+2b+2 : Athly, that in the caſe where r—s equals 1 and 7 equals 
1, the foregoing canon will be changed into that which follows: 


ped into that 1 50 
Taking any two numbers r and s whoſe 1 755 is 1, nale r. Da, Sb, 


and o or 2a-+2b-+2==c, and you will have, three numbers, a, b and c, 


which will anfiver the conditions of the problem. As for example, ſuppo- 


ſing f=1, let r=3 and =:; then we ſhall. have ag, GA, c=0 
or 28: therefore we have two ſets of numbers (if I may call them ſo) 
that will anſwer the problem, to wit, o, 4 and , and 4, 9 and 28; 
(for after the numbers are found, it matters not what order they are pla- 
ced in:) and though the firſt of theſe two ſets, vig. o, 4 and ꝗ be of no 


conſideration here, yet it may be of ſome conſideration in another place: 


as to the other ſet, 4, 9 and 28, the proof is as follows: 

ay 4x -A = 49 the ſquare of 7. 
4x28+4-+28==144 the ſquare of 12. 
g9x28+9+28==289 the ſquare of 17. 


SCHOLIUM, | 


If it be required To find three numbers ſuch, that if from the product of 


any two of them t times their ſum be ſubtrafted, the remainders ſball be all 
ſquare numbers; this will eafi Pl be effected only by changing the ſign of 
in the ſeveral expreſſions of the foregoing problem: but here I muſt 
g l 

5 


TIT, changing the ſign of F will not 


take notice, that as u is equal to | 
affect u; for H will be the fame whether 7 be affirmative or ip 208 
Let us now change the ſign of 7 in the ſeveral expreſſions of the former 


problem thus: in the former problem we had a=»-+r—?; therefore 


in this we have a=n-+r+f: in the former problem we had þ=—; 


r; therefore in this we have ns f: in the former problem we 


had c=r7—5—t, or —s—t-+4n; therefore in this we have c=r—5+7,, 


or r—5+t+4n:; from all which it follows, that F tree numbers be 
fund that will anſwer the fourteenth problem, and if to each of theſe numbers 
we add 2t, we ſhall have three numbers. that will anſwer the conditions of this 
problem. As for example, the numbers 4, 9 and 28 were found to an- 
{wer the conditions of the former problem, when ? was ſuppoſed equal 


to 1; add to each of theſe numbers 27, that is 2, and you will have 


6, 11 and 30 to anſwer this problem. This appears by the proof; for 
| | 6Xð11— 6—TI= 49 the ſquare of 7. 
6x30— 6—30 r 2144 the ſquare of 12. 
11 30—11—30 289 the ſquare of 17. 


The other ſet of numbers for the foregoing problem were o, 4 and g; 
add 2 to each, and you will have the numbers 2, 6 and 11 for this; for 


2%0. 


"he 
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2x 6—2— 6= 4 the ſquare of 2. 
. 2X11—2—11== 9 the ſquare of 3. 
6x11—6—11==49 the ſquare of 7. 

Whence it follows that 2 will always be one number that wil ſolve this 

Fechlen, let r and s be what they will, provided their difference be unity. 


PROBLEM I5. 


| Being the 14th of the third book of Diophantus. 


"Hh To 3 three numbers ſuch, that if to the product of every two of 
added t times the third, the ſums thence arifing ſhall be all 


hore 
. : SOLUTION. 


Let the three numbers ſou ght be a, 5 and c, and the e of th 
problem will he SP IEC MY oo in theſe three equations; 
| 1ſt, abc, 
ad, ac+tb=0D, 
175 2d, be tar . 
Subtract the ſecond number from the firſt, that is, ſubtract RP from 
4b tc, and the remainder will be ab—ac-tctb; but the remainder 


ab—ac+toth i is the product of 4 multiplied into ; and of theſe 
46 ——7 
two factors a— and b—c the ſemiſum F the ſemidif- 
n | 
ference - . — again, ſubtract the third number den the firſt, 


that is, ſubtra& Sc ra from ab-+tc, and the remainder will be ab—b: 


+fc—ta; but this remainder ab-—bc+tc-=ta is the product of a—c into 
. . 
b—f, of which two factors the ſemiſum | is * 0 as before, and 


the ſemidifference e If now by n the ſquare of the 


ſemiſum (which in both caſes is the ſame) equal to the firſt number, any 
rational value of c can be gained by ſuch an equation, then it is 'plain 
that all the three numbers will be ſquares; the firſt for being equal to 
the ſquare of the ſemiſum, and the other two for being equal to the 
math of the two ſemidifferences. But to contract the expreſſion, in 


5— — 
3 et us make a-+b—t=4d, and then the ſemi- 
ee 2 u 


2 


1 
II 
"uy 
1 
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ſum or the third number, the ſums thence ariſing ſhall be all ſ 
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ſum of the factors will be 2 and it's quare DEE; let us then 


make CG nah tte and we ſhall have ce2cd+dd=4ab+act, 


and cc—2cd—4ct+dd=4ab, and cc—2cd—4ct=4ab—dd: now this 
is a quadratic equation, wherein c may be conſidered as the unknown 


quantity, and half the coefficient in the ſecond term is —d—2f ; add the 
iquare of this to both ſides, and you will have cc—2ca—4qct+da-+4td 
+4tt=4ab+4td+4tt ; but d=a+b—t ; ſubſtitute therefore this va- 
lue of d into the ſecond fide of the equation 4ab-+474+4tt, and you 
will have 4ab+4ta-+4tb; therefore cc—2ca—4ct+dd+4td+4tt=4ab 
+4ta+4tb ; therefore this equation will be inexplicable unleſs à and 5 
can be fo taken, as that 4ab+4ta+47b ſhall be a ſquare number, Let 


the numbers a, 5 and x be taken the fame here as in the 14th problem, 


and you will have (as there) ab+ta+tb==r, and 4ab+4ta+4tb=q4r, 
and we ſhall now have cce—2cd—4qct+dda+4td+4tiz4 extract the 
ſquare root of both fides, and you will have c—d—2/7==27 ; and 


c=d+2t==2n=a+b—t+2t=2n=a+b+t==22; but a+b+t=2n 


contained the two values of c in the 14th problem ; therefore any three 
numbers that will anſwer the 14th problem will alſo anfwer this: there- 


fore theſe two problems may now be joined into one, and the fame an- 


(wer will ſerve for both, as follows; 


To find three numbers ſuch, that if to the produtt of every two of them 
be added either t times their ſum, or t times the third number, the 
fums thenee arifing ſhall be all /quares. | 2 Rat 

ANSWER, 
Find three numbers from the canun delivered in the fourteenth problem or in 


the ſcholium, and theſe three numbers will fobve this double problem. As for 


example, the numbers 4, 9 and 28 were found by the canon in the 14th 


problem, ſuppoſing f=: I fay then that the numbers 4, 9 and 28 are 


ſuch, that if to the product of every two of them be added either their 
quares: for 
iſt, 4 9+4+ g= 49, and 4x g--28= 64; _ 
5 4*x28+4-+25==144, and 428 ＋ g=121 ; 
laſtly, 9x28-+-9+-28z=289, and 9x28 4==256 ; 
all which are ſquare numbers, 


Again, in the ſcholium to the foregoing problem, where f was ſup- 


poſed equal to —1, the numbers found by that canon were 2, 6 and 11; 
therefore 
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— 


therefore the numbers 2, 6 and 11 are ſuch, as if from the product of 
every two of them be fubtracted either their ſum or the third number, 
the remainders ſhall be all ſquares: for 

iſt, 2% 6—2— 6== 4, and 2x 6—11== 1; 

2dly, 2x11—2—11== q, and 2x11— 6==16; 

laſtly, 6x1 1—6—11==49, and 6x11— 2==64; 
all which are ſquare numbers. e Babe 

"Theſe are very curious properties of the three numbers ſought ; and 

what makes it more ſurprizing, is the infinite variety of anſwers theſe pro- 
blems will admit of, and all in whole numbers. Drophantus has given 
us no demonſtration of the theorem in the fourteenth problem from which 
all theſe anſwers are derived, but rather refers to it as to a poriſm elfe- 
where by him demonſtrated : but theſe poriſms are now all loſt, or at 
leaſt not publiſhed. Monſieur Bachet indeed, in the ſixteenth and ſeven- 
teenth propoſitions of his ſecond book of poriſms, has given us demon- 
ſtrations, ſuch as they are, of the theorems in the fourteenth problem 
and the ſcholium: but in the firſt place, he demonſtrates but one ſin- 
gle caſe of thoſe theorems, to wit, when r-; and in the next 
place, the demonſtrations he gives us are only ſynthetical, and fo abomi- 
nably perplexed withal, that in each demonſtration he makes uſe of all 
the A in the alphabet, except the letters I and O, ſingly to repreſent 
the quantities he has there occaſion for: nor has the matter been much 
mended ſince by our countreyman Ker/ey, But I believe it may be rea- 
ſonably queſtioned, whether any one curious in theſe matters can be ſa- 
tisfied with ſuch ſort of demonſtrations ; and therefore I have taken the 
liberty to treat theſe two laſt problems and the twelfth more in an ana- . 
Iytical way, and ſubmit it to the judgement of others, whether in ſuch- 
like caſes this is not the more natural method to proceed in. 


| PROBLEM 16. | | 
Being the twentieth of the third book of Diophantus. 


242 . To find two numbers ſuch, that each and their ſum being ſeverally 2 
added to the product of their multiphcation, the three numbers thence 
arifing ſhall be all ſquares, ; 0231 = | 


S$oLUTI0N, 


Put x for one of the two numbers fought ; then fince this number 
and the product of the multiplication of both, when added together, muſt 
make a ſquare, let this ſquare be xx; (and it might have been 4xx, xx, 
Ge; ) then will the product of the two numbers ſought be xx—x; and 

e therefore 
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therefore, as x repreſents already one of the numbers ſought, the other 
muſt be x—1, and ſo one of the conditions of the problem will be ful- 
filled : again, if to xx—x, the product of their multiplication, be ad- 
ded the other number x1, we ſhall, have xX 1; and if to the fame 
product xx—x be added the ſum of the numbers 2.1, we ſhall have 
xx+-x—1 ; and according to the other conditions of the problem, both 
theſe numbers, to wit, xx—1 and xx-+x—1 are to be ſquare numbers. 
To effect this, ſubtract one of the numbers from the other, and the dif- 
ference will be x : now the chief difficulty is, how to reſolve this diff 1 
ference x into two ſuch factors, that the ſquare of the ſemiſum of the·ſeñ 
factors being equated to the greater number, will give a rational value Fa 
of x; for then both xx-+x—1 and xx—1 will be true ſquares : let us _- 
then reſolve the difference x. into two indeterminate factors, to wit, 2 8 3 1 
and 2, and their ſemiſum will be 25 . ga, and the ſquare of this vil | 
I 


W 
Er 


this equation will be inexplicable, untG 2 be fuch a number that 


* 


Fun ix 1: now here it is cafy to ſee, that = 


0 
i 


45 | 
4.2* 


ſhall be equal to &; but if 2 be equal to x*, then = being thrown off 


from one fide of the equation, and it's equal x. from the other, there 
will remain a ſimple equation for determining the value of x: let then 
| — x', and we ſhall have 2, one of the factors, equal to - , and con- 
e e 
to be uſed are 2x and 1. x 
This being diſcovered, let us now begin again, and inſtead of reſolving 
the difference x into the two factors æ and — , let us now reſolye it into | 
the two factors: and 2x, and their ſum will be 2x-+;, and their ſemi- 


. | I . 
ſlum Xs and the ſquare of this ALTA +xX—1; 


.throw away xx from both ſides, and you will have —x +- 16 =X—I ; 
whence x, one of the numbers ſou ght, equals £ „ and conſequently * 


z + + 4 21, 


— . > r 8 ; 5 . v. 3 6 . 8 3 <7 9% : 5 3 7 4 apa es 2 
n 1 5 | s ey 3 8 0 + 23 . e . CO oo ad 
0 F by 3 W on > >, — 120 8 o re G „ S K K r 9 N 2 
: 4 : 2 5 e Woo BF IR Ay 0 F T IE ob do RET a 7 Ep AGE Hs gs MG 179 
N = 8 n g CCC ET RE In) r ꝓæęx̃ꝓꝶęꝗ fac ß ß ñ . on OP 6s F 124 3 
n 23 2 3 2 455 25 N n 8 N WS * 2 * 5 8 n 8 e 0 25 „ 3 N 8 Spies S ITS 5 8 e 1 « # 4. + > 
2 7 . q 5, * — 118 1 1 2. 2 „„ a 1, £254 * OST TY ow q p ent as \ * oe 7 . 8 = * : 0 
— e HET F010. eee r BORE ns, I Pa ton TI n * * 8 ka a-% ; HEN EL BEY 3 e tins 72 2 2 
pac, © DU TRA - r — e. 3 5 3 Fn Poly = Ht nh . Ee. . er Nr 5 © l 75 7 4 a1 ' © 1 
45 2 MATS I. 8 A Eee ny, SH Se Due | RS LS WEE ; N a 7 RES ; — / 7 2 at. 2 4 . 
. n Wee 8 a . — . . > 8 2 , . wy ; Yo 2 l } 
2 > + oO 5 * fy 


Art, 242, 243. Dior HANTINIE PROBLEMS 82|þa 407 
—7, the other number ſought, equals ; therefore f 8 and 5. are two 


ſuch numbers as the _ requires for the produa of j and + is 

| 65. and cheir ſum is 30: no-] 
+5 +7 0 or e = the ſquare of 7 , and 3 
7 * 2 6 3 3 —5 2 2 the re AA 0 
6 +2 or or — LE a - the I: of N 


raab 17. ww, 


Being the 4th of the fourth book P Diophantus. . 


243. To find two numbers fich, that if to the ſquare 0 the firſt . 
and to it's fide the els be ; ati there T9, ariſe the FEE, f 4 


third number and it's fide. 


SOLUTION. 


Let x and y be * two numbers ſought; thet ali to the con- 
dition of the problem, if y be added to æ* and x, the firſt ſum will be 
a ſquare, and the other ſum will be the ſide of that ſquare; therefore 
xx-+y is a ſquare, and x-+-y the fide of that ſquare; therefore the ſquare 
of the latter will be equal to the former, that is, æx-CAνο N ; 
therefore 2xy-+yy==y, and (dividing by y) a T1, whence y==1=—2x 2: 
therefore if for x be taken any fraction leſs than , and. y be taken equal 
to I—2x, you will have x and y the two numbers ſought. As for ex- 

ample, et x , then will 1—2x or y: now if x n we ſhall 


have xx = 4 and we are to examine, whether if to = an . = be 1 


ded 8 there will ariſe a ſquare and. it's: fide :: now + OW 8 
5 r. 
ſquare number; and — : 8 72 the ſide of the ſquare 25 
N. B. The reaſon why x muſt be taken leſs than is, that 1—2x ur 

y may be affirmative. > 


P R O 
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PROBLEM. 18, 


Being the 50 of rhe fourth book of Diophantus 


244. To ro numbers ach, that if to the ſou are of the firſt Fwy 
it's wa ſecond be ſeverally added, there ſball ariſe tao numbers, | 


qwhereof the firſt is the fide of the e ſecond being a ſquare. 5 1 
N. B. This problem is the reverſe of the foregoing. | b 
| 8 OL U T GM; els A 7 | 


Let x 9455 be che two numbers fought ; and let ꝝ be the fide of the 
ſquare ariſing from the addition of y to the ſquare of x, and the condi- 
ray of the problem furniſh the two following equations ; 

iſt, hen, and 
2 diy 7. * fig =. 5 
The firſt equation gi =—x*, and the * gives y=zn—x , 
therefore . a KK this is a quadratic equation from whence 
no rational value of x can be obtained, except in ſome chance caſes. 
We muſt therefore try other poſitions, and ſee whether we cannot find 
ſiuch as will ſucceed better, thus: inſtead of u let nx repreſent the num- 


ber ariſing from the addition of ) to the ſquare of x, and then the equa- 
tions will be 


iſt, x*+y==nx, and 

| _2dly, x + y==r x*, 
The firſt equation gives y==nx—x*, and the ſecond gives y==ra%—x ; 
therefore n- -K; divide all by x, and you will 


A+ 1 
Nn 1 „ whence we 


ve ee | 


mx—1, which is a epic equation, and wes X= 
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have the following canon: 
Aſſume any number greater than uni ty, and call it n; then nale n N 1 
x, and XXN—x==y, and x and y will be the two numbers ſought, As 
for example, let n==2, then we ſhall have = en, Fand 
| | or yt = 255 therefore the number to be ſquared i is z, d the 
0 number to be added is — 25 dow ibe (quare of >1 is 55 let us then try 
whether - 5 being added to 5 and © 55 will make the former ſum the 


— 
—— — 


ſide 
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Art. 244, 245. nnn e 4509 


6 
ſide of the latter being a ſquare: now — added to 2 9 gives — 3? or =; 


*3 25 


| 6 6 
and >= added * or 7 five 57 which * 


8 


is a ſquare number, and 


3 fide. 0 


5 N. B. The reaſon why u muſt be 8 greater dn is, chat 


y or xx -& may be affirmative : for if æ n & be affirmative, then 
„ x muſt be affirmative, that is, »z—x muſt be greater than nothing, 


A+ 1 | 
=p EY. therefore 2 muſt be 


greater than = ; multiply all by * +1, and then = +7# will be 


greater a 2 why 1; ſubtract » from both ſides, and you will have z3 
greater than 1, and therefore n muſt be greater than 1. | 


and 7 muſt be 12 15 than x; but * = 


4 


PROBLEM 19. 


* eing the 13th of the fourth book of Diophantus, applied zo 
= ſquares inſtead of cubes. 


245. To find two numbers ſuch, that the ſquare of the firſt being added 
24s * Aan may be equal to the Square of the Rau 2 85 added fg 
the . 


SOLUTION, 


Taking any two known numbers, to wit, a greater as a and a leſs as 
, let ax and bx repreſent the two numbers fought, and you will "Ip 
a x*+be=bx*+-ax by the ſuppoſition; reſolve this equation, and you will 


qa — 
have x — PE 1 divide both the numerator and denominator of this 


3 of 
therefore a x = 


fraction 1 ab, and yau will have x = = ay # SE 


and bx = ——} and ſince the ſum of theſe two numbers wi 1 
| b 
be _ 3, or 1, let the numbers a and b be what they will; we have the 


following canon: 
Divide unity into any two parts whatſoever, and thoſe teos parts will 


have the property Fay problem requires. As for example, let the two parts 
Fi be 
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. 1 now if to 25 the ſquare of the firſt part, be added the 
5 5 a 


ſecond part or 11 you will hav 25 on the wig hand, if to 25 
5 
have vp as before. Univerſally, let the parts be & and 1—x : now if 


to xx the ſquare of the firſt part, be added the ſecond part 1 —x, you 
will have 1—x—+xx: fo alſo if to 1—2x-+xx the ſquare of the ſecond 
part, be added the firſt part x, you will have 1—x-+-xx as before, 

This problem might have been more myſteriouſly propoſed thus : To 


find a number, which being divided into any two parts whatever, the ah 


of one part being added to the ſecond, ſhall be equal to the ſquare of the ſe- 
cond part when added to the firſt. al 


65 
the ſquare of the ſecond part be added the firſt part - or Th you will 


PROBLEM 20. | 25 
Being the 14 of the fourth book of Diophantus. 


246. To find tao numbers ſuch, that not only each number, but alſo their 
ſum and their difference, being increaſed by unity, ſhall be all ſquares. 


SO Ur Ton. 


Taking any indeterminate quantity x, multiply it by any number 
greater than unity, ſuppoſe by 3, and to the product 3x joining unity, from 
the fide 3x+1 form the ſquare gxx + 6x+.1; then it is plain that 

if the firſt number ſought be called gxx +6 x, the brit condition of 

the problem will be anſwered, becauſe this number being increaſed by 
unity will be a ſquare. Let us now aſſume any other indeterminate ſquare 
as yy; and if yy—1 be made to repreſent the ſecond number fought, 
then the ſecond condition of the problem will alſo be provided for. But 
according to this notation, the ſum of the two numbers fought will be 
gxx+bx+yy—1; end fince the third condition of the problem re- 
quires, that this ſum increaſed by unity ſhall be a ſquare, we ſhall have 
& Xx t Hz; call this ſquare zz; and then ſince ꝙ xx +6 x + 
Yer, it is plain that yy and 22 will be two ſquares whoſe difference 


is g Ex; and therefore e converſo, if we can find two ſquares 
whoſe difference is gæxx x, we may then make the leſſer of thoſe 
two ſquares equal to yy, and the three f 


0 19 | rſt conditions of the problem 
will ſtill be fate: but this muſt be done by art. 23 1, to wit, by reſol- 
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ving the difference xx ＋ 6x into two factors by whoſe mutual multipli- 


cation that difference gxx-+6x is produced, and then taking the ſquare of 
half the difference of thoſe factors for the leſſer of the two ſquares ſought. 
Let the factors be 9x-+6 and x, and their difference will be 8x46, and 
half their difference 4x + 3, whoſe ſquare is 16xx+24x+9; make 
therefore yy 16xx+24x—+ , and you will have yy— 1, the ſecond 
number ſought, equal to 16xx + 24x +8. Thus then we have got two 
indefinite repreſentations to repreſent the two numbers ſought, to wit, 
gxx-+ 6x and 16xx+24x+8, and there remains but one condition 


of the problem to be ſatisfied, which is, that the difference of theſe two 


laſt numbers being increaſed by unity ſhall alſo be a ſquare: ſubtract 
therefore the leſs number 9x x + 6 x from the greater 16xx + 24x+8, 
and the difference will be 7xx + 18x + 8, which being increaſed by 
unity muſt be a ſquare; therefore 7xx-18x+9 muſt be made a ſquare, 
Now it is eaſy to ſee, from the nature of the foregoing operation, that 
the laſt member of this number, which in the preſent caſe is 9, will in 
all caſes be ſome ſquare number ; and therefore it will be eaſy to feign 
a fide to whoſe ſquare it may he equated : in the preſent caſe, as the laſt 
member is 9 whoſe ſquare root is 3, the fide of the feigned ſquare ma 


be 3x — 3, 4X—3, 5xX—3, &c; let it be 3x — 3, whoſe ſquare is 


g9xx—18x-+9, and we ſhall have 7 xx+ 18 x+g=gxx—18x+9; 
reſolve this equation and you will have x = 18 ; whence gxx+6x or 


9x +6 xx will be 3024, and 16xx— 24x or 16x+24 xx will be 5616, 
and conſequently 16 xx + 24x +8 will be 5624 : therefore the two 
numbers ſought will be 3024 and 5624, whoſe ſum is 8648, and whoſe 


difference is 2600 ; and if to all theſe four numbers we add unity, we 


ſhall have 1ſt 3025 the ſquare of 55, 2dly 5625 the ſquare of 75, 
zaly 8649 the ſquare of 93, and laſtly 2601 the ſquare of 51. , 
VN. B. That the indeterminate quantity x in the beginning of this 


ſolution muſt be multiplied by ſome number greater than unity is plain; 


becauſe if unity be made the multiplicator, and the reaſoning be car- 
ried on as before, y will be found equal to unity, and ſo yy— 1, or the 
ſecond number, will be found equal to nothing. 


e „ 
Being the 32d queſtion of this ſort in Kerſey's Algebra. 
247. To find three numbers ſuch, that if to the ſquare of each be added 
the ſum of the other two, the numbers thence arifing ſhall be all ſquares, 
SG r ron 


The ſquare of x+ 1 is xx KI; whence it follows, that if we 
call the firſt number x, the ſecond 2 x, and the third 1, the firſt conditi- 
4 2. on 
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on of the problem will be ſatisfied; for then xx, the ſquare of the firſt, 
together with 2x1, the ſum of the other two, will be xx + 2x + 1, 


a ſquare number. But the ſquare of the ſecond number together with 
the firſt and third muſt alſo be a ſquare, that is, 4xx4+x+1 muſt be a 


ſquare number ; and again the ſquare of the third number together with 


the firſt and ſecond muſt be a ſquare, that is, 3x--T, muſt be a {quare ; 


therefore if we will fatisfy the two remaining conditions of the problem, 


we mult reſolve this duplicate equality, to wit, 3x+1==D, and 4xx+ 


x+1=0. This duplicate equality is of a different form from any we 
have yet met with; but it may however be eaſily reſolved by the uſual 
methods thus: we are at liberty which of the two quantities 3x-+1 and 
4xx+x-+1 we ſhall make the leſs ; ſubtract then zx -I from 4xx-+x 
+1, and the difference will be 4xx—2x ; therefore by art. 231 we 
are to find two ſquares whoſe difference is 4xx—2x; and then by equa- 
ting 3x1 to the leſſer of thoſe two ſquares, or 4xx +» -+ 1 to the 
greater, we ſhall have in either caſe the fame value of x, Now the 


difference 4xx—2x is the product of 4x—2 multiplied into x, and the 
difference between theſe two factors 4x—2 and x is 3x—2, and half 
their difference = —1 ; therefore by art. 231 above quoted, Mrs 

| 2 2 | 


the ſide of the leſſer ſquare ſought: hence we have this equation, 3x! 


=2x—3x+1 ; reſolve this equation, and you will have x=?, there- 


fore the firſt number is 5 the ſecond = and the third 1; and theſe 


numbers will fatisfy the conditions of the problem: for o the ſquare 


of the firſt, with 5 the ſum of the ſecond and third, makes 


b 
9 | 


5 " 
ſquare of * again, ys the ſquare of the ſecond number, with 33 


= : 8 
the ſum of the firſt and third, makes N the {quare of 2 and laſtly, 


1 the ſquare of the third, with 8 the ſum of the firſt and ſecond, makes 


9 the ſquare of 3, 
SCHOLIUM, 


Another example of the ſort of duplicate 
of the laſt problem may be this: Let it be required to find 


uch a value 0 
x, that both 8X-+4 and 3Xx-+9 ſhall be ſquare numbers. f Y 


'This 


equality uſed in the ſolution 
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This form differs ſomething from the foregoing, becauſe there the 
quantities in the places of 4 and 9, which I ſhall call the abſolute terms, 
were equal; however, as 4 and g are ſquare numbers, it will be eaſy to 
reduce this form to that in the manner following : multiply the firſt 
quantity 8x + 4 by 9 the abſolute term of the ſecond, and the product 
will be 72 x + 36 ; multiply allo the ſecond quantity 3 xx +9 by 4 the 
abſolute term of the firſt, and the product will be 12 x x + 30: now it 
is certain that if 72 x + 36 be a ſquare number, 8 x +4 will be ſo too, 

becauſe the latter quantity is nothing elſe but the quotient of the former 
divided by 9; and every one knows, that if a — be divided by a 
ſquare, the quotient will be a ſquare: after the ſame manner it is ſhewn, 
that if 12 & X ＋ 36 be a ſquare number, 3xx+9 muſt be fo, the latter 
quantity being a fourth part of the former: ſetting aſide therefore the 
Fa queſtion, the queſtion may now be put thus; To find ſuch a value of 

x, that both 72x + 36 and 12xx-+36 may be ſquare numbers; the 
quantities being now in the fame form as in the laſt article. Now the 
difference of the two quantities to be equated to ſquares is 12xx—72x ; 
and the next queſtion that ariſes is, into what two factors muſt this dif- 
ference be reſolved, that the ſquare of half the difference of theſe factors 
may be equated to the number 72x+36 by a ſimple equation ? to de- 
termine this point, let 2x be one of the factors, and the other will be 
— Se or wh — 5 « therefore the difference of the factors will 


F 3 1 ; 
be 2 — : now as the ſquare of half this difference is to be 


equated to the number 72 * + 36 by a ſimple equation. it is plain that 
36 muſt alſo be an ingredient in the ſquare of that half difference; 
whence it follows, that 6 the ſquare root of 36 mutt enter the half dif- 
ference of the factors, and 12 the whole difference; whence at laſt it 


; 35 "I a 
follows, that in the quantity = — zx — (= "the laſt tid 2 


— 


muſt be equal to 12; whence we have Z 6, and zx==Cx ; therefore 
6 x muſt be one of the factors into which the difference 12 xx—7 2 x 
muſt be reſolved; therefore to find the other factor, I divide the whole 
reſolvend 12 xx — 72 x by 6x, and the quotient is 2x—12; and ſo the 
two factors deſired will be 6x and 2x—12, whaſe difference is 4K = 12, 

and half difference 2x-+6, the ſquare whereof is 4xx4+24x-+-36 =72x 
+36; reſolve this equation, and you will have x = 12; therefore if 
* be made equal to 12, both 8x4 and 3xx-+9 will be ſquare num- 
bers; for the former will be 100 the ſquare of 10, and the latter 44t 
the ſquare of 21, A | | 


LEMMA 
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number for their denominator ; and let the nature of theſe frat ons be ſuch, 
*hat 1 of every two of them be a ſquare number : I ſay then, that if 
the common denominator be dropped, the numerators will ſtill retain the ſame 

a+b be „ %% TIES 
property: thus if _ =D, gd =, and qq =D, we ſhall have 


.a—b 
ab , bre N, and c+a==D. T ſay further, that if Ad. 6e te 


N in any ratio or proportion whatever, a — b will be to bc in the 

ſame ratio. 3 er; a e 
All theſe things are ſo very manifeſt that they need no demonſtration. 

„ LEM MA. 
249. Let there be three numbers, a, b and c, and three others anſwering 
Jo them, as d, e and f, and let the exceſs of a above b have the ſame propor- 
tion to the exceſs of b above c as d—e hath to e — f: I ſay then, that if 
c the laſt number in one ſet be equal to f the laſt number in the other, and 
b the middle term of the former ſet be equal to e the middle term of the 
latter, a the firſt term in one Fay will be equal to d the firſt term in the 
other ; and therefore if d and e be both ſquare numbers, a and b muſt be /o Foo. 
For ſince ex bypothefi, a—b is to b—c as d—e is to e—f, and ſince 
Be ſand c==f, we ſhall have þ—c=e—f, that is, the two conſe- 
quents of the foregoing proportion will be equal, and therefore the an- 
tecedents muſt be ſo too, that is, a—b=d—e,; ſubtra& the equal 
quantities — b and —e from the two ſides of the equation, and you will 
have a = d. Q. E. D. ; Fo 
| EXAMPLE, 


Let the numbers propoſed be 8x+4, 6x+4 and 4; and let the 
numbers anſwering to them be 64, 49 and 4 : here then it is plain, that 
2x the exceſs of 8x ＋ 4 above 6x +4, is to 6 x the exceſs of 6x + 4 
above 4, as 15 the exceſs of 64 above 49, is to 45 the exceſs of 49 
above 4; it is plain alſo that 4 is the laſt term of each ſet, and therefore 
if the middle term 6 x-+ 4 in one ſet be made equal to 49 in the other, 
then 8 x + 4 the firſt number in one ſet muſt of courſe be equal to 64. 
the firſt number in the other ; and as 64 and 49 are both ſquare num- 
bers, it follows upon this ſuppoſition, that 8 x + 4 and G A will both 
be ſquares; I mean upon the ſuppoſition that 6 x + 4= 49 : this is evi- 
dent from the demonſtration of the lemma, and will further appear upon 
tryal; for if 6x-+4==49, we ſhall have x ; and if x , we 
ſhall have 8x+ 4 2064. 5 PR o- 
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PR OB L E M 22, 


Being the 45th of the fourth book of Diophantus. 


250. To find three numbers ſuch, that the exceſs of the greateſt above 
the middle number ſhall be to the exceſs of the middle number above the 
leaſt in a given ratio, fuppeſe as 3 to 1; and moreover that the ſum 
of every two of theſe numbers ſhall be a ſquare. 


SOLUTION. 


Since of the three numbers ſought the ſum of every two is to be a 
ſquare, let the middle and leaſt numbers when added together make 4 ; 
then it is plain that the middle number alone muſt be greater than 2; for 
if it was equal to or leſs than 2, this middle number would be equal to 
or leſs than the leaſt, which is abſurd, Let us then call the middle num- 
ber x +2, and ſubtracting this from 4, the remainder 2 — will repre- 
ſent the leaſt number; and the exceſs of x + 2 the middle number a- 
bove 2—x the leaſt, will be 2x; therefore the exceſs of the greateſt 
number above the mean will be 6x ; whence the greateſt number will 
be 7x-+2 ; therefore the names of the three numbers ſought will be 
7x-+2, x-+2 and 2—x, and two conditions of the problem will be 
fulfilled ; for the exceſs of the greateſt number above he mean will be 
to the exceſs of the mean above the leaſt as 3 to 1; and moreover the 
middle and leaſt numbers taken together will make a ſquare. But the 
greateſt and middle numbers, and alſo the greateſt and leaſt, when added 
together muſt make ſquares : now the greateſt and middle numbers are 
7x2 and x +2, which when added together, make 8x-+4 ; and the 
greateſt and leaſt numbers are 7x2 and 2 —x, which when added 
together, make 6x4; therefore both GY -A and ?x+4 mult be ſquare 
numbers. Let us now in the firſt place refolve this duplicate equality 
according to the common method, and let us ſee what will be the con- 
ſequence : now the difterence between the two quantities that are to be 
equated to ſquares, viz. 6x + 4 and 8x +4 is 2x; therefore we muſt 
find two ſquares whoſe difference is ax, and then find the value of x by 
4 equating 6x4 to the leſſer, or 8x4 to the greater of theſe ſquares ; 
71 1 but this may be done by art. 231, to wit, by reſolving the difference 2x 
1 into two factors, half the difference whereof will be the ſide of the leſſer 
ſquare ſought ; and what theſe factors muſt be, may be determined thus: 
in the quantities to be equated, to wit, Gx A and 8x A, the numeral 
parts are 4 and 4, which are ſquare numbers whoſe ſides are 2 and 2; 
therefore 2 and 2 muſt be the numeral parts of the half ſum and half 
1 difference of the factors whoſe ſquares are to be equated to 8x + 4 and 
-_ | 225 Gx 4, 


* 
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6x + 4, that 4 being ſtruck off on both ſides, may leave a ſimple equa- 
tion for determining the value of x: but if 2 be the numeral part of 
half the difference of the factors, then 4 will be the numeral part of the 
whole difference, and conſequently 4 muſt be one of the factors into 
which the difference 2 is to be reſolved; and the other factor will be 


| #1 x : 
| = or — ; therefore the difference of the factors will be . and the 


| xXx | 
half difference = —2, whereof the ſquare is ——x-+ 4 = 6x+4.; re- 


ſolve this equation, and you will have x—112 ; therefore 112 is the 
value of x which will make both 6x-+4 and &*x+4 ſquare numbers; 
and this is further confirmed upon tryal ; for if x be 112, 6x4 will be 
676 the ſquare of 26, and 8x+4 will be goo the ſquare of 30. | 

But though this value of x will ſolve the duplicate equality 6 x -+ 4 
=0 and8x-+4==D, it will by no means ſolve the problem, upon the 
account of ſome reſtrictions the poſitions lie under, which neither are, 
nor could be taken notice of in the duplicate, equality as here reſolved. 


As for inſtance, the leaſt number was repreſented by 2—x ; but if 


==112, that leaſt number 2 — will be negative, contrary to the in- 
tent of the problem: again, the middle number was x2 ; but if x=112, 
x-+2 (that middle number) will be 114, whereas the middle and leaſt 
numbers together ought to make but 4. Upon this account it was that 
our Author (who never wanted a ſhift to extricate himſelf out of the 


greateſt difficulties) invented another way of reſolving this duplicate 
equality, whereby he was ſure to gain his point with reſpect to the li- 


mitations above-mentioned, and for the better underſtanding whereof, I 
have in ſome meaſure prepared the reader in the laſt article. 


Me are then to take notice that of the two quantities to be equated, 
8 x +4 exceeds 6 x-+ 4 by 2x ; and again 6x-+ 4 exceeds it's numeral 


part 4 by 6x ; and 2x is the third part of 6x ; therefore ®x + 4, 6x+4 
ws 4 are three ſuch numbers, that the exceſs of the greateſt above the 

ean is a third part of the exceſs of the mean above the leaſt : if there- 
fore we can find three ſquare numbers under proper reſtrictions, where- 


of the leaſt is 4, and whereof the exceſs of the greateſt above the mean 


is'a third put of the exceſs of the mean above the leaſt, theſe three 
ſquares will anſwer to the numbers 8 x4, 6x 4 and 4, in ſuch a 
manner, that if 6x + 4 the middle number in one ſet be equated to 
the middle - ak in the other, then 8x +4 will of courſe be equal to 
the greateſt ſquare, and fo we ſhall have both 6x-+4 and 8x-+4, ſquare 


numbers, as was demonſtrated in the laſt article. Our firſt buſineſs then 


muſt be to find three ſuch ſquares as are here deſcribed, whereof 4 muſt 
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be the leaſt : here then ſince 4 is a ſquare number, let the fide of the 
middle ſquare be y-+\/4 or y-2, and the middle ſquare will be * 4 
+4, whoſe exceſs above 4 the leaſt ſquare, is A, and a third part 


of this 1s Aan ; therefore CES is the exceſs of the greateſt {quare 


above the middle ; add then this exceſs TD to the middle ſquare y*-+ 


4y+4, and the greateſt ſquare will be =; + = y+4; this quantity 


therefore muſt be made a ſquare ; but to avoid fractions, multiply the 
whole by q, and the product will be 12y*4+-48y-4+36; and to gain a more 
ſimple quantity, divide this laſt by 4, and the quotient will be 3412 
+9 ; therefore if this quantity 35 125 +9 can be made a ſquare, the 


other : * 5 v4 mult of courſe be a ſquare, becauſe the former 
quantity being multiplied by 4 and divided by , both which are ſquare 
numbers, will be reduced to the latter, We are therefore in the next 
place to find a ſquare number equal to 33*-+ 12y-+9 ; to do which it 
muſt be obſerved, that the numeral part of this quantity 3y*+1 2y-+9 
is 9, and therefore the ſquare to which it is to be equated muſt alſo have 
9 for it's numeral part, that the e whereby y is determined may 
be a ſimple equation: but if ꝙ be the numeral part of the ſquare, 3 muſt 
be the numeral part of the fide of that ſquare; therefore the whole fide 

muſt be 3 with a certain number of y's ſubtracted from it; but what 

this number of y's muſt be, remains in the next place to be determin- 
ed. Let then 2 be the coefficient of y in the fide of the ſquare, and 
the whole fide will be 3——zy, the ſquare whereof is 2*y*—62y-+g= * 

| | 62-12 - 


* 


-+12y+9 ; reſolve this equation, and you will have 5 


2 | 
The value of y being thus obtained, let us now look back upon our firſt 
poſitions, and we ſhall find, that according to our firſt notation, the third 
number ſought was repreſented by 2—x; whence it plainly appears, that x 
mult be leſs than 2, and conſequently 6x44 muſt be leſs than 16; but 6x 
＋4 is hereafter to be equated to the middle ſquare; therefore the middle 
ſquare muſt be leſs than 16, and it's fide y+2 muſt be leſs than 4, whence 
02-12 


832 —3 


y muſt be leſs than 2; but was juſt now found equal to 


68 ＋12 
838—33 


on 


therefore 


muſt be leſs than 2, or (which is the fame thing) 2 muſt be 
G g g greater 


half the coefficient of the ſecond term, to wit 45 and 2 8 — 32 ＋ 1 
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greater t —— multiply both ſides by zz—3, and you will have 
222 — 6 greater than 62+ 12, and 222 greater than 62-18, and 


22 greater than 32 ＋ 9, and zz—3 greater than 9; add the ſquare of 
9 
4 


muſt be greater than a, make then 22—32+7 = = „and you 
will have 2—= = — and 2 5; put now 5 inſtead of 2 in the ſide 


of the ſquare to which the quantity 35) +12y+9 is to be equated, 


and the fide of that ſquare will be 3 — 55; whence we ſhall have the 


following equation, 25yy— 30y+9=3yy+12y+9; reſolve this 


equation, and you will have y= =; whence y+2 the {ide of the mid- 


1 | 5 . 8 | | 
ale ſquare will be 28, and the middle ſquare itſelf will be L. Hence | 
alſo may the greateſt ſquare be found; but we have no occaſion for it: for 
ſince it was the middle ſquare to which 6x + 4 was to be equated, we 
have this equation for determining the value of x, to wit, 6 x + 4 —= 


hw. Mt whence 6 x= 13% and x = 7305 
I21 121 26 


This being gained, let us now return again to our firſt poſitions ; and 


I 1007 
726 


2317 3 on 
720 and the leaſt, 


the greateſt number ſought, which was 7 x +2, will now be 


the middle number, which was x + 2, wil be 


which was 2 — x, will be — Theſe are numbers which will anſwer 


the conditions of the problem; but if whole numbers be deſired, we 
muſt proceed a little further thus: 726, the common denominator of all 
theſe fractions, is no ſquare number, but rather the product of the ſquare | 
number 121 multiplied by 6; therefore if all the numerators and the 
common denominator be divided by 6, the fractions will be reduced to 


| b : VVV x 
a ſquare denominator, and will be as follows, — 515 : 4 42 d Sd] 
: « . . | - 1 a ; 1 2 1 , 
To avoid fractions in the numerators, multiply all the numerators and 
the common denominator by 4; and as 4 is a ſquare number, the com- 


mon denominator will {till be a ſquare number, and the fractions will 
now 


„ 
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7338 1878 


now be ==, —— and = . Theſe fractions will anſwer the condi- 


484 484 755 
tions of the queſtion according to our firſt poſitions: but if we would 
have the anſwer in whole numbers, we muſt then ſet aſide our firſt po- 
ſitions, and drop the common denominator, and the numerators will ſtill 
retain all the properties required in the problem, as I have demonſtrated 
in the laſt article but one: the firſt number then is 7338, the ſecond 


1878, and the third 58. The proof is as follows: 


. 


. 1ſt, 7338—1878 is to 1878—58 as 5460 is to 1820, that is, as 3 to 1. 
2dly, 7338+1878==9216 the ſquare of 96. 
zdly, 1878 ＋ 58 1936 the ſquare of 44. 
laſtly, 587338 27396 the ſquare of 86. 

$CHOLIUM, 

Monfieur Bachet in his comment upon the fortyfifth queſtion of the 
fourth book of Diophantus, reduces all that fort of duplicate equality 
which is reſolvable according to the method laſt deſcribed, thus : 

Let it be required that ax c , and alſs that bx d, where 


it matters not what figns the quantities a, b, c, d are affected with; and 
let ax c be reputed greater than bx d, or at leaſt let a be greater 


than b: make ß q, and then multiplying the exceſs of ax c above 
bx + d by that number q, and ſultracting the product from bx d, call 


the remainder r: I jay then, that if r or — be a ſquare number, the du- 


plicate equality will be explicable this Iaft way, otherawiſe not. 


In both theſe caſes two ſquares muſt be found out, whereof the exceſs of 
the greater above the leſs muſt be to the exceſs of the leſs above r as 1 is to 


* 


q; and bx d muſt be equated to the leſſer ſquare. In the firſt caſe, where 


r 7s a ſquare number, y+\/T muſt be made the fide of the leſſer ſquare ; 


but in the ſecond caſe, where — and not r, is ſuppoſed to be a Auare num- 


ber, yy muſt repreſent the leſſer ſquare. The two following examples 


will clear up this whole matter, 


Firſt then, let it be required that both 3x +13 and x7 be ſquare 


numbers. Here a=3, b==1, 


I — 
. and the exceſs of 3x + 


13 above x+7 is 2x +6, which being multiplied into q or — gives 
x ＋3, and this laſt ſubtracted from x +7 leaves 4 for 7; therefore in 
G g g 2 this 


— — — 
— * - — — — — 3 — 
—— — — —— 
— 1 - = 5 by 
— 


| K 
mr 


—— — 
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this caſe 7 is a ſquare number, and the duplicate equality will be ex- 


plicable by finding two ſquares whereof the exceſs of the greater above 
the leſs is to the exceſs of the leſs above 4 as 1 to 9, that is, as 1 to 


- or as 2 to 1, Call the fide of this leſſer ſquare y-+ 2, and the ſquare 


itſelf will be yy + 4 y+ 4, whoſe exceſs above 4 is yy-+4y; double 
this, and 2yy4+8y will be the exceſs of the greater ſquare above the leſs; 
therefore the greater ſquare will be 3 yy + 12y+ 4, that is, the quantity 

yy +12y +4 muſt be equated to a ſquare: let 2—3yor 3y—2 be 
the ſide of this ſquare, and we ſhall have 3yy+12y9+4=99y—125-+4 ; 
whence y==4, and y 2, the fide of the leſſer ſquare, equals 6; there- 
fore the ſquare itſelf will be 36, and we ſhall have x + 7 = 36, whence 


 x= 29, and the duplicate equality is reſolved : for if x = 29, we ſhall 


have x +7 = 36 a ſquare number, and 3 x + 13 = 100 a ſquare number. 
Note. The reſolution of Diophantus in the laſt problem is of this ſort. 
Again, let it be required that both 6x25 and 2x + 3 be {quare 


numbers. Here a==6, 6=2, and —— or 2 the exceſs of 6 x 


2725 above 2x+3 is 4x +22, which being multiplied by 9 or — gives 


2x+11 ; this ſubtracted from 2x43 leaves — 8 for v; therefore in this 
caſe v is no ſquare, but — or —8 or — is a ſquare; and there- 
fore the duplicate equality will be explicable by finding two ſquares, 
whereof the exceſs of the greater above the leſs is to the exceſs of the 
leſs above — 8 as 2 to 1. Let then yy repreſent the leſſer of theſe two 
ſquares, and it's exceſs above — 8 will be yy +8; double this, and 
2yy+16 will be the exceſs of the greater ſquare above the leſs ; there- 
fore the greater ſquare will be 3 yy + 16, that is, the quantity 3yy+ 16 
muſt be equated to a ſquare: let the ſide of this ſquare be 3 y— 4, and 
we ſhall have 3yy + 16==9yy—24y+16; whence y=4, and yy the 
lefler ſquare equals 16 ; therefore 2x+3==16, and x—=6:, which will 


ſolve the problem: for if x be 6, we ſhall have 2x+3=16 a ſquare 


number, and 6x-+2 5=64 a ſquare number; and the exceſs of 64 above 
16 is to the exceſs of 16 above — 8 as 48 is to 24, that is, as 2 to 1. 


A LEMMATICAL PROBLEM. 


251. To find two ſquare numbers with a given difference, and ſuch, that 
the leſſer of them ſhall be greater than any aſſigned number. 


SOL U- 
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SOLUTION, 


Let d be the given difference of the ſquares ſought, and let c be the 
number which the leſſer of the two ſquares is to exceed; then if the 


difference d be reſolved into two factors & and g, half the difference of 


og, EE | al 
theſe factors, to wit — will be the ſide of the leſſer ſquare ſought 
by art. 231; and therefore the ſquare of this half difference muſt be 
oo, Bt — 2d + 5 | & 
greater than c, that is, 1 muſt be greater than c; there- 


fore 2+—2d2*4+d* muſt be greater than 4c2*; therefore .- 44 —2dL² 
-+ dd muſt be greater than nothing: make 2.— 4c — 2d. equal to or 1 
greater than nothing, and then @ fortiori, x. — 4c — 2dæ + d* will be 7. 
greater than nothing; but if a. 4c ad be equal to or greater than no- 
thing, then z2*—4c—2d will be equal to or greater than nothing, and 2* 
will be equal to or greater than 4c 2d: therefore F any ſquare number 
be taken equal to or greater than 4c+29, and if the fide of that ſquare 
be made one of the two fattors into which the difference d is reſolved, we 
ſhall by the help of theſe two factors, not only find two ſquares whoſe di f 
ference is d, but alſo ſuch, that the leſſer of them muſt be greater than 
c. As for example, let it be required to find two ſquare numbers 
whoſe difference ſhall be 21, and ſuch, that the leſſer of them ſhall be 
greater than 84. Here then c=84, d=21, 4c-+24==378, and a ſquare 
number greater than this, though not the next greater, is 441, whoſe 
fide is 21; therefore 21 may be made one of the factors; and if fo, then 


. * . 2 I 
ſince the difference is 21, the other factor will be 57 or 1; and there- 


fore the two factors will be 21 and 1, whoſe half difference will be 10, 
and it's ſquare 100: therefore the two ſquares ſought are 100 and 12 1 
whoſe difference is 21, and the leſſer ſquare 100 is greater than 84. 

N. B. If c be taken equal to 4d, as in the following problem, we 
ſhall have 4+ 2d—= 18d : therefore in this caſe, if any {quare number 
be taken equal to or greater than 18 d, the fide of that ſquare will be a 


proper factor. | 
| PROBLEM 23. 


Being the 2d of the fifth book of Diophantus. 


252, To find three numbers in continual proportion, and ſuch, that each 
with a certain given number added to it ſhall be a ſquare, 


SOL u- 


3 
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Two ſquare numbers will always admit of a rational mean propor- 
tional between them, which mean proportional will be the product of 
their ſides: thus aa and xx will have ax for a mean proportional be- 
tween them, that is, 4a, ax and xx will be continual proportionals; 
for aa will be to ax as ax is toxx, | TC i 
This being confidered, let & be the given number, which being ſeveral- 
ly added to the three numbers ſought, will make them all ſquares ; 
and ſuppoſing two ſquare numbers to be found out whoſe difference is 
6, let aa be the leſſer of thoſe ſquares ; then it is plain, that if a@ be 
made one of the three numbers ſought, one of the conditions of the 
problem will be ſatisfied, for 2a-+6 is a ſquare number ex con/trufione : 
make then aa one of the extremes, and xx the other, and a middle pro- 
portional between them will be ax, as above; ſo the names of the three 
numbers ſought are aa, ax and xx; and as theſe three numbers are in 
continual proportion, another condition of the problem will be ſatiſ- 
fied. But there are two conditions ſtill remaining unanſwered; for ac- 
cording to the problem, both ax and x x +6 muſt be ſquare num- 
bers: now the difference of theſe two numbers ax +6 and xXx ＋ is 
xx —ax, ſince it matters not which is made the leſs ; therefore if we 
find two ſquare numbers whoſe difference is xx—ax, and equate ax +b 
to the lefler ſquare, or xx +6 to the greater, we ſhall in either caſe 
be able to find out the reſt of the three numbers ſought. To effect this, 
reſolve the difference xx ax into the two factors x and x —a, and the 


difference of the factors will be 4, and half their difference 5 whoſe 
quare is T4 therefore by art. 231, 5 will be the leſſer of the two 


ſquares ſought, and we ſhall have ax 5 74a; whence ax, the mid- 


dle term of the three proportionals fought, will be 7 24 —5. Thus 


having aa for one of the extremes, and N aa—b for the middle of the 


three numbers ſought, the other extreme will be eaſily found by the 
1 rule of proportion, that is, by faying, As the known extreme is to the 
| middle term, fo is that middle term to the other extreme. But here we 


are to take notice, that to have the middle term (which is : aa—b) 
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affirmative, 44 muſt be greater than 5, or (which comes to the fame 


thing) aa muſt be greater than 46; whence we have the following canon: 
Let b be the given number, which being ſeverally added to the three num- 


bers ſought, ll make them all Huares; then by the foregoing lemma find 
out tao "ſquare numbers whoſe difference is b, and ſuch, that the 22 of them 
may be greater than 4b; call the leſſer o theſe e two ſquares a* ; then if a. be 


made one of the extremes, and a- b the m term of the three numbers. 


_ ſought, the other will be found by the rule of proportion. As for example, 
let it be required to find three numbers in continual proportion, and ſuch, 
that each with 21 added may be a ſquare. Here E r, and 4b=84; 

therefore by the laſt article I find out two ſquare numbers whoſe dif- 

ference is 21, and ſuch, that the leſſer of them ſhall be greater than 84: 

and out of an infinite choice I take the {quares 100 and 121, as being 

whole numbers. Here then 4, one of the extremes, is 100, and 1d'—b, 


the middle term, is 43 therefore the other extreme muſt be 10 . 


16 
cauſe as 100 is to 4 ſo is 4 to 7881 and theſe numbers will anſwer the 


conditions of the queſtion : for 
1ft, They are in continual proportion ex conſtructione. | 
| 2dly, If 21 be added to 100, the ſum will be 12 1 the ſquare of 11. 
zdly, If 21 be added to 4, the ſum will be 25 the 0 of 5. Ang 


laſtly, If 21 be added to 22 , the mum will be al the ſquare of * 


LEM M A. (See Plate l. Fig. 9 


233 If ABC be a plain triangle, whoſe two fides AB and BC compre- 


hend between them an angle of one hundred and twenty degrees, and are gi- 
ven; I jay then that the ſquare of the third fide A 8 may be bad by 
adding the rectungle or produtt of the two fides AB and BC to the ſum 
of their ſquares, 

But if ADC be a plain triangle whereof the two ſides AD and DC com- 
prebend between them an angle of ſixty degrees; T ſay then that the ſquare 
of the third fide AC may be had by ſubtracting the rectangle or pro- 
duet of the tas fides AD and DC from the ſum of their ſquares. 

We are to prove, that AB + ABxBC+ BC? AC, and that AD* 
ADN DC DGA. 

Produce AB out from B to D, fo that BD may be equal to BC, and 
draw CD, Then fince the angle ABC s an angle of one hundred and 
twenty degrees, the other angle CBD muſt be ſixty degrees, becauſe both 

toge- 
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together muſt make two right angles; therefore in the triangle BCD, the 
two angles BCD and D muſt both together make one hundred and twen- 
ty degrees; but thoſe two angles BCD and D are equal to each other, 
becauſe the ſides BC and BD are equal; therefore the triangle BCD is 
equiangular and conſequently equilateral. Make then AB==a, BC or 
CD or BDS; and drawing the perpendicular CE, you will have 
BE=:b, and BE ==: but by the Pythagoric theorem EC*+ E B* 
SBC, that is, EC*+:bb=bb; therefore EC. I: but AE or 
AB+BE=a+t6b, and AE =aa+ab+5;6bb; therefore AC*, or 
AE EC*=0aa+ab+ibb+3i3bb=aa+ab+bb=AB'+ABxBC 
+ BC*. 2. E. BD. . Thos | 

To demonſtrate the other part, make now AD, and not AB, equal 
to a, and all things ſtanding as before, we ſhall now have AE= a—:6, 
and AE*=aa—ab-+:3bb; whence we ſhall have AC*, or AE*-+ EC* 

=aa—ab+bb=AD*—-ADxDC+DC*. 8; E. D. 

Et nn nab 09S ARLY42;:7, 
If AB, BC and AC be three ſides of a triangle, whereof the ſides 
AB and BC contain an angle of one hundred and twenty degrees, and if 
DC be taken equal to BC, and AD equal to AB+ BD or AB-+BC; 
then AD, DC and AC will be three ſides of a triangle, whereof 4 D 
and DC will contain an angle of ſixty degrees: or thus; Fa, b and . 

be three fides of a triangle, whereof a and b contain an angle of one hundred 
and twenty degrees; then b, ab and c will be three fides of a triangle, whereof 
the tao fides b and a+bÞ vill contain an angle of fixty degrees: and for a 
like reaſon, a, a b and c will be three fides of a triangle, whereof a, and 
a b contain an angle of 60 degrees; as is evident by producing the fide 
CB to F, ſo that BF may be equal to BA, and joining AF; for then 
the three ſides of the triangle AFC will be a, a+#and co. oF 


COROLLARY 2, 


If a, b and c repreſent the three fides of a triangle, whereof a and b 
make with each other an angle of 120 degrees, and if theſe three fides be mul. 
tiplied or divided by any given number whatever, as d: I jay then that the 
Products or quotients will form a triangle fimilar to the former, and having 
the ſame property; that is, if the products be ad, bd and cd, we ſhall 
have eb +ab#+ Fd =, becauſe a + ab + b*=c ex hypotheſi. 


FROBLEEM: 236: -- 
Being the 7th of the fifth book of Diophantus. 


254. To find in whole numbers three fides of an obtuſe-angled triangle, 
wohoſe obtuſe angle ſhall be a hundred 9 degrees. 4 


Sor. 
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SOLUTION, 


Take any known number as b to repreſent either of the ſides about 
the obtuſe angle, and call the other fide ; then will the ſquare of the 
third fide oppoſite to the obtuſe angle be x x + bx bb by the laſt ar- 
ticle; let a— x repreſent that third ſide, whoſe ſquare is aa—2ax-+xx, 
and we ſhall have this equation, a9—2ax-+xx==xx-+bx-+bb ; whence 
aa—bb aa—bb 


24 , oy 
and ö, that is, when reduced to the fame denomination, <=; 


3 24 ＋-6 and 
24b＋ 36 424 — 66 


„ 5 i, but if x == IJ» ve ſhall have a—x the third ſide, 


2 — .bb b+bb 
ogy to — 3 = h_ therefore the three ſides ac- 


cording to this notation, are 1ſt S8—0# 2ab+bb 


2 ten : 3 drop the common denominator, which is the ſame as 
multiplying all by that common denominator, and the numerators will 
form a triangle ſimilar to the former, by the ſecond corollary in the laſt 
article, whoſe ſides are now expreſſed in integral terms, to wit, aa— 56, 
2ab+bb and aa ＋ ab+bb, £7 
Make a+b=s, and we ſhall have aa+ 2ab+bb==5ss, and 246 
+bb—=$ss—aa ; moreover, as aa+2ab+bb==ss, we ſhall have 
aa +ab+bb==55s—ab ; whence we have the following canon: 
' Take any two numbers a and b, whereof a is the greater, and whoſe ſunt 
15s; then will the two fides about the obtuſe angle be aa - bb and ss— aa, 
and the third fide will be 88—ab. As for example, make a=2, B, 
and conſequently s= 3, and you will have a2 —bb==3, 55 — 4a 5 
and s5—ab=7; ſo the ſides are 3, 5 and 7, which will anſwer the 
conditions of the problem: for the ſum of the ſquares of 3 and 5 is 34, 
and the product of their multiplication is 15, and theſe two added toge- 
ther make 49 the ſquare of the third fide = 
If we join the two ſides 3 and 5 together, their ſum is 8, and this 
ſum, with either of the fides about the obtuſe angle, together with the 
third ſide 7, will form a triangle, as 3, 8 and 7, or 5, 8 and 7, whoſe 


angle oppoſite to the common ſide 7 will be 60 degrees, as is demon- 
ſtrated in the firſt corollary in the laſt article. 


II h h 8 P RO. 


therefore the ſides about the obtuſe angle will be 


l 
Mn 
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PROBLEM 25. 


Being the 875 of the Afb book of Diophantus. 
255. To find in whole numbers three right-ongled triangles having all 


the ſame area, 

N. B. By the area of a right-angled triangle I mean half the product 

of it's legs or ſides about the right angle; and therefore whenever the 

area of a right-angled triangle is required, it is only neceſſary the legs 
ſhould be known, the hypotenuſe being out of the queſtion. | 


CANON, | 
Find y the help of the the foregoing problem the whole numbers, a, b and 5 
repreſenting the three fides of a triangle, having oppoſite to c an angle of 


aà bundred and twenty — then by the helþ 7 theſe numbers form rer 


right-angled triangles, to wit, the firſt by 4 help of 2 numbers a and c, 


0 econd by the numbers b and c, and the third by the numbers -—"=Y 
c: I ſay that theſe right-an gled triangles will be Non as the problem 

ck having all oy Jens area, For 

ft, In the triangle formed from the numbers à and c, one of the legs 

will be the difference of the ſquares of thoſe numbers, to wit, c c— aa, 

and the other leg will be their double product, to wit, 2 ac, (ſee art. 12 ;\ 


therefore the area of this triangle will be cc—aa x ac; but by art. 253, 


comana+ab+bb; therefore n there- 


fore the area of the firſt triangle is a+b xbxac=abcxa+b. 


_ 2dly. In like manner, the area of the ſecond triangle, formed from 
the numbers 5 and c, will be found to be cc —bb x bc; but cc a4 ＋ : 
ab-+bb as above, and cc—bb=aa+ab=a+bxa; therefore the 
area of the ſecond triangle is a +b x a x ca boxa+b, the fame with 


the area of the firſt triangle. 


3dly. The third triangle is formed from the numbers a + and c, 
and 8 one of it's legs will be the difference of the ſquares of thoſe 


numbers, and the other will be 2 2c; but 4 ＋Cꝰöù is greater than c; 
for a, b and c repreſent the three ſides of a triangle, and in every trian- 
gle any two ſides are greater than the third; therefore the difference of 
the { x Ae of a+b and c is aa+ 2ab+bb—cc; ſubſtitute inſtead of 
cc it's * aa+ab+ bb, and you will have 44 245 +bb—cc=ab 

therefore ab will be one of the legs of the third triangle; and ſince the 


other 
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other leg is a+dx 2c (as 1 was obſerved before, ) the area of the third 
triangle will be ab x a + bxc=abcxa+6; therefore all theſe three 
triangles have the ſame area, to wit, abc x a+6, . E. D. 
E X AMP I = 


In the example to the foregoing problem, the numbers 3, 5 and 7 re- 
| preſented three ſides of a triangle whoſe angle oppoſite to / was one 
Wag . and twenty degrees : form therefore three ae triangles, 
the firſt from the numbers 3 and 7, the ſecond from the numbers 5 and 
7, and the third from the numbers 8 and 7 (8 being the ſum of 3 and 5;) 
and the firſt formed from the numbers 3 and 7 will have 40 and 42 for 
it's legs, and conſequently 840 for it's area; the ſecond formed from 5 
and 7 will have 24 and 70 for it's legs, and conſequently 840 for it's 
area ; the laſt triangle formed from 8 and 7 will have 15 and 112 for 
it's legs, and conſequently 840 for it's area. a | 
I ſhall take this occation to advertiſe the reader once for all, that Fermat 
in his new invented method of reſolving duplicate equality, has carried 
this problem and ſeveral others much further than I have done ; but 
his numbers running exceſſively high, render his concluſions leſs agreea- 
ble to an elegant taſte, eſpecially to one that wants rather to be ac- 
quainted with theſe matters than to fee the ſubject quite exhauſted, 


PROBLEM 26. 
Being the 9th of the fifth book of Diophantus. 


256. To find three numbers ſuch, that whether their ſum be added to 
or ſubtracted from the ſquare of every particular number, the numbers 


thence ariſing ſhall be all ſquares. 
SOLUTION... 


I have demonſtrated in art. 228, that in a right-angled triangle if the 
double product of the legs be either added to or ſubtracted from the ſquare 
of the hypotenuſe, both the ſum and remainder will be ſquare numbers : 

but if half the product of the legs be the area of the triangle, the dou- 
ble product will be four times the area; ſo that the above-quoted lem- 
ma may alſo be put thus; F in a right-angled triangle four times the area 
be either added to or ſubtracted from the ſquare 1f the hypotenuſe, bath the 
ſum and remainder will be ſquare numbers. | i 
This being allowed, find (by the helþ of the foregoing problem) three 
right-angled triangles having all = 8 area, and let their Hire 
2 be 


X _ 7 * - N » 5 * 
- _ LY 2 — - « — 
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be a, b and c; call alſo four times the common area d, and from the 
foregoing lemma we ſhall have a*==d=0D, Cd, and &=d=7n: 
tet now theſe ſquares be all multiplied by ſome indeterminate ſquare, as 
xx, and then we ſhall have &x*==dx*=D, N Ed =, and fx*= 

—0: this is univerſal, be the value of x what it will; but if we ſup- 
poſe the value of x to be ſuch, that d is equal to the ſum of all the 
three numbers ax, bx and cx, then we ſhall have three numbers ax, 
bx and cx of ſuch a nature, that whether their ſum be added to or ſub- 
tracted from the ſquare of every particular number, the numbers thence 
ariſing ſhall be all ſquares: let then dx ax +bx+cx, and we ſhall 
have wn SELLS or If wwe make a+b-+c (the ſum of all the by- 


-potenuſes) equal to s, we ſhall have x=7 whence ax, bx and cx 


| b TD 
the three numbers ſought will be _ — and T reſpectively. 

Now that theſe three numbers are ſuch as the problem requires, may 
alſo be eaſily demonſtrated ſynthetically thus: the ſum of all the three 
eee G = * ==, and the ſquare of the firſt number - 
1s Ee ; therefore the ſum of the three numbers being added to and ſub- 


| | 2 6 2 — 4 2 
tracted from the ſquare of the firſt gives — => e 7 5 am 


<3 but a. are ſquare numbers ex hypothefi ; therefore a* == d x = | 
will be ſquare numbers. And after the fame manner it may be demon- 
ſtrated, that if the ſum of the three numbers be added to and ſubtracted 


from the ſquare of the ſecond number, and the ſquare of the third, the 
ſums and remainders ſhall be all ſquare numbers. 


EXAMPLE, 


In the example to the foregoing problem we found three right-angled 
triangles having all the fame area, to wit, 40, 42 and 58; 24, 70 and 
743 and 15, 112 and 113, the common area being 840. Here then 
a=58, b=74, C=113, $=245, and d=840x4= 13360 ; there- 


fore Se 245. = Z ; therefore as 405 bs $18 cs 791 


PR o- 
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PROBLEM 27. | 


"Bela a 7 of the thirtieth of the f book of 
Diophantus. 


257. To find three ſquare numbers ſuch, that the ſum of every two f 
them ſhall be a ſquare. 
SOLUTION, 


Put fome known ſquare number as dd for one f the three ſquares . 
ſought, and put xx and 2 for the other two; then from the conditions 
of the problem we ſhall have theſe three equalities, to wit, dd +xx=0, 
dd+yy=D, and xx +yy==D0. Now to reſolve the firſt of theſe equa- 
lities, to wit, dd+xx=D0,. we muſt find two ſquare numbers whoſe 
difference is d d, and then if we equate xx to the leſſer of theſe two 
ſquares, we ſhall have dd+xx=0 ; that is, by art. 231 we muſt re- 


d 
ſolve dd into two factors az and 2 , where a ſignifies any determinate 


quantity, at leaſt for the preſent till we ſhall be obliged to limit it; and then 
we muſt make the ſquare of. half the difference of theſe factors equal to 


dd, 1 1 dd 
xx; but half the difference of the factors 22 and pre is 32. ws, 
whether the expreſſion be affirmative or negative it matters not ; for in 


14. 
both caſes we ſhall have 40 —3 ad K*. 


. like manner to fulfill the ſecond condition of the problem, that is 
to make dd yy=0, dd muſt be reſolved into other two factors, 52 an 


= and the ſquare of balt the difference of theſe factors muſt be made 
1 14. 
equal to yy, and we ſhall have 7 6b*2— 7 dds 5 8 put the 


values of xx and yy together, and you will have x x + yy=7 aa $23 + 


244 14 | 
Led == + ph; make aa+bb=cc, that is, let a 


4 
and b be now ſo limited as to fpgmfy the tao . of any ri eee 


triangle whoſe hypotenuſe is c, and we ſhall have T aa2YZ4 bur = = 


I I I aa 2 
4c; we ſhall have moreover cane © N N 
aa - 


aabbzg 


l — 
= = £4 — wer 57 8 62 
Bo — ———w_— pn eo _—_—_— 
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= EY”. 1.408 4. CA 
r 38G ; therefore we ſhall have . A T5 m_ FEag = 

ccd. #ccd* 


3 1 cheieidee now ng” — Wi 
the lte condition of problem, xx + yy is to be a ſquare number ; be it 


, | 
ſo, and let Sers be that ſquare number, and we ſhall have ah = 


ccd. 
— ac 4d. 3 ET ; ftrike off 5 ce xx from both ſides, and tranſ- 


4. dd 
poſe —dd, and you will have dd== e, and 1 = 106 


rcd ied cd dd 26d 


5 2 g, and 2 2 - PIX and a 7; 7 3 eee but az and 
dd 


4 C 


— Were the firſt two for into which 4d was reſolved, and therefore 


half their difference will be æ the fide of the ſecond ſquare ; but half 
the difference of _ and LF is _ . therefore I . if 


affirmative, will be the ſide of is ſecond ſquare, if aui it muſt 


be made affirmative by having it's ſign changed. Again, ſince 2z= 5. 


we ſhall have FFI, and 8 Soi but bs and i were the o- 


ther two factors into which dd was reſolved, in order to apes (by half 


their difference) y the 7 of the third ſquare ; therefore the fide of the 
third ſquare will be — — . therefore The Ades of the three fquares | 


bd ied: 1», ad d 
fought will be 1ft d, > — 85. 34 2 — 12 Now as we 


are entirely at liberty as to the value of the firſt ſquare dd, let us (to 4 


bd 
void fractions) make d= 4.9 be, and we ſhall have — = =4abb, and * * 


=acc, and the fide of the ſecond ſquare will be 3 =4X x 4bb—cc: 


in like manner, the fide of the third ſquare will be bx 4 4a -: there 
fore now The Alles of the three ſquares will be expreſſed all in whole num- 


bers 2 4abc, 2dly ax4bb—cc, 3dly bx4aa—cc: and thus 


by the help of any *"" triangle whoſe fides are whole numbers ma 
chis * be reſolved. * * * y 


As 
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As for example, the numbers 3, 4 and 5 conſtitute a right-ang led tri- 


angle ; and if by the help of this triangle the problem is to 1 ſolved, 


we ſhall have 2 = 3, b==4, c==5, 4abc=240, ax4bb—cc=117, | 


— — ñ — — 


bx44a—cc==44. and ſo the ſides of the three ſquares ſought (it matters 
not in what order they are taken) will be 44, 117 and 240; and there- 


fore the ſquares themſelves will be 1936, 13689 and 57600 : the ſum 
of the firſt and ſecond is 15625 the { - weak of 125; the ſum of the ſe- 


cond and third is 71289 the {quare o 
and firſt 1 is 59530 the ſquare of 244. 


1 * 


267; and el ſum of the third 


PROBLEM 28, 


Being the 32d of the fifth book of Diophantus. 


258, To oo three ſquare numbers ſuch, that the ſum of their ſquares 


ſhall alſo be a fquare number. 
SOLUTION. 


Let , & and x* repreſent three tuch Guace numbers as the problem 
requires, and the ſum of their ſquares will be @#&+b+-x*; this the pro- 

blem requires ſhall be a ſquare number : let it then be the ſquare of 
-&, or rather of c*— that the dimenſions may be alike, and we 


ſhall have . CI. LA c- ac t ; reſolve this equation, and 
therefore if a, b and c be ſuch that 


Cf ten gy 
DEE: 


you will have x x = 


Ci—— bt — at 


- - be a . ok the problem will be reſolvable, other- 


2CC 

wile not. 
Let . bb==cc, . is, let a and b be the two legs of any right- 
angled triangle whoſe hypotenuſe i is c; and fince c = , we ſhall 
have „ = 24. 6 +6, and O—b—_=20Þ, and . 


2CC 
2aabb aabb 


2CC cc 


Xx Xx = 


, which is a ſquare number: therefore Fa, b and 


c be three fides of a right-angled triangle whoſe hypotenuſe is c, then aa, 


bb 
bb and — C vill be ſuch ſquares as the problem requires. 


As for example, the numbers 3, 4 and 5 . a right-angled tri- 


b 
angle, where aa=9, bb==16, and _ = I : therefore 9, 16 and 
144 
25 


\ — .. ],, NEED > HC. P 
= 
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=> are thive men ſquares as the problem requires; for the ſum of their 


0 20736 2231361 
1 1 81 ＋.˙56＋ 6525 25 625 


„ „„ 
, Whoſe ſquare root is ——. 


: PROBLEM, 29. 
Being the 33d of the fifth book of Diophantus. 


259. This problem, as we have it in Drophantus, is contained in a 
:Greek epigram, whether his own or not may I think be reaſonably 
queſtioned : this epigram Monſieur Bacher tranſlates as follows, 

Dracbhmarum quinque, et drachmarum miſcuit act 

 . Quis choeas, famulis vina bibenda ſuis : 
Pro cunctis pretium numerum praebens tetragonum, 
222i praefimtas ſiiſcipiens monadas 
Diverſum dat quadratum ; fed ſumma choarum 
Illus exaequat conſtituitque latus. 
Dic age quot choeas drachmarum comparat ofto ; 
 _ Drachmarum choeas, dic age, quinque, puer. 
The purport whereof, except as to the money and meaſure there made 
uſe of, 1s this : | 

One buys in two forts of wines, a better fort at the rate of eight pounds 

per hogshead, and a worſe at five ; the price of the whole amounted 
to a ſquare number of pounds, which with fixty added made another 
ſquare number, whoſe fide was the number of hogsheads of both ſorts put 
__ I demand how many hogsheads he bought in of each ſort, and 

 _ . nohat he paid for them, | | 


80 LUT IOM. 


Put x for the number of hogſheads of both forts, and xx — 60 will 
repreſent, according to the problem, the whole number of pounds laid 
out; and this the problem requires ſhall be a ſquare : but before we can 
find a proper ſquare to which the number x x — 60 muſt be equated, 
we muſt make the following preparation. 

— Had the whole ſum xx—60 been laid out in one ſort of wine only, 
ſuppoſe in the worſe ſort, the number of hogſheads bought in would 

* to | 
have been 
x x— 60 


buy — 5 and in this caſe, the number of hogſheads ſuppoſed to be 
75 . bought 


; for if five pounds buy one hogſhead, xx — 60 will 
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bought in would have exceeded x the number of hogſheads actually bought 
in, for ſome whereof he paid eight pounds per hogſhead ; eee 


— 1s greater than x, and xx — 60 is greater than 5x; by a like 


way of reaſoning x x 0 muſt be leſs than 8x, and therefore muſt 
conſiſt between 5x and 8x, Now if xx— 60, be greater than 5x, we 
ſhall have xx greater than 5 * ＋ 60, and xx— 5x greater than 60; com- 


pleat the ſquare, by adding to both ſides A the ſquare of half the co- 
itt of th trot term, and you will have xx — 5x+ 7 greater 
than 60 that is, greater than 5 let us ſuppoſe xanga 


to be greater than =» and then the poſitions will not only be ſuffi- 


ciently guarded againſt any abſurdity from that fide, but alſo the limit 
will come out a rational number ; for if x x— 5x + 4 be greater than 
_ x2 will be greater than . and x will be greater than = or 
11. Again, ſince xx— 60 is leſs than 8x, we ſhall have xx—8 x leſs 
than 60, and xx - 8 x-+ 16 leſs than 76 : let us ſuppoſe xx - 8 X 16 
to be leſs than 64, and the poſitions will be alſo guarded on that fide, 
and we ſhall have x—4. leſs than 8, and x leſs than 12 ; therefore the 
quantity x muſt be fo limited as to be greater than 11 and leſs than 12: 
we might indeed, by a more nice extraction of the ſquare root, have 
ſomewhat enlarged theſe limits, and have ſhewn that x may be any num- 


ber between 10 5 and 12 53 but the limits above ſet down are exact 
enough for our purpoſe. 1 

This being underſtood, let us now look back from whence we di- 
greſſed, and try to make x x— 60 a ſquare number. Now to what ſquare 
number ſoever xx is equated, that we may have a ſimple equation, 
it is certain that x muſt be one part of the fide of that ſquare ; but what 
muſt be the other part, ſo as to keep x within it's proper limits, remains 
ſtill to be determined. Let then y be the other part, that is, let xx 
be equated to a ſquare whoſe fide is x —y, and we ſhall have xx 
yy+ 60 | 


* 


=xx—2xy+yy, and x 


: but x was found to be greater 
+1 than 
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than 11 and leſs than 12 ; therefore the value of y muſt be ſuch that 


— 5 2 muſt be greater than 11 and leſs than 12. Firſt then, ſince 8 5 
18 er than 11, we ſhall have yy ＋ 60 greater than 22, and yy grea- 
ter than 22y—6o, and yy—22y greater than — 60, and y—225＋ 121 
greater than 61: let ) — 229 9121 be greater than 64, and we ſhall 
have J—11 greater than 8, and y greater than 19. Again, ſince e 
is leſs than 12, we ſhall have yy ＋- 60 leſs than 24, and 5-24) leſs 
than — 60, and yy — 245 ＋ 144 leſs than 84: let yy— 245 ＋ 144 be 
leſs than 81, and we ſhall have y— 12 leſs than , and y leſs than 21; 

therefore y muſt be greater than 19 and leſs than 21. Had we taken 
the more exact limits of x above-deſcribed, we ſhould have had more 


exact limits of y, to wit, 18 25 on one ſide and 225 on the other; but 
the limits here found, to wit, 19 and 21 are fufficient. Since then y 
muſt be greater than 19, and les than 21, let us make y equal to 20, 
and ſo equate the quantity x X - 60 to a ſquare whoſe fide is x — 20, 
and we ſhall have xx—60==xx—40x+ 400; whence x11, and 
is kept within its proper limits ; therefore the. whole quantity of wine 
bought in was 11 fogſheads and a half, or 23 half-hogſheads : but the 


{quare of - is 25 and if from this be ſubtracted 60 or _ , the re- 


mainder will be —, which is a ſquare number as the problem requires, 


and therefore properly repreſents the number of pounds laid out : but 


8 3 
SY = 72 - , and therefore the whole money laid out was 72 5 pounds. 
Now to find the number of hogſheads of each ſort bought in, put 2 


ſor the number of hogſheads of the worſe ſort; and ſince the whole num- 
ber was 115, the number of hogſheads of the better fort was 111—2: 
but if one hogſhead of the worſe fort coſts 5 pounds, 2 will coſt 5 in 
pounds; in like manner, 111— 2, the quantity of wine of the better 

ſort, will coſt 92 — 82 in pounds; therefore the whole ſum laid out was 
52 ＋ 92 — 8, that is, 92 — 33 in pounds; but we found above that 
the ſum laid out was 72% pounds; therefore 72 2 92 — 33; therefore 
323 ih and $=67:: therefore if we allow 60 gallons to the hogſhead, 
the quantity of wine bought in of the worſe fort was 6 hogſheads 3 5 gal- 
lons; ſubtract this from the whole quantity, 11 hogſheads 30 gallons, 
and there remains 4 hogſheads 5 5 gallans of the better ſort, or 4% 


For 
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For a further proof of this, multiply 6. Z, the quantity of the worſe 


12? 
fort, by 5, and it's price will be 32 = pounds, that is, 32/. 18s. o4d : 
multiply alſo 4. —, the quantity of the better fort, by 8, and it's price 


will be 395 or TE pounds, that is, 39/. o6s. o8d; add theſe two 


prices together, viz. 32/. 18s. 04d and 39/. obs. odd, and the amount: 
will be 72/. os. ood, as it ought, 
eto SCHOLIU M, 1 55 

For a further explication of the foregoing ſolution, we had there two 
limitations of the value of y, to wit, that yy—22y+ 121 muſt be grea- 
ter than 61, and that yy — 245 ＋ 144 muſt be leis than 84. Now if yy 
—22y+121 be greater than 61, then according to art. 232, y—11 muſt 
either be greater than +,/61 or leſs than —\/61 ; the former caſe 
was conſidered in the foregoing ſolution, but not the latter, to wit, that 


y—11 muſt be lefs than — 761: let us make y—11 leſs than—7 =, 


and it will of courſe be leſs than —\/61, becauſe 7 25 is ſomewhat 


greater than 61: now if y— 11 be leſs than —7 S, y muſt be leſs 


than 3 15. Again, if yy - 245 ＋ 144 be leſs than 84, then y—12 muſt 
be leſs than ＋ 84, and greater than — 84; the latter caſe is here 


to be conſidered: let us then make y—12 greater than — 9 = ſince 


9 15 is ſomewhat leſs than 84, and we ſhall have y greater than 2 8 
or 3— — Here then we have another value of y different from that 


which was made uſe of in the foregoing ſolution; for here we learn, 


that y may be made equal to any number greater than 3 — = and leſs 


than 3+ =: let us then make y 3, that is, let xx—60 be equated 
to a ſquare whoſe fide is x— 3, and we ſhall have x II; as before. 
Had we allowed the quantity x all the liberty it had a right to, vz. 
of being any number greater * 10; and leſs than 122, the 2885 
11-2 0 
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of 9 derived from | this conſideration would alſo have | been enlarged from 


2 25 to 3 855 therefore che leſs value of y may be taken equal to any 


number between 2 = and 3 75 , and the greater equal to any number 


between 18 — and 22 C,. If y be taken out of theſe limits, the conſe- 


quence will be, that x will be driven out of it's limits, and the quan- 
tity of wine of one ſort or the other will be found negative, which is abſurd. 

EFF | 

Being here propoſed only as it introduces a ſort of duplicate equalit 
to be diet wr Abe taken notice of, Z 2 
260. To find a number which being ſeverally multiplied by eight and 
eighteen, and nine being added to the former product and ſubtracted 
from the latter, both the ſum and the remainder ſhall be ſquare numbers. 


SOLUTION, 


Put x for the number ſought, and we ſhall have this duplicate equa- 
lity, 8x Y ==, and 18 x—g==0, which is different from any of 
the forms hitherto deſcribed, and is only reſolvable upon this account, 
to wit, that 8 and 18, the two coefficients of x, are to each other as 
two ſquare numbers, that is, as 4 to g : for ſince 8 is to 18 as 4 to 9, 
8x9, the product of the extremes, will be equal to 18 x 4, the product 
of the two middle terms; and therefore if the firſt ſquare 8x + g be 
_ multiplied into , and the ſecond ſquare 18x—9 be multiplied into 4, 

the products 72 x +81 and 72x— 36 will ſtill be ſquare numbers, the 
multiplicants 9 and 4 being ſquares; and the coefficients of x in both 
numbers will now be the fame, to wit 72 ; and the duplicate equality 
in the former cafe will now be reduced to this, vig. to make 72 x+ 
81=0D, and 72x—36==0. Now the difference between theſe two quan- 
tities is 117; and therefore if we find two ſquares whoſe difference is 1 17, 
and equate 72x— 36 to the leſſer of thoſe two ſquares, 72x + 81 mutt 
be equal to the greater, and fo we ſhall have both 72x 36 , and 
72x+81=0. Now to find two ſquare numbers whoſe difference is 
117, I proceed according to art. 231, and reſolve 117 into the two fac- 
tors 39 and 3, whoſe difference is 36, and half difference 18; and as the 
ſquare of 18 is 324, I have this equation, 72x —36=324; whence 
x = 5, which is ſuch a number as the problem requires: for if 5 be ſe- 
verally multiplied by 8 and 18, the products will be 40 and go; and 
if 9 be added to the former product and ſubtracted from the latter, the 
ſum will be 49 and the remainder 81, both ſquare numbers, 
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07 the neceſſity of reſuming the doftrine of proportion, and 
removing ſome difficulties which ſeem to attend it as de- 
 livered in the Elements. 


as clearly, and yet as ſuccinctly as I was able, the doctrine of 
proportion ſo far as it relates to numbers and commenſurable 
quantities, whereof any one may be conſidered as ſome multi- 
ple, part or parts of another of the fame kind; and it ſerved well enough 
all the purpoſes it was deſigned for. But being in the next book to ap- 
ply Algebra to Geometry, and ſo to conſider proportion as it relates to 
magnitudes in general whether commenfurable or incommenſurable, I 
ſhould come ſhort of the axpiCeu geometrica, was I not to reſume this 
ſubject, and to conſider it now in it's full extent as it is laid down in 
the fifth book of the elements of Geometry. I might indeed have ex- 
cuſed myſelf from this part of my taſk, and ſhould have been very glad 
to have done it, by referring the reader at once to the elements themſelves 
without any further aſſiſtance ; but I could not withſtand ſome reaſons 
drawn from experience, which to me ſeemed to plead very powerfully 
to the contrary. As 3 
I frequently obſerve that moſt of thoſe who ſet themſelves to read Eu- 
clid, when they come at the fifth book which treats of proportion, either 
entirely paſs it by as containing ſomething too ſubtil to be comprehended 
by young beginners, or elſe touch fo very ſlightly upon it as to be little 
the better for it; and thus the doctrine of proportion (which is certain! 
the moſt extenſive, and conſequently the moſt uſeful part of the Mathe- 
matics) is either taken for granted, or at beſt but partially underſtood by 


them, 


261 I N the 15th and 16th articles of this treatiſe I have laid down 
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chem. The ſchemes there made uſe of are ſcarce bold enough, I had al- 
moſt faid, ſcarce complicated enough to affect the imagination ſo ſtrong- 
ly as is neceflary to fix the attention, is | 
The firſt, ſecond, third, fifth and ſixth propoſitions are ſelf-eyident, 
as well as ſome others, and upon that very account create an impatient 
reader much greater uncaſineſs than if they were further removed from 
common ſenſe; becauſe the truths from whence theſe propoſitions are de- 
duced are not ſo diſtinct from the propoſitions themſelves as in many 
other caſes. But it ought to be conſidered, that the perfection of all arts 
and ſciences in general, and of Geometry in particular, is to ſubliſt upon 
as few firſt principles or axioms as is poſſible ; and therefore whenever 
a propoſition, how evident ſoever it may appear in itſelf, can be deduced 
* from any that is gone before, it ought by all means to be ſo deduced, 
and not to be made a firſt principle, and ſo unneceſſarily to increaſe their 
number. ö Ke g 5 
The deſign of a geometrical demonſtration is not ſo much to illuſtrate 
the propoſition to which it is annexed, or to render it more evident than 
it would have been without it, (though this ought certainly to be done 
wherever the nature of things will permit, ) as it is to ſhew the neceſſary 
connexion the propoſition to be demonſtrated has with ſome previous 
truth already admitted or proved, ſo as to ſtand and fall together, whe- 
ther ſuch previous truths be more or leſs evident than the propoſition to 
be demonſtrated: I ſay more or leſs evident; for it is not uncommon in 
the courſe of Euclid's geometry to meet with propoſitions demonſtrated 
from others that are leſs evident than themſelves. For an inſtance of this 
we need go no further than the twentieth propoſition of the firſt book, 
where it is demonſtrated that in every triangle any two fides taken to- 
gether are greater than the third: now it is certain that this propoſition 
is more evident than that the external angle is greater than either of the 
internal and oppoſite ones; and yet the former, by the help of the 19th 
_ propoſition, is demonſtrated from the latter. 15 
But there is another reaſon to be given for demonſtrating ſelf-evident 
propoſitions in many caſes, and particularly in this fifth book of the ele- 
ments. A propoſition may ſometimes be taken to be ſelf-evident accord- 
ing to our narrow and ſcanty notions of things, which when better un- 
derſtood, will be found to be otherwiſe. Theſe propoſitions, to wit, that 
equal quantities will have the ſame proportion to a third, that of two un- 
equal quantities the greater will have a greater proportion to a third than 
the leſs, and ſome others of the ſame ſtamp in the fifth book, are ſuch 
as will paſs with moſt for ſelf-evident propoſitions ; and ſo they are with- 
out all doubt according to the common conception of proportionality ; | 
but when they come to be examined according to the juſter and more ex- 


tenſive 
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tenſive idea Euclid has given of it, I fear they will both, and the latter 


more eſpecially, be found to want demonſtration. 

In a perfect and regular ſyſtem of elementary Geometry, ſuch a one 
as that of Euchd may be ſuppoſed to be, or at leaſt to have been, cer- 
tain properties of lines, angles and figures are to be laid down, and thoſe. 
of the ſimpleſt kind, for definitions; from whence, and from one ano- 
ther, all the reſt are to be derived with the utmoſt rigour, without the 
leaſt appeal even to common ſenſe, Common ſenſe is by no means to 
be made the ſtandard of any geometrical truths whatever, except firſt 
principles: it's province muſt be only to judge whether a propoſition be 
duly demonſtrated according to the rules already preſcribed, that is, whe-- 
ther the neceſſary connexion it has with any previous truth be clearly and 
diſtinctly made out; when that is done, nothing remains but to paſs ſen- 
tence. Whilſt the ſcience continues thus circumſcribed, no miſtakes, no- 
diſputes can ariſe concerning it's boundaries; but whenever theſe come to 
be tranſgreſſed, ſuch a looſe will be given to Geometry that it would be. 
impoſſible to agree upon any others whereby to reſtrain it. 9115 
Thus much II thought proper to lay down concerning the nature of a 
geometrical demonſtration, that young ſtudents may not ſometimes think 
themſelves diſappointed, or not proceed with that coolneſs and judgement 
abſolutely neceſſary to conduct them through the elements of Geometry. 
Hut as to the matter in hand, there is another difficulty ſtill behind, 
which I believe, is often a greater diſcouragement to young beginners in 
their entrance into the doctrine of proportion, than any which have hi- 
therto been alledged, and that is the difficulty of underſtanding and ap- 
plying Euclid's definition of proportionable quantities. But to take away 
all excuſe from this quarter, I have here annexed a ſmall diſſertation con- 
ducing (as I take it) to clear up that definition. It is an extract out of 
ſome looſe papers I have by me; and therefore the reader mult not be 
ſurprized if he finds ſome things repeated here which have already been 

mentioned in another part of this book. | 


A vindication of the fifth definition of the fifth book 
of Euclid's elements. 


262. N. B. For a more diſtinct underſtanding of what follows, it 
muſt be obſerved, that By a part, in the ſenſe of the fifth book of Euclid, 
is meant an aliquot part, and not a part as part related to ſome whole. 
Thus z is a part of 12 in Euchd's ſenſe, as being juſt four times con- 
tained in it; and though 9g be a part of 12 in the ſame ſenſe as the part 
is diſtinguiſhed from the whole, yet 9 in Euclid's ſenſe is not a part, 
but parts of 12, as being three fourth parts of it, 8 

| 1ſt, 


} 
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in this caſe A is faid to be parts of B. 
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Iſt. If two quantities A and B be commenſurable, then A muſt neceſſari- 
be either ſome multiple, or ſome part, or ſome parts of B. For if A and 

B be commenſurable, then either B muſt meaſure A, or A muſt mea- 

ſure B, or they muſt both be meaſured by ſome third quantity: if B 

meaſures A any number of times, ſuppoſe 3 times, then A will be equal 

to 3 times B, and conſequently will be a multiple of B: if A meaſures 

B any number of times, ſuppoſe. 3 times, then A will be a third part of 

B, and conſequently will be a part of B: if A and B do not meaſure 


one the other, let C meaſure them both, and let C be contained exact! 
in Az times and in B 4 times; then will a third part of A be equal to 


a fourth part of B, as being both equal to C; multiply both fides of the 
equation by 3, and you will have ; of A or A equal to: of B; therefore 
2dly. If two quantities A and B are incommenſurable, then A can nei- 
ther be any multiple of B, nor any part or parts of it, For if A was any 
multiple of B, then B would meaſure both itſelf and 4, which contra- 
dicts the ſuppoſition of their incommenſurability: in like manner, if A 
was any part of B, then A would meaſure both itſelf and B: in the laſt 
place I fay that neither can A be any parts of B; for if A was an 
parts of B, ſuppoſe 3 of B, then: of B would meaſure both A and B, 
which ſtill contradicts the ſuppoſition: A indeed may be greater or leſs 
than ſome part or parts of B, but can never be equal to any; ſo ſubtil 
is the compoſition of continued quantity. As for inſtance; it is demon- 


ſtrated in art. 201, that the ſide and diagonal line of a ſquare are incom- 


menſurable to each other: let then A be the diagonal of a ſquare whoſe 


fide is B, and the ſquare of A will be to the ſquare of B as 2 to 1, as is 


evident from the 47th of the firſt book of Euclid; therefore A will be to 
B as the ſquare root of 2 is to 1; but the ſquare root of 2 is 1.414 &c, 


that is 10, or more nearly ——, or more nearly ſtill Tg: whence it 


follows, that if the fide of a ſquare be divided into 10 equal parts, 


the diagonal will contain more than 14 of theſe parts, but not ſo much 


as 15 of them; if the fide be divided into 100 equal parts, the diagonal 


will contain above 141 of ſuch parts, but not 142; if the fide be divi- 

ded into Iooo equal parts, the diagonal will contain above 1414 of ſuch 

parts, but not 1415; and ſo on ad infinitum: therefore the diagonal 

1 a 7 can never be exactly expreſſed by parts of the ſide any more 
n 


| he fide can by parts of the diagonal. The fide may indeed be ſet 
off upon the diagonal, and fo be conſidered as part of it, ſo far as part of 


the whole ; but the fide can never be exactly expreſſed by any number 
of aliquot parts of the diagonal, be theſe parts ever ſo ſmall. Limits 
may be found and expreſſed by parts of the diagonal as near as poſſible to 


cach 
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each other, between which the fide ſhall always conſiſt, and by which it 
may be expreſſed to any degree of exactneſs except perfect exactneſs. And 
thus alſo may approximations be made in the expreſſions of many other 
incommenſurable quantities one by another. | 
 2dly. From the laſt ſection it appears, that IF two quantities A and B 
be incommenſurable, no multiple of one can ever be equal to any T7 of 

the other, For if, for inſtance, 4.4 could be equal to 3B, then (divid- 
ing by 4) A would be found to be juſt 3.of B, contrary to what has been 

above demonſtrated. „ 1 

A thly. F four quantitiet A, B, C and D be ſuch, that A is the ſame 
part or parts of B that C is of D, then are thoſe four quantities A, B, C 
and D ſaid to be proportionable, or A ts ſaid to have the ſame proportion 
to B that Chath to D. Thus if A be a fourth part of B, and C a fourth 

part of D, then A will be the ſame part of B that C is of D, and they 


will be proportionable. Thus again, if 4 == B, and C= =D, or if 


A 722 or 2 B, and W or 2D, or if A= B, and C D, 


in all theſe inſtances (comprehending multiples under the notion of parts) 
A may be ſaid to be the fame parts of B that C is of D; and therefore 
according to this definition, A hath the ſame proportion to B that C hath 
to D; which is true, and the mark of proportionality here given is infalli- 
ble, but not adequate to our idea of it; for though this mark be never 
found without proportionality, E is often found with- 
out this mark. Proportionality is often found among incommenſurables; 
but it can never be tried or proved by the marks here given. I believe no 
body ever doubted that the ſide of one 2 hath the ſame proportion 
to it's diagonal that the ſide of any other ſquare hath to it's diagonal; and 
therefore A may have the ſame proportion to B that C hath to D, though 
A be incommenſurable to B and C to D: yet who can fay in this caſe, 
that A is the fame part or parts of B that C is of D, when it has alrea- 
dy been ſhewn, that A is no part or parts of B, nor C of D? This way 
therefore of defining 27 Ferre quantities by a ſimilitude of aliquot 
parts, cannot (in ſtrictneſs of Geometry) be laid down as a proper foun- 
dation, ſo as from thence to derive all the other properties of proportio- 
nality: for ſince theſe properties are to be applied to incommenſurable 
as well as commenſurable quantities, it is fit they ſhould be deduced 
from a fundamental property that relates equally to both. 5 
5thly. In order then to eſtabliſh a more general character of proportio- 
nality, I ſhall aſſume the following principle which equally relates to com- 
menſurable and incommenſurable quantities; and which, I believe, there 
K k k ö 
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is no one who has a juſt idea of proportionality, which way ſoever he 
may chuſe to expreſs it, or whether he can expreſs it or not, but will 
eaſily allow me, which is; that J four quantities A, B, C and D be pro- 

tronable, that is, if A has the ſame proportion to B that C hath to D, it 
awill then be impoyfible for A to be greater than any part or parts of B, but 
C muſt alſo be greater than a hike part or parts of D; or for A to be equal 
to any part or parts of B, but that C muſt alſo be equal to a like part or 
farts of D; or for A to be leſs than any part or parts of B, but that C 
muſt alſo be leſs than a like part or parts of D. Thus if A hath the ſame 
proportion to B that C hath to D, it will then be impoſſible for A to be 


greater than, equal to, or leſs than _ of B, but C muſt alſo be greater than, 


equal to, or leſs than _ of D. This principle, I ſay, is fo very clear that 


nothing more needs to be faid of it, either by way of explication or de- 
monſtration : and if by the help hereof I can demonſtrate the converſe, 
we ſhall then have a general mark of proportionality as extenſive as pro- 
portionality itſelf, Now the converſe of the foregoing propoſition is 
this; If zhere be four quantities A, B, C and D, and if the nature of 
theſe quantities be fuch, that A cannot poſſubly be greater than, equal to, or 
leſs than any part or parts of B, but at the ſame time C muſt neceſſarily be 
greater than, equal to, or leſs than à like part or parts of D, let the num- 
ber or denomination of theſe parts be what they will; I ſay then, that A mu 

neceſſurily have the ſame proportion to B that C hath to D. If this be de- 
nied, let ſome other quantity E have the fame proportion to D that A 
hath to B, that is, let 4, B, E and D be proportionable quantities ; 

then imagining the quantity D to be divided into any number of equal 
parts, ſuppoſe 10, let E be greater than 14 of theſe parts and leſs than 


15, that is, let E be greater than = and leſs than = of D; then muſt 
15 


15 of B: this is evident 


A neceſſarily be greater than 10 and leſs than 
from the conceſſion already made, ſince A is ſuppoſed to have the fame 


proportion to B that E hath to D. But if A be greater than = and 


leſs than 15 of B, then C muſt be greater than 175 and leſs than -2 of 


D by the hypozbefis; the relation between A, B, C and D being ſuppo- 
ſed to be ſuch, that A cannot be greater or leſs than any part or parts of 


B, but C accordingly muſt be greater or leſs than a like part or parts of 


— 
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D. Therefore we are now advanced thus far, that if E lies between 18 
15 


and — of D, C muſt alſo neceſſarily lie betwixt the fame limits: now 


the difference betwixt 10 and > of D is 1 of D; therefore the diffe- 


rence betwixt C and E, which lie both between theſe two limits muſt 


be leſs than — of D. This is upon a ſuppoſition that the quantity D was 


at firſt divided into 10 equal parts; but if inſtead of 10 we had ſuppoſed 
it to have been divided into 100, or 1000, or 10900 equal parts, (which 
ſuppoſitions could not have affected the quantities C and E,) the conclu- 
ſion would then have been, that the difference betwixt C and E would 

have been leſs than the hundredth, or thouſandth, or ten thouſandth 
of D; and ſo on ad inſinitum: therefore the difference between C and E 
(if there be any difference) muſt be leſs than any part of D whatever; 
therefore the difference between C and E is only imaginary, and not real; 
therefore in reality C is equal to E. Since then C is equal to E, and that 
A is to Bas E is to D, the conſequence muſt be that A is to B as C is 
to D. 2; E. D. 3 YG. 23 
Here then we have a Four! characteriſtic of proportionality which al- 
ways accompanies it, and on the other hand, is never to be found with- 
out it, to wit, that four quantities may be ſaid to be proportionable, the 
the firſt to the ſecond as fn third is to the fourth, when the firſt cannot 
be greater than, equal to, or leſs than.any part or parts of the ſecond, but 
the third muſt accordingly be greater than, equal to, or leſs than a like 
part or parts of the fourth: or thus; Four quantities may be ſaid to be 
proportionable as above, when the firſt cannot be contained between tus 
limits expreſſed by any parts. of the ſecond, how near ſoever theſe limits may 
approach to each other, but the third mnſt neceſſarily be contained between 
the limits expreſſed by like parts of the fourth. 5 
bthly. Had Euclid ſtopped here, without refining any further upon 
the criterion of proportionality delivered in the laſt ſection, (for I dare 
venture to affirm he was no ſtranger to it,) I doubt not but it would 
have given much greater ſatisfaction to the generality of his diſciples, eſ- 
pecially thoſe of a leſs delicate taſte, than that which he advances in the 
fifth book of his elements, as being more cloſely connected with the com- 
mon idea of proportionality: but it was eaſy to ſee, that in demonſtra- 
ting ſeveral other affections of proportionable quantities upon this ſcheme, 
there would then be frequent occaſion for taking ſuch and ſuch parts 
of magnitudes, as there is now for are hoes and ſuch multiples of age 
2 © 
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the praxis of which partition had no where as 1 been taught by Euclid; 
nay he rather ſeems to have determined, as far as 1 to avoid it, 
and that upon no ill grounds neither; for the uſe of whole numbers is in 
all caſes juſtly eſteemed more natural and more elegant than that of frac- 
tions, and the multiplication of quantities has always been looked upon 
as more ſimple in the conception than the reſolution of them into their 
aliquot parts. It is for this reaſon that Euclid never ſhews how to mul- 
tiply a Fine or any other quantity whatever, aſſuming the praxis thereof 
as a ſort of pofiulatum ; whereas in the ninth propoſition of the ſixth book 
of his elements he ſhews how to cut off any aliquot part of any given 
line whatever. Upon theſe and ſuch like conſiderations it was that Euclid 
reſolved to advance his characteriſtic property of proportionality one ſtep 
Higher, by ſubſtituting multiples inſtead of aliquot parts in ſuch a man- 
ner as we ſhall now deſcribe ; and we ſhall at the fame time demonſtrate 
the juſtneſs of his definition from what has been 8 down in the 
laſt ſection. The propoſition to be demonſtrated ſhall. be this: F there be 
four quantities A, B, C and D, whereof EA and EC are any equimulti- 
ples. of. the firſt and third, and FB and FD are any «ther equi multiples of 
the ſecond and fourth; and if now theſe quantities are of ſuch. a nature, that 
EA cannot be greater than, equal to, or leſs than FB, but at the ſame time 
EC muſt. neceſſarily. be greater than, equal to, or leſs than FD, when com- 
pared reſpectively, be the multiplicators E and F what they will : T ſay then 
| that A muſt neceſſarily have the ſame proportion to B that C hath to D. 
Now that four quantities may be under ſuch circumſtances. as are here 
deſcribed, can be queſtioned by no one who has with any attention con- 
ſidered the nature of proportionable quantities: for ſuppoſe A ta be the 
diameter and B the circumference of any circle, and C to. be the diame- 
ter and D the circumference of any. other circle; who doubts but that 
twentytwo times the diameter of one circle will be greater than, equal to, 
or leſs than ſeven times the circumference, according as twentytwo times 
the diameter of the other circle is greater than, equal to, or leſs than fe- 
ven times the circumference of that circle ? I now. proceed to the de- 
monſtration of the propoſition. ESD 
If it be denied that A is to B as C is to D, let A be to Bas G is to 
D; and then ſuppoſing D to be divided into 10 equal parts, let G be 
greater. than 14. of theſe parts and leſs than 15: then ſince by the ſup- 


poſition A is to Bas G is to D, we ſhall have A greater than 705 and 


leſs than 175 of Bz therefore 10.4 will be greater than 14 B and leſs than 
15B.; but by the hypothefis,, no multiple of A can be greater or leſs than 
any 
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any multiple of B, but the ſame multiple of C muſt be greater or leſs 
than a like multiple of D; therefore 100 is greater than 14D and leſs 
than 15D; therefore C is greater than = and leſs than + of D; there- 


10 
fore if G be a quantity between = and — of D, C muſt alſo be a 
quantity between the fame limits; therefore the difference betwixt C and 


G muſt be leſs than — of D. This is upon a ſuppoſition that D was 


divided into 10 equal parts; but C and G will be the fame, into what 
number of parts ſoever we ſuppoſe D to be divided; therefore if we ſu 
poſe D to be divided into 100, 1000, or 10000 equal parts, &c, the 
difference betwixt C and G might have been ſhewn to be leſs than the 
hundredth,. or the thouſandth, or the tenthouſandth part of D; and fo 
on ad infinitum ; therefore C and G are equal, as was ſhewn in the 5th 
ſection. Since then A cannot be greater than, equal to, or leſs oo 
any part or parts of B, but G muſt be greater than, equal to, or leſs 
than a like part or parts of D, becauſe A is to B as G is to D; and ſince 
6 cannot be greater than, equal to, or leſs than any part or parts of D, 
but C muſt be greater than, equal to, or leſs than the ſame part or parts 
of D, becauſe G and C are equal; it follows ex. #qao, that A cannot 
be greater than, equal to, or leſs than any part or parts of B, but that 
C muſt accordingly be greater than, equal to, or lefs than a like part or 
parts of D; and conſequently that A is to B as C is to D, according to 
the mark of proportionality given in the laſt ſection. 2, E. D. 

Four quantities then may be ſaid to be proportionable, the firſt to the ſe- 
cond as the third to the fourth, when no equi multiples whatever can be taken 
of the firſt and third, but what muſt either be both greater than, or both 
equal to, or both leſs than any other equimultiples that can poſſibly be taken 
of the ſecond and fourth, when compared reſpectively. | 

7thly. As number is a diſcrete, and not a continued quantity, there is 

ſuch a thing as a minimum in the parts of number, whereas in thoſe of 
extenſion there is none; whence it follows, that the parts of number 
muſt neceſſarily be more diſtinct, and for that reaſon more aſſignable 
than are the parts of extenſion. Again, as all numbers are commen- 
ſurable by unity, every number may be conceived either as ſome multi- 

ple, or ſome part, or ſome parts of every other. Hence it is that EU- Z 
clid, defining proportionable numbers, makes uſe of the definition given 8 
in the 4th ſection ; fo unwilling was he to recede from the common 
notion of proportionable quantities, whenever the ſubject he treated of 
would bear it, 
of 
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: Of the ſeventh definition of zhe fifth book of Euclid. 

263. If it be allowed to be a ſufficient mark of the proportionality of 
Four quantities, when they are ſo related to one another in their own 
natures, that no equimultiples can be taken of the firſt and third, but 
what muſt either be. both greater than, or both equal to, or both leſs than 

any other equimultiples that can poſſibly be taken of the ſecond and 
fourth ; then wherever it happens, or may happen otherwiſe, there can 
be no proportionality. As for inſtance, F in comparing equimultiples 0 
the firſt and third with other equimultiples of the ſecond and fourth, there 
be any caſes wherein the firſt multiple ſhall be greater than the ſecond, and 

et the third not greater than the fourth; or wherein the firſt multiple ſhall 

be leſs than the ſecond, and the third not leſs than the fourth; then the firſt 
quantity will not have the ſame proportion to the ſecond that the third hath 

To the fourth, but either a greater as in the former caſe, or a leſs as in the 
latter. Nay, and T may add further, that J of four quantities, the firſt 
hath a greater proportion to the ſecond than the third hath to the fourth, 
there muſt be caſes exiſting, whether thoſe caſes can be aſſigned or not, where- 
in of equimultiples of the firſt and third, and of other equimultiples of the 
ſecond and fourth, the firſt multiple ” my exceed the ſecond, and yet the third 
ſhall not exceed the fourth: for if no ſuch caſes were poſſible, then the 
firſt quantity muſt either have the ſame 057 cm to the ſecond that the 
third hath to the fourth, or a leſs ; both which are contrary to the ſu 


poſition. Thus we have found the fifth and ſeventh definitions of the 
fifth book of the elements both of a piece. 


3 queſtion ariſing out of the foregoing article. 


264. This is all that was neceſſary to be obſerved concerning the 
foregoing definitions: but if, having given four quantities A, B, C and 
D, whereof A hath a greater proportion to B than C hath to D, any 
one for his own private ſatisfaction would know how to find ſuch equi- 
multiples of 4 and C, and ſuch other equimultiples of B and D, that 
A's multiple ſhall exceed that of B, and at the fame time C's multiple 
ſhall not exceed that of D, it may be done thus. If the quantities A, 
B, C and D be commenſurable, let their ratios be expreſſed by num- 
bers: as for inſtance, let A be to B as 7 to 5, and let C be to D as 4 
to 3; then will 4 and 3, the numeral expreſſions of the leſſer ratio, be 
the multiplicators required, if of the terms A and B, the greater term 
A be multiplied into the leſſer multiplicator 3, and the leſſer term B 
into the greater multiplicator 4 ; for then 3.4 (21) will be greater than 
4B (20), and yet 3C(12) will not be greater than 4D (12), for the 


two 
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two laſt multiples are equal. But if ſuch multiples be required, that the 
firſt multiple ſhall be greater than the ſecond, and at the ſame time the 
third multiple ſhall be leſs than the fourth, then ſome intermediate frac- 
tion muſt be taken between 2? and ?, and the terms of ſuch a fract ion 
will be the multiplicators required. As for inſtance, throwing the ex- 
treme fractions into decimals, we have 7 = 1 .4, and #=1 ,34—; there- 
fore if any decimal fraction be taken between 1 .4 and 1 .34, ſuch a 
fraction being reduced to integral terms will give the multiplicators re- 


quired. Let us aſſume 1 375, that is, 57S or = then will 84 ( 56) 


I000 

be greater than 11 B (55), and at the fame time 8C (432) will be lefs 
than 11D (33). | 9 
If the quantity A be incommenfurable to B, or C to D, or both to 
both, find however, by ſcholium the ſecond in art. 179, ſuch numbers as 
will expreſs theſe ratios as accurately as occaſion requires. As let the ratio of 
the number E to the number F be nearly the fame with that of A to B, 
and let the ratio of the number G to the number FH be nearly the ſame 
with that of C to D; then if either of theſe ratios, to wit, the ratio of 

E to F, or the ratio of G to H, lie between the ratios of A to B and of 
C to D, the terms of the intermediate ratio will make proper multiplica- 
tors; but if neither of theſe caſes happen, ſome intermediate fraction muſt 


be taken between the two fractions 5 and Fr 


Having thus prepared my young ſtudent for Euclid's doctrine of pro- 
portion, partly by ſetting him right in his notions of things, and partly 
by removing out of his way all that rubbiſh which ſeemed to block ” 
his entrance to it, I hope I ſhall now be able to conduct him throug 
the whole with a great deal of eaſe, and that he will meet with fewer 
difficulties in reading the following propoſitions than an equal number in 
any other part of the elements : and yet all I have done herein has been 
only to mitigate, as far as I thought proper, the rigour and ſeverity of 
the author's manner of writing, and to render his demonſtrations more 
eaſy to the imagination, which the compiler in his whole ſyſtem ſeems 
to have had no great tenderneſs for: but whatever I have done elſe, I 
have taken care to preſerve the force of the demonſtrations, and I hope, 
in a great meaſure, their elegancy too. I have uſed no algebraic compu- 
tations in demonſtrating theſe propoſitions, except what may be juſtified 
by the antecedent ones; as well knowing that theſe principles were never 
intended to depend upon arithmetical operations, but rather arithmetical 
operations upon them. I have however, for the reader's caſe, made uſe 
of the ſimpleſt algebraic notation, Thus A, B, C, D ſignify Ons 
0 
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1 "gs 


—— — B; EA and FB ſignify Nam — Fog of A 

and B, the multiplicators E and F; Se. I have ſometimes alſo: u- 
ſed very eaſy conſequences of this notation; as that i A1 be added 
to B, the ſum will be A, which indeed is a general axiom, and ſaying 


0 more than that if to any magnitude he added the eveI of 2 | 
above it, the ſum will be the mri magnit UC, * s e 1 TY 
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onthe of aeg . Ls ſaid. 1 he 2 mull ifs uh, when the great- 
2 Our Joguige is not nie enough to res theſe tees efini. 
- tions as they. are in the Greek and eng S% AB 
We may further obſerve, that by theſe two definitions every ſimple quan- 
tity is excluded from being confidered either as a part or a multiple of it- 
ſelf; for to be a part, 2 Gab. is to be leſs than that whereof it is a 
part, and to be a multiple is to be greater than that whereobi it is a multiple, 
g. Ratio is that mutual relatiom two. homogeneous- quantities are in, when 
compared together in reſpect to their quantity. Thus the exceſs of 2 above 
Nadz equal to the exceſs of 4 above 3, and yet the ratio of 2 to 1 is 
greater than the ratio of 4 to 3; that is, 2 has more magnitude when 
npared with 1 than 4 hath when compared with 3 3 ſince 2 is dou- 
able of 1, and 4 is not double of 3. But on the other hand, 3, hath a 
greater ratio to 4 than 1 hath to 2, becauſe 3 Hath, more magni itude in 
-£ompariſon of 4 Vn 1 hath in compariſon of 2:; ur m e than che 
Half of 4, 5 1 is but juſt the half of . 
«Sy » All quantities are ſaid to be in ſome ratio or other, when thy are ca- 
of being ſo multiplied as to exceed one another. 
. By this definition, 1ſt, All heterogeneous culantities are exclu- 
ted, from having any ratio one to another, becauſe heterogeneous quan- 
ztities are ſuch, that their multiples are no more capable of compariſon 
as to exceſs and defect, than the quantities themſelves: à yard can ne- 
ver be : multiplied till it exceeds an hour, &c. 2dly, All infinitely ſmall 
quantities are hereby excluded from having any ratio to finite ones, be- 


- cauſe the former can neyer be ſo + Mia as to exceed the latter, 
FE 3 40. — Mag- 


the fourth. 
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Magnitudes are 
the rar to the fourth, when no equimultiples can be taken of the 
third, but what — either be bath greater than, or both equal to, or 22770 leſs 


10 
d to be in the ſame ratio, 9 


than any other equi multiples that can poſſibly be taken of the ſecond and fourth. 


Note. This and the ſeventh definition have been explained already. 
6. Magnitudes in the ſame ratio may be called proportionals. 


7. If there be four quantities, whereof equimultiples are taken of the firſt 


and third, and other equi multiples of the ſecond and fourth; and if any caſe 


can be a 


ſigned, wherein the multiple of the firſt ſhall be greater than the 
multiple 


not Fog eater than the multiple of the fourth; then 0 
the foſ i 


of theſe four quantities, 


is ſaid fo have a greater ratio to the ſecond than the third bath to 
"4 Proportion confiſts i ma finilitude of ratios.” 


9. Proportion cannot be expreſſed in fewer than three terms: as A : 


we fay that A is to B as B is to C. 


10. . bene ver three _ ntities are continual proportional, the 6 is - ſaid 
pl and on the- 


to be to the third in a cate ratio of the firſt to the ef 
other hand, the firſt is ſaid to be to 8 hem in yy 


econd : 
licate ratio the 
firſt ta the third. T þ 


11. V. four quantities be e propertionals, the firſt is ſaid fo be to 


the fourth in a triplicate ratio of the firft ta the ſecond ; and ſo on. 
12. The antecedents of all proportions are called homologous terms; and 


/g alſo are the conſequents : but antecedents and conſequents conſidered toge- 
ther, are never called —_—— terms, but heterologous. 
Note. Theſe three laſt 


to do in the following fifth book, but in the fixth. 


13. Alternate proportion is, when four quantities. being roportionable, 
the firſt to the ſecond as the third to the fourth, it is concluded, that the 


firſt is to the third as the Ju to the fourth; the juſtneſs of which con- 
the reſt that { low, will be nnn made 4 


clufion, as well as of al 
out in the following propoſitions. 
14. Inverſe proportion is, when four quantit tres being E proper mah; the 


firſt to the ſecond as the third to the feurth, it 1s concludes. that the ſecont 
is y the firſt as the fourth to the third. 


5. Compoſition of proportion is, when four quantities being proportionable, 
the $0 to the ſecond as the third to the fourth, it is a 82 um 


of the firſt and ſecond is to the ſecond as the ſum of the third and fourth is ta 
the fourth. 


16. Diviſion of proportion is, when four quantities being proportionable, 
the ft to the ſecond as the thi ud to the fourth, it is concluded, that the ex- 
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ceſs of . firſt above the ſecond 3 is to the ſecond as the exceſs of the third above 
| a Rs is tothe fourth. | | 
© 17. Converſion 25 proportion is, when four quantities being | rtionable, 
the 2 to the ſecond as the third to the fourth, it is concluded, that the 
firſt is to the exceſs - vr oc above the ſecond as the third is to the Ken 7 
the third above the fourth,” | 
18. If ever ſo many quantities in ow fete r? 
in another; and if from all the ratios in one 9 thoſe in the 
other, either in the ſame or a different order, 1 that the ex- 
tremes in one ſeries are in the 7 proportion "with the extremes in the.other, 
ths proportionality of the extremes is x ans to follow ex . qual 
Fall the ratios in one ſeries be equal to all thoſe in the 8 and 
in * ame order, this is called. ordinate tron; and the extremes in 
3 4 to be proportionable ex æquo ordinate, or barely ex 
20. Fall the ratios in one ſeries be equal to all thoſe in the other, but not 
in the Jame order, this is called inordinate properten ; and the extremes are 
Jai to be tionable ex æquo perturbate. | 
Thus if A, B and C in one ſeries be compared with D, E ind Finans- 
ther; and if A is to B as D to E, and B to C as E to F, this is called 
ordinate proportion, and A is aid to be to C as D to Fex quo ordinate, 
or barely ex quo: but if A is to Bas E to F, and B̃ to Cas D to E, 
N . and A is aid to be to Cas D to Fer 


PROPOSITION I. 


269. If there be ever ſo many homogeneous quontti A, B, c, obereof 
EA, EB, EC are equimultiples reſpectively; J. jay then, that the ſum 


EA EE ENT will be the fame multiple of the fum ABC 
tbat EA is of A, or EB of B, &c. 
For the multiples EA, EB and EC may be conſidered as ſo many 
diſtinct heaps or parcels, whereof EA conſiſts wholly of As, E of Bs, 
and EC of Cs; and ſince the number of As in Eu is the fame with 
the number of Bs in EB, or of Cs in EC, it follows, that as often as 
A can be ſingly taken out of EA, or B out of EB, or C out of EC, 


juſt ſo often may the whole ſum A B-+C be taken out of the whole 
ſum EAFEBFET, therefore the ſum EA+FEB+EC i is the ſame 


multiple of the ſum A+ B4-C that EA is of A, or EB of B, &c. 
LED. et 


PR o- 


* 
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267. TEA dt EB be equimultpl of any tuo quantifies whatever © 
A and B, and if FA and FB be alfo equimultiples of the ſame ; T fa "fa N 


then that. the fum EA+F A will be the ſame n of A that CY 


ſum EBA FB is of B. IN 


For fince the number of As in EA is the fame wah the: ne of 
Bs in EB; and ſince alſo the number of As in FA is the ſame with 
the number of Bs in FB, add equals to equals, and the number of As in 


EF will be the fame with the number of Bs in EB FB, that 1 


is, the ſum EA EA will be the fame DM of 4 that the Ag. 4 
EB+FB isof B. 2B. D. 5 ent ir eee PIR e K 


PROPOSITION Ju e Pe. ORs 


26 8. 77 EA and EB be equimultiples of any two quantit ties . 
A and B, and if 3 EA and 3 EB be any equimultiples of EA and 
EB; ; Ty, then, that 3 EA and 3 EB will alſo be equimuſtiples, * 
A an 

This is evident from the laſt ropo oſition: for ſince EA and EB are 

equimultiples of A and B; and 12859 nce EA and EB are again equimulti- 
ples of the ſame, it follows from that propoſition, that the ſum 2 EA is 
the ſame multiple of A that the ſum 2 E is of B: again, ſince 2 EA 
and 2 EB are equimult _ of A and B, and ſince EA and EB are 6- 

ther equimultiples of the ſame, the ſum 3 EA is the fame multiple of 
4 that the ſum 3 E is of B; and ſo on ad rnfontum. E. H. 


93 


PROPOSITION, 4. 


269. If four quantities A, B, C and D be proportionable, A to B bs C 
to D, and i, E A and EC be any equimultiples of the firſt and third, 
and FB and FD any other Lampe iples of the ſecond and fourth; To 
ay then that theſe multiples will alſo be proportionable, provided they 
be taken in the ſume order as the profortionable quantities cobereof* they 
are multiples; that is, that EA will be to FB a EC is t FED... 


For let 3 EA and 3EC be any equimultiples of EA and EC, and let 


2FB and 2FD be any other equimultiples of FB and FD ; then ſinge 
z EA and 3 EC are equimultiples of EA and EC, and ſince. EA and EC 
are equimultiples of A and C, it follows from che laſt propoſition that 
z EA and 3 EC are equimultiples of 4 and C; and for the fame reafon - 
2 FB and 2 F. D are alſo equimultiples of B and D. Since then e hypo-_ 

LEED th 05 


; , 
* 
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theh, A is to B as C is to D; and ſince 3EA and 3EC are equimultiples 
of A and C, and 2 FB and 2FD are alſo other equimultiples of B and 
D, it follows from the fifth definition, that 3 EA cannot be greater than, 
equal to, or leſs than 2 FB, but 3 EC muſt alſo be greater than, equal 
to, or leſs than 2FD. Again, ſince we have four quantities EA, FB, 
EC, FD, whereof 3 EA and 3E C repreſent any equimultiples of the 
firſt and third, and 2 FB and 2FD any other equimultiples of the ſecond 
and fourth; and ſince 3 EA cannot be greater than, equal to, or leſs 
than 2 FB, but 3 EC muſt in like manner be greater than, equal to, 
or leſs than 2 F. D, it follows from the fifth definition, that theſe four 
quantities EA, FB, EC, FD are proportionable ; that EA is to FB as 
CCC 5 | 1 

S HOLIV M. 


To this place is uſually referred the inverſion of proportion, (though 
why to this, rather than to any other, I know not;) that is, that 
four quantities be proportionable, they vill alſo be inverſely proportionable : 
 asif A be to B as C is to D, then B will be to AasD to C. For let 
EA and EC be any equimultiples of A and C; and let FB and FD be 
any other equimultiples of B and D; and firſt let us ſuppoſe FB to be 
greater than EA; then will EA be leſs than FB: and becauſe A is to 
BasCisto D, EC will alſo be leſs than FD by the fifth definition; 
and therefore FD will be greater than EC: thus then we ſee that if FB 
be greater than EA, FD will alſo be greater than EC. And after the 
fame manner it may be demonſtrated, that if FB be equal to, or leſs 


than EA, FD in like manner will be equal to, or leſs than EC. Since 


then we have four quantities B, 4, D, C, whereof FB and FD are 
equimultiples of the firſt and third, and EA and EC are other equi- 
multiples of the ſecond and fourth; and fince FB cannot be greater than, 
equal to, or leſs than EA, but FD muſt accordingly be greater than, 
equal to, or leſs than EC, it follows from the fifth definition, that theſe 
four quantities B, A, D, C muſt be proportionable ; that B muſt be to 
Aas D to C. 2. E. D. : 


PROPOSITION 5, 

270. If A and B be any two homogeneous quantities, whereof A is the 
greater, and whereof EA and EB are equimultiples reſpectively; I 
ſay then that the difference EA EB will be the ſame multiple of the 
aifference A—B that EA is of A, or EB of B. 

If this be denied, let G be the fame multiple of A—B that EA is of 


A, or EB of B; then we ſhall have two quantities A B and B whoſe 
| ſum 
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ſum is A, and whereof G and EB are equimultiples reſpectively; there- | 


fore by the firſt propoſition, the ſum G+EB will be the fame mul- 
tiple f the ſum YL that EB is of B: but EA is alſo the fame multiple 


of A that EB is of B; therefore G E is the fame multiple of 4 
that EA is of A; therefore G+EB muſt be equal to EA; take EB 
from both ſides, and G will be equal to EA—EB : but G was the 
fame multiple of AB that EA was of A, or EB of B; therefore 


EA—EB will be the ſame multiple of A—B that EA is of A, or 
EB of B. 2. E. D. 


PROPOSITION 6. 


271. i If rom EA and EB, equimultiples of any two quantities A and 
ſubtracted FA and FB any other equimultiples of the ſame ; the 


| 9 EA — FA and EB — FB will either be equal to the 
quantities A and B reſpectively, or they will be equimultiples of them, 


In the firſt place, let the remainder EA—FA be equal to A; I fay 


then that the other remainder EB Fg will alſo be equal to B. For 
ſince FA is the ſame multiple of A that FB is of B, it follows from 


the nature of multiples, that HA will be the fame multiple of 4 
that FB+B is of B: but A is equal to EA—FA; and adding FA 
to both ſides we have FTA = EA; therefore inſtead of ſaying as be- 
fore, that FA-+ Ais the ſame multiple of A that FB+B is of B, we 


may now ſay that EA is the fame multiple of A that FB is of B: 
but EA is the fame multiple of A that EB is of B; therefore EB is 


the fame multiple of B that FB is of B; therefore EB is equal to 


FB+B; ſubtract FB from both ſides, and you will have EB FB 
=B. EB. D. 


CAS E 2. 


Let us now ſuppoſe the remainder EA FA to be ſome multiple of 
A; for if A meaſures both EA and FA, it muſt meaſure EA—FA; 
and fo EA—FA muſt be ſome multiple of A; and for the fame rea- 
ſon, the other remainder EB— FB muſt be ſome multiple of B: I oy 
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then in the next place, that EI FB muſt be the ſame multiple of 


B that EA—FA is of A. If this be denied, let G be the fame multiple 


of B that E His of A; then ſince EA— FA and G are equimul- 
tiples of A and B, and fince FA and FB are alſo other equimultiples of the 


fame, it follows from the ſecond propoſition, that the ſum EA—FA+FA 
will be the fame multiple of A that G+ FB is of B: but FA—FA-+ FA. 


— EA; therefore EA is the ſame multiple of A that G+FB is of B: 
but EA i is the ſame multiple of 4 of A that EB is of B; therefore EB is the 


ſame multiple of B that GFB is of B; therefore EB is equal to 
G+FB; therefore EB—'FB is equal to G: but G was the fame 
multiple of B that EA FA is of A by the ſuppoſition; therefore 
EB—FB is the fame multiple of B that EA— FA is of A. L. E. D. 


SCHOLIUM, 


As in \'the 9 definition it was provided chat no ſimple quantity be 
conſidered as a multiple of itſelf, ſo in this propoſition care is taken that 
no two ſimple quantities be conſidered as equimultiples of themſelves; 
which indeed is Fat a conſequence of that definition, and 1s the reaſon 
why this propoſition reſolves itſelf intp two caſes. 


For a better underſtanding and remembering the ſtructure of the ſix 
foregoing propoſitions, it may be obſerved, that the two laſt propoſitions 
are nothing elſe but the two firſt with their ſigns changed. In the firſt 


propoſition it was demonſtrated, that the ſum EA+EB is the fame 

multiple of the ſum I B that EA is of A, or EB of B: in the fifth 
propoſition it is demonſtrated, that the difference EA Eg is the fame 

multiple of the difference A—B that EAis of A or EB of B. Again, 
in the ſecond propoſition it was demonſtrated, that the ſum EA-+ FA 

is the ſame multiple of A that the ſum EB+FB is of B; and in the 
ſixth it is demonſtrated that the remainder EA— FA is the ſame mul- 
tiple of A that the remainder EB—FB is of B. 


PROPOSITION 75 


E 400 equal quantities A and B be compared with a third as C, 
77 ſay then, that both A and B will have the ſame proportion to C; and 
vice verſa, that C vill have the Jame proportion both to A and to B. 


For 
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For taking any equimultiples of A and B, ſuppoſe 3.4 and 3 B, and any 
other multiple of C, ſuppoſe 5 C, it is plain that 3.4 muſt be equal to 
3B, becauſe A is equal to B: but if 34 be equal to 3B, then it will be 
impoſſible for 3.4 to be greater than, equal to, or leſs than 5C\ but 
3B muſt accordingly be greater than, equal to, or leſs than the ſame 
50; therefore we have four quantities A, C, B and C, whereof 3 A and 
3B repreſent any equimultiples of the firſt and third, and 50 and 0 
any other equimultiples of the ſecond and fourth; and fince the firft 
multiple 3 A cannot be greater than, equal to, or leſs than the ſecond 0, 


but the third multiple 3B muſt accordingly be greater than, equal to, or 5 


leſs than the fourth 5 C, it follows from the fifth definition, that theſe 
four quantities A, C, B and C are proportionable, A to C as B to C. 
* ſince 3A is equal to 3B, it will be impoſlible for 5C to be 
greater than, equal to, or leſs than 3.4, but the ſame 5C muſt alfo be 
greater than, equal to, or leſs than 3B; therefore we have four quantities 
C, A, C and B, whereof 5C and 5;C repreſent any equimultiples of the 
firſt and third, and 34 and 3B any other equimultiples of the ſecond ' 
and fourth; and ſince the firſt multiple 5C cannot be greater than, equal 
to, or leſs than the ſecond 34, but the third multiple 5 C muſt alfo be 
greater than, equal to, or leſs than the fourth 3 B, it follows from the 
fifth definition, that theſe four quantities C, A, C and B muſt be pro- 
portionable, C to A as C to B. 2; E. D. Wa 


PrxoryosiTtion 8, 


273. If two unequal quantities A and B, whereof A is the greater, be 
compared with a third as C, I ſay then that A will have a greater 
proportion to C than B hath to C; but that on the other hand, C will 
have a greater proportion to B than it hath to A. 


For ſince by the ſuppoſition, A is greater than B, A—B will be the 
exceſs of A above B; and by the fifch propoſition, if EB be any mul- 


tiple of B, EA EB will be the fame multiple of A—B : multiply 


then theſe two quantities B and A—B alike, till of the e uimultiples 
thence ariſing, the leſs ſhall be greater than C; then will the other be 


much greater; let theſe equimultiples be 3B and 3A—3 B, each being 

reater than C: laſtly multiply C till you come to a multiple of it that 

{hall be the next greater than 3 B, which multiple let be 5 C; then it 

is plain that 3B cannot be leſs than 40; for if it was, then 4 C, and not 

5 C would be the next multiple of C greater than 3 B, contrary to the 

ſuppoſition. Since then 3B cannot be leſs than 40, it follows, that if ” 
| 3 


>» 
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3B be added a greater quantity, and to 4C a leſs, the former ſum will 
be greater than the latter: but 3A—3B is greater than C by the con- 
ſtruction ; add then 344 — 3B to 3B, and C to 4C, and you will have 
ZA greater than 50: but-3B is leſs than 5C by the conſtruction; there- 
Gre we have four quantities A, C, B and C, whereof 3A and 3B are 
_ equimultiples of the firſt and third, and 50 and 5C are other equimulti- 
ples of the ſecond and fourth; and fince the firſt multiple 34 1s greater 

than the ſecond 5 C, and at the fame time the third multiple 3B is not 
greater than the fourth 5 C, but leſs, it follows from the ſeventh defini- 
tion, that of the four quantities A, C, B and C, A hath a greater pro- 
portion to C than B hath to C. 2, E. D. V 

Again, ſince we have four quantities C, B, C and A, whereof 50 and 
5C are equimultiples of the firſt and third, and 3B and 3 are other e- 
quimultiples of the ſecond and fourth; and ſince the firſt multiple 50 
is greater than the ſecond 3B, and at the fame time the third multiple 
50 is not greater than the fourth 34, but leſs, it follows from the ſe- 
venth definition, that of the four quantities C, B, C and A, C hath a 
greater proportion to B than C hath to A. 2, E. D. 


PRO POSITION 9. 


274. F two quantities A and B have both the ſame proportion to @ third 

- asC, or if C hath the ſame proportion to both A and B; in either of 
theſe caſes A and B muſt be equal to each other. | © 
For ſhould either of them be greater than the other, ſhould A be grea- 


ter than B, then by the laſt propoſition, 4 muſt have a greater propor- 


tion to C than B hath to C, contrary to the firſt ſuppoſition; and C muſt 


have a greater proportion to B than it hath to A, contrary to the ſecond 
ſuppoſition ; therefore A and B muſt be equal to each other, Q, E. D. 


PROPOSITION 10. 


275. If of three quantities A, B and C, A hath à greater propertion 

to C than B hath to C, cr if C hath a greater proportion to B than 

it hath to A; in either of + 94 A muſt be greater than B. 

For was A equal to, or leſs than B, then either A muſt have the 
fame proportion to C that B hath to C, as in the ſeventh propoſition, or 
or a leſs as in the eighth, both which contradi& the firſt fn ſition: 

and again, was A equal to, or leſs than B, then either C muſt have the 
ſame proportion to A that it hath to B, as in the ſeventh propoſition, 
or a greater as in the eighth, both which contradict the ſecond ſuppoſi- 
tion; therefore A muſt be greater than B. Q. E. D. N 


o- 
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— 


PROPOSITION II. 


276. F two ratios be the ſame with a third, they muſt be the ſame with 


one another: as if the ratio of A to a and the ratio of C to c be both 


' the ſame with the ratio of B to b, then the ratio of A to a will be 
the ſame with the ratio of C toc: or thus; If A be to a as B to b, 
and B to bas C toc; Lay then that A will be to a as C to c. 


For taking any equimultiples of the antecedents, ſuppoſe 34, 3 B, | 
3C; and any other equimultiples of the conſequents, ſuppoſe 2 4, 26, 
2c, let 3.4 be greater than 24; then ſince by the ſuppoſition A is to @ 


as Btob, and 3A is greater than 2, 3B muſt be greater than 26 by 
the fifth definition: again, ſince B is tobasC toc, and 3B is greater 
than 26, 3 C' muſt be greater than 2c: thus then we ſee that if 3.4 be 
greater than 2a, 3C muſt neceſſarily be greater than 2c: and in like 
manner it may be demonſtrated that if 3A be equal to, or leſs than 29, 
3C will accordingly be equal to, or leſs than 2c. Since then we have 
four quantities A, a, C and c, whereof 3A and 30 repreſent any equi- 
multiples of the firſt and third, and 24 and 2c any other omit of 
the ſecond and fourth; and ſince 3.4 cannot be greater than, equal to, 
or leſs than 24, but 3C muſt accordingly be greater than, equal to, or 
leſs than 2c, it follows from the fifth definition that theſe four quanti- 
ties A, a, C and c muſt be proportionable, A to à as C toc. & E. D. 


PROPOSITION. 12. 


277. Fever ſo many quantities A, B, C in one ſeries be proportionable 
to as many a, b, c in another, that is, A to a as B to bas C to c; 
T jay then, that as any one antecedent is to it's conſequent, ſo will the 
ſum of all the antecedents be to the ſum of all the conſequents ; that is, 


as A is to a fo will A+B+C be t ab c: or if we ſuppoſe 
A+B+C=5S, anda+b+c=s, I ſay then that as A is to a /6 

coill S be tos. 1 | 
For taking any equimultiples of the antecedents, ſuppoſe 3A, 3B, 3C, 
and any other equimultiples of the conſequents, ſuppoſe 2a, 26, 2c, let 
3.4 be greater than 24; then ſince A is to a as B to b, and 3A is grea- 


ter than 24, 3B muſt be greater than 24 by the fifth definition : again, 


ſince B is to bas C to c, and 3B is greater than 25, 30 muſt be greater 
than 2c; therefore if 34 be greater than 2a, not only 3B will be grea. 
ter than 26, but alſo 3C will be greater than 2c, and conſequently the 


whole ſum 3. Iz Bz C will be greater than the whole ſum 2a-+25--2c: 


but by the firſt propoſition, the ſum 3A+3 B-+3 C is the fame mul- 
| M m m i tiple 
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tiple of the ſum A+ BC or S that 3 A is of A; therefore 34+ 3B+3C 
zs; and for the ſame reaſon 24+2b+2c=25; therefore we may 
now ſay that if 34 be greater than 24, 38 will be greater than 2s: and 
after the ſame manner might it be demonſtrated, that if 3. be equal to, 
or leſs than 22, 38 will be equal to, or leſs than 2s, Since then we have 
four quantities A, a, S and s, whereof 3.4 and 35S repreſent any equi- 


multiples of the firſt and third, and 2 4 and 2s any others of the ſecond 


and fourth; and ſince 3.4 cannot be greater than, equal to, or leſs than 

2a, but 38 muſt in like manner be greater than, equal to, or leſs than 
25, it follows from the fifth definition that theſe four quantities A, a, 
S and g muſt be proportionable, A to à as S to g. N E. D. 


PROPOSITION 13. 5 


278. If A hath the ſame proportion to a that B hath to b, but B hath 
à greater proportion to b than © hath to c; I ſay then that A hath a 
greater proportion to a than C to c. | | 
For fince by the ſuppoſition B is to.b in a greater proportion than 
C to c, it follows from the ſeventh def nition that there are equimulti- 
ples of B and C, and others again of & and c, of ſuch a nature, that 
Bs multiple {all exceed that of 5, and at the fame time Cs multiple 
| ſhall not exceed that of c: let then 3B exceed 26, and let 3C not ex- 
ceed 2c; then fince A is to à as B to b, and 3B exceeds 2b, 34 muſt 
neceſſarily exceed 24 by the fifth definition; therefore we have four 
uantities A, a, C and c, whereof 34 and 30 are equimultiples of the 
fit and third, and 24 and 2c are. other equimultiples of the fecond and 
fourth; and fince 3A exceeds 24 when 3C does not exceed 2c, it fol- 
lows from the ſeventh definition that of theſe four quantities A, a, C 
and c, A hath a greater proportion to a than C'hath to c. 2, E. D. 


PROPOSITION 14. 


279. If four homogeneous: quantities be profortionable, the firſt to the 
ſecond as the third to the feurth; I jay then that the ſecond will be 
greater than, equal to, or leſs than the fourth,, according as the firſt is 
greater than, equal to, or leſs than the third: as if A be to B ag C 
is to D; I ſay then that B will be greater than, equal to, or leſs than 
D, according as A is greater than, equal to, or liſi than C. 


C As þ | 

Let A be greater than C: 1 ſay then that B will be greater than D. 

For ſince A is greater than C, A will have a greater Dar to B 

than C hath to B by the eighth propoſition : again, ſince C is to D 
| as 
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as A to B, and A hath a greater proportion to B than C hath to B, it 
follows from the laſt propoſition oat CistoD in a greater proportion 
than C to B; therefore by the tenth propoſition B is greater than D. 
LI d 
e CASE 2. 
Let now A be leſs than C: I fay then that B will be leſs than D. 
For if A be leſs than C; then C will be greater than A: ſince then G 
is to D as A is to B ex hypothe/i, and C is greater than A, it follows 
from the laſt caſe that D will be greater than B; and therefore B will 
be le tha. . 0oo 9 8 | 


Cas 3. 
' Laſtly let 4 be equal to C: I fay then that B will be equal to D. 
For ſince A is equal to C, A will be to B as C isto B ibs ſeventh- 


propoſition ; but C is to D as A to B by the ſuppoſition ; therefore C is 


to Das C is to B by the eleventh propoſition ; therefore B and D are 
equal by the ninth. L, E. D. | 


PROPOSITION Is. 


280. Parts are in the ſame proportion with their reſpective equi multiples. 
Let A and a be any two homogeneous quantities, whereof 3A and za 
repreſent any equimultiples reſpectively; J ſay then, that A will be to 
a as 3A to Za. I. . = 

For take B and C both equal to A, and alſo b and c both equal to az 

then by the ſeventh propoſition we ſhall have A to à as B to bas C to 


e; therefore by the twelfth propoſition we ſhall have A to à as A+B+C 


to a+ b+c: but in this caſe A+ B+C=34, and a+b+c=2a; 
therefore A is to à as 3A is to 342. Q,E.D. 


PROPOSITION 16. 


281, 7 four homogeneous quantities be proportionable, the firſt to the ſe- 
cond as the third to the rr ; T jay then that they will alſo be alter- 
nately proportionable, that is, the firſt to the third as the ſecond to the 
fourth: as if A be tu Bas C to D; I ſay then that A will be to C 
as B wo I. | | 

For taking any equimultiples of A and B, ſuppoſe 3.4 and 3B, and 

any others of C and D, ſuppoſe 2Cand 2D; ſince 3A is to 3B as A to 

B by the laſt, and A is to B as C to D by the ſuppoſition, and C is 

to D as 2C to 2D by the laſt; it follows from the 11th propoſition 

that 3.4 is to 3B as 20 to 2D; therefore by the 14th propoſition, 34 


M m m 2 cannor 
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cannot be greater than, equal to, or leſs than 2C, but at the ſame time 
zB muſt be greater than, equal to, or leſs than 2D. Since then we have 
four quantities A, C, B and D, whereof 34 and 3B repreſent any e- 
quimultiples of the firſt and third, and 2 C and 2D any other equimul- 

tiples of the ſecond and fourth; and fince 3.4 cannot be greater than, 
equal to, or leſs. than 20, but 3B muſt accordingly be greater than, 
equal to, or leſs than 2 D, it follows from the fifth definition that theſe 
four quantities 4, C, B and D muſt be proportionable, A to C as B to 
| Nite, Alternate proportion can have no place, except where all the 
quantities A, B, C and D are of the fame kind: for if Aand B were of 
one kind, and C and D of another, how would it be poſſible for the 
quantities A and C, or B and D to have any proportion one to another, 
much leſs the ſame ? . * e 

ee PROPOSITION 17. 

282. F four quantities A, B, C and D, whereof A 1s greater than B, 
and C greater than D, be proportionable, A to B as C to D; I ſay 
then that A—PB will be to B as C—D is to D, which is called 

Hbroportion by diviſſsn. T 
For let 34, 3B, 3C and 3 D be any equimultiples of the quantities 
A, B, C and D; then will 34 — 3B and 30-3 P be like multiples of 
A—B and C—D. Again, let 2B and 2 D be any other equimultiples 
of B and D, and let 34 — 3B be greater than 2 B; then if 3 B be 


3 
added to both ſides, we ſhall have 3 greater than 53; and becauſe A 
is to B̃ as C is to D, we ſhall have by the fifth definition, 3 C greater than 


5D; take 3D from both ſides, and you will have 30 — 3D greater 
than 2D; therefore if 3,A—3B be greater than 2B, 30 3 B muſt 
be greater than 2D : and by a like proceſs it may be demonſtrated, that 
if 34—3B be equal to, or leſs than 2B, 3C—3D will be equal to, 

or leſs than 2D. Since then we have four quantities, A—B, B, C— D 
and D, whereof 3,4—3B and 5C— 3D repreſent any equimultiples of 
the firſt and third, and 2 B and 2D any other equimultiples of the ſe- 


cond and fourth; and ſince 34 — 3B cannot be greater than, equal to, 


or leſs than 2 B, but at the fame time 3 C—3 D muſt accordingly be 
greater than, equal to, or leſs than 2 D, it follows from the fifth defi- 


nition that theſe four quantities A—B, B, C—-D and D muſt be 
proportionable, A—ZB to Bas C=D to D. &, E. D. 


. a 


PA 0- 


the fourteenth, the ſecond muſt be greater than the fourth, that is, B 
muſt be greater than E; therefore E muſt be leſs than D; therefore if 
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 PRoPosSITION 18. | 


283. If four quantities A, B, C and D be proportionable, A to B as C 
D; I fay then that A+B will be to B as C+D toD, whichis cal- 
ed proportion by compoſition. | 


II this be denied, that A. -B is to B as C- D is to D, it muſt then 


be allowed that A+B is to B as C+D is to ſome quantity either 
greater or leſs than D; ſuppoſe to a greater, and call it E; then ſince 
E is by the ſuppoſition greater than D, if C E be added to both 


ſides, we ſhall have C greater than C-+ D—E, This being obſerved, 
let us begin again, and ſuppoſe A+B to B as C+D to E; then we 


ſhall have dividends, (that is, by the laſt propoſition,) AFB to B as 


_ C+D—E to E; but A+B—B is equal to A; therefore A is to Bas 


CDE is to E; but Ais to B as C is to D by the ſuppoſition; 
therefore C is to D as C＋ D—E is to E; but of theſe four proporti- 


onals C, D, C+D—E and E, it has been proved that the firſt is grea- 


ter than the third, that C is greater than C F+D—<E; therefore 


AA be to B as C+D is to any quantity greater than D, that quanti- 
ty muſt alſo be leſs than D, which is impoſſible; therefore it is impoſſi- 
ble for A+ B to be to B as C+D is to any quantity greater than D: 
and by a like proceſs it may be demonſtrated, that it is as impoſſible for 
A+ 


to be to B as C+D is to any quantitity leſs than D; therefore 


AAB muſt be to Bas C D is to D. 2, E. D. 
PRoPOSITION 19. 


284. F from tao quantities A and B in any proportion be ſubtracted o- 
ther tebo C and D in the ſame proportion; ] ſay then that the re- 
mainders A C and B—D will ftill be in the ſume proportion, that 

2s, that A—C will be to B-DasA toBoras Cr D 
For ſince by the ſuppoſition A is to B as C is to D, we ſhall have 


permutando, (that 1s, by the ſixteenth propoſition,) A to Cas B to D; and 


drvidendo, A—C to C as B-D to D; and again permutando, A—C 
toB—Das Cis to D; but A is to B as C is to D; therefore A— 


is to B— D as A to B. 2. E. D. 


SCHOLIUM, 


Here Doctor Gregory in his manuſcript copy finds a corollary demon- 
ſtrating that illation called converſion of proportion ; but becauſe it : 
| difficult 
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difficult to make ſenſe of that demonſtration, I chuſe rather to inſert his 
own demonſtration of the ſame propoſition, which is as follows. 

- If four quantities A, B, C and D be proportionable, A to B as C to D; 
T jay then that A is to A—B as C 1s to C— D, which is called conver- 

of proportion. For ſince by the ſuppoſition A is to B as C is to D, 

*we ſhall have dividendo, A—B to B as C—D to D; and invertendo, 
B to A—Bas D to C—D; and componendo, B+A—B to A—B as 
DC- to C—D, that is, A to A- Bas C to C—D. 9. E. D. 
As to the foregoing nineteenth propoſition I ſhall further obſerve, that 
as in that propoſition, by diviſion of proportion it was demonſtrated, that 
if from two quantities 4 and B in any proportion, be ſubtracted two 
others C and D in the ſame proportion, the remainders A- and B— 
will Mill be in the fame proportion with A and B; ſo by compoſition of 

proportion it may be demonſtrated, that if to two quantities A and B in 
any proportion be added two others C and D in the fame proportion, the 
aggregates A-4-C and BD will ſtill be in the fame proportion with A 
and 5; but this has already been demonſtrated, being a particular caſe 
of the twelfth propoſition, «© 


PROPOSITION 20. 


23635. If there be three quantities A, B and C in one ſeries, and three o- 
f bers D, E and F in another, and if the proportions in one ſeries be 
the ſame with the proportions in the other when taken in the ſame or- 
der, as if Abe to Bas D is 1 E, and B to Cas E to F; I ſay then 
that A cannot be greater than, equal to, or leſs than C in one ſeries, 


but accordingly D muſt be greater than, equal to, ar leſs than F in 
the other. 


For let A be greater than C; then it is plain from the eighth propo- 
fition that A muſt have a greater proportion to B than C hath to B; 
but A is to Bas D to E by the ſuppoſition, and C is to B as F to E, 
becauſe by the ſuppolition B is to C as E to F; therefore D hath a grea- 
ter proportion to E than F hath to E; therefore D is greater than F by 
the tenth propoſition ; therefore if A be greater than C, D muſt be grea- 
ter than F: and after the fame manner it may be demonſtrated, that if 
A be equal to, or leſs than C, D muſt accordingly be equal to, or leſs 
than F; therefore A cannot be greater than, equal to, or leſs than C, but 
accordingly D muſt be greater than, equal to, or leſs than F. Q. E. D. 


PRoPOoOSITION 21. 


286. If there be three quantities A, B and C in one ſeries, and three 
others D, E and F in another, and if the proportions in one ſeries be 
the ſame with the proportions in the other, but in a different order, 


as 
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45 , A be o Bas E is to F, and B to C 4s D is to E; I ſay ſtill 
that A cannot be greater than, equal to, or leſs than C, but accord. 
ing D muſt be greater than, equal to, or leſs than F. | 
For let A be greater than C; then by the eighth propoſition A muſt 
have a greater proportion to B than C hath to B; 25 A is to B as E 
is to F by the ſuppolition, and C is to B as E to D, becauſe by the 
ſuppoſition B is to Cas D to E; therefore E hath a greater proportion 
to F than it hath to D; therefore D mult be greater than F by the 
tenth propoſition ; therefore if A be greater than C, D muſt be greater 
than F: and by a like way of reaſoning, if A be equal to, or leſs than 
C, D will accordingly be equal to, or leſs than F; therefore A cannot 
be greater than, equal to, or leſs than C, but accordingly D- muſt be 
greater than, equal to, or leſs than F. 2, E. D. 5 


PRO POSITION 22. 


287. If there be three quantities A, B and C in one ſeries, and three o- 
thers D, E and F in another, and if the proportions in one ſeries be 
the ſame with the proportions in the other when taken in the ſame or-- 
der; T jay then that the extremes in one ſeries will be in the = 
is 


proportion with the extremes in the other: as if A be to B as 
to E, and B to Cas E to F; I ſay then that A will be to C as 


D Fo F. 
Note. For avoiding a multiplicity of words, this conſequence is faid 


to follow ex quo ordinate, or ex aquo : ſee the eighteenth and nineteenth. 


* 


definitions. 


Take any equimultiples of A and D, ſuppoſe 4 A and 4D, and any 


others of B and E, ſuppoſe 3B and 3 E, and laſtly any others of C and 


F, as 2C and 27; then fince by the ſuppoſition A is to B as D is to 
E, it follows from the fourth propoſition that 4 A will be to 3B as 4D* 


to 3E: again, fince by the ſuppoſition B is to C as E to F, it follows 


from the fame fourth propoſition that 3B will be to 2C as 3E to 2H: for 


that we have three quantities, to wit 44, 3B, 2C in one ſeries, and three 
others, to wit 4D, 3E and 2 in another; and it has been ſhewn that 
the proportions in one ſeries are the fame with the proportions in the o- 
ther when taken in the ſame order, that is, 4A is to 3B as 4D to 3E, 


and 3B to 20 as 3E to 27; therefore by the twentieth propoſition, 44 
cannot be greater than, equal to, or leſs than 20, but 4D muſt accord- 
ingly be greater than, equal to, or leſs than 2F. Since then we have four 


quantities A, C, D and F, whereof 4A and 4D 5 any equimul- 
tiples of the firſt and third, and 20 and 2 F any other equimultiples of 


the ſecond and fourth; and ſince 44 cannot be greater than, equal to, * | 
| leſs. 
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leſs than 20, but accordingly 4D muſt be greater than, e ual to, or leſs 
than 2 F, it follows from the fifth definition that theſe four quantities 
A, C, D and F are proportionable, A to C as D to F. &. E. D. 


COROLLARY. 


Tn like manner if there be ever ſo many quantities A, B, C, G, &c in 
one ſeries, and as many others D, E, E, H, &c in another, and if A be to 
Bas Dis to E, and B to C as E to F, and C to G as F to H, &c, the 
conſeguence with reſpect to the extremes will ſtill be the ſame, that is, A 
will be to Gas D to H: for it has been proved already that A is to C as 
D to F; and by the ſuppoſition C is to G as F to ; therefore ex quo, 
A will bto Gas D to H. 


P ROF OSIT ION 23. 


288. If there be three quantities A, B and C in one ſeries, and three o- 
thers D, E and F in another, and if the proportions in one ſeries be 
the ſame with the proportions in the other, but in a different order; I 
ſay that the extremes in one ſeries will ftull be in the ſame proportion 
with the extremes in the other: as if A be to Bas E is 10 F, and B to 
Cas D te E; I ſay ſtill that A will be to C as D to F. 
Note. This conſequence is faid to be ex æqguo perturbate. 
Take any equimultiples of A, B and D, ſuppoſe 34, 3B and 3 D, 
and any others of C, E and F, ſuppoſe 2 C, 2E and 2 F, and the rea- 
ſoning is as follows: 3 A is to 3B as A to B by the fifteenth, and A is 
to B as E to F by the ſuppoſition, and E is to Fas 2E to 2F by the 
fifteenth ; therefore 3.4 is to 3B as 2E to 2 F by the eleventh: again, B 
is to Cas D to E by the ſuppoſition; therefore 3B will be to 20 as 3D 
to 2 E by the fourth: ſince then we have three quantities, to wit 3.4, 
3B and 2C in one ſeries, and three others, to wit 3 D, 2E and 2Fin 
another, and ſince the proportions are the ſame in both ſerieſes, but in a 
different order, that is, fince 3 A is to 3B as 2E to 2F, and 4B is to 
20 as 3D to 2E, it follows from the twentyfirſt propoſition, that 3 4 
cannot be greater than, equal to, or leſs than 2C, but 4D muſt accord. 
ingly be greater than, equal to, or leſs than 2F: again, fince we have 
four quantities 4, C, D and F, whereof 3.4 and 3D repreſent any e- 
quimultiples of the firſt and third, and 20 and 2F any others of the ſe- 
cond and fourth, and ſince 3.4 cannot be greater than, equal to, or leſs 
than 2C, but 3D muſt accordingly be greater than, equal to, or leſs than 
2F, it follows from the fifth definition that theſe four quantities 4, C, D 
and F are proportionable, A to C as D to F. Q, E. D. 


P R o- 
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8 | PROPOSITION 24. 11 
289. F there be fix quantities A, B, C, D, E, F, whereof A is to B 


as CistoD, andEictoBasFroD; I ſay then that AE will 


be to B as C+PF to D. 


For fince by the ſuppoſition E is to B as Fto D, we ſhall have 12 


vertendo, B to E as D to F. Since then A is to B as C is to D by the 
ſuppoſition, and B is to E as D to F, it follows ex 2quo, that A is to E 


as C to F; whence componendo, A+E will be to E as C+P is to F: 


again, ſince A+Eis to E asC+P is to F, and is to B as Fto D 


by the ſuppoſition, it follows again ex @quo, that A+E is to Bas CF 


to D. . 
| | LEMM A, 


290, If four quantities A, B, C and D be proportionable, A to B as C 
to D J 177 then that A cannot pyſſibly be greater than, equal to, or leſs 
than B, 

than D. 


That this lemma is ſelf-evident according to the common notion of 


proportionality, or even upon the plan of the fifth definition, were fim- 


ple quantities allowed to be conſidered as equimultiples of themſelves, is 
what I ſuppoſe will ſcarce be denied: but this the name of multiple and 
equimultiple will by no means admit of, and therefore care has been taken 
to provide againit it, as may be ſeen in my obſervations on the ſecond 
definition, and at the end of the ſixth propoſition : therefore as the doc- 
trine of proportion here ſtands, this lemma ought certainly to be demon- 
ſtrated ; and the author's taking it for granted in the demonſtration of the 
next propoſition following, where he might with ſo much eaſe have 
avoided it, is not ſo much an argument of it's ſelf-evidency, as that he 
had demonſtrated it ſomewhere before in this fifth book, but that it is 
now loſt. Commandine, from the fourteenth of this book, has demon- 
ſtrated one particular cafe of this propoſition, that is, where the quanti- 


ties A, B, C and D are all of a kind; but this propoſition is no leſs 


true when the quantities A and B are of one kind, and C and D of 
another. This Clavius very well obſerves, and endeavours to demon- 
ſtrate this propoſition in this more extended ſenſe ; (fee his ſcholium to the 
fourteenth propoſition of the fifth book ;) but whether this demonſtration 
of his amounts to any more than proving idem per idem, let them that 
read it judge. The demonſtration I ſhall here give of it is as follows. 

1 am to demonſtrate that if 4 be to B as Cis to D; then A cannot 
poſhbly be greater than, equal to, or Jeſs than B, but accordingly C muſt 
be greater than, equal to, or leſs than D. | | 
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Let A be greater than B; I ſay then that C muſt be greater than D. 
For ſince A is greater than B, multiply the exceſs A—B to a multiple 
oreater than B, and let this multiple be z; then ſince 34—3B 
is greater than B, if 3B be added to both ſides, we ſhall have 3.4 proper 
than 4B: again, ſince A is to B as C is to D, and 3 A is greater than 

4B, we ſhall have by the fifth definition, 30 greater than 4D; there- 
fore 30 muſt be much greater than 3D, and C muſt be greater than D. 
2. E. D. ie 6 3 27 

1 CAS E 2. 1 

Let now A be leſs than B; I fay then that C muſt be leſs than D. 
For ſince A is to B as C is to D, we ſhall have invertendo, B to A as 
D to C; but B is greater than A, becauſe. by the ſuppoſition A is leſs 


than B; therefore D muſt be greater than C by the laſt caſe; therefore 
C muſt be leſs than D. 2. E. D. e 


AJ. 


Laſtly let A be equal to B; I ſay then that C muſt be equal to D. 
For ſince C is to D as A is to B, ſhould C be greater or leſs than D, 
A would accordingly be greater or leſs than B by the two laſt caſes; but 
A is neither greater nor leſs than B by the ſuppoſition ; therefore C's nei- 

ther greater nor leſs than D; therefore C is equal to D. Q, E. D. 


PROPOSITION 25. 


291. If four quantities A, B, C and D be profortiomable, A to Bas C 


to D; TI jay then that the ſum of the greateſt and leaſt terms put to- 
gether will be greater than the ſum of the other taco. 


Let A be the greateſt of all; then ſince A is to B as C is to D, and 

B is leſs than A, D will be leſs than C by the lemma: again, fince A 
is to B as C is to D, and C is leſs than A, D will be leſs than B by 
the fourteenth; therefore if A be the greateſt of all, D, which is leſs 
than either A, B or C, will be the leaſt of all, and ſo the ſum of the 
greateſt and leaſt terms added together will be A+D ; therefore the ſum 
of the other two will be B+C, We are now then to prove that the ſum 
A is greater than the ſum B+C, which is thus done: It has been 
demonſtrated in the nineteenth propoſition, that if from two quantities 
A and B in any proportion whatever, be ſubtracted other two C and D 
in the ſame proportion, the remainder - will be to the remainder 
B—D as A to B; but A is greater than B by the ſuppoſition ; there- 
fore A—C muſt be greater than B—-D by the lemma; add C+D to 
both ſides, and you will have A. D greater than B4+C, 2. E. D. 

e | | COR O- 


Art. 291, 292. Of the compoſition and reſolution of ratios. - 
COROLLARY, Yes | . 
If three quantities A, B and C be in continual proportion, A to B as B tv 
C; Jay then that the ſum of the extremes will be greater than twice the 
middk term, that AC will be greater than B+B or 2B. 


OF THE COMPOSITION AND RESOLUTION 
OF RATIOS. 


N. B. As numbers are quantities whereof we have more diſtinct ideas 
than of any other quantities whatever, and as all ratios muſt be redu- 
ced to hols of numbers before we can make any conſiderable uſe of their 
compoſition and reſolution in computing the quantities of time, ſpace, 
velocity, motion, force, &c ; I ſhall confine myſelf chiefly to this ſort 
of ratios in what J have to deliver in the following articles. 


DEFINITION I. 


292. In comparing ratios, that ratio is ſaid to be greater than, equal to, 
or leſs than another, whoſe antecedent hath a greater, or an equal, or a leſs 
proportion to it's conſequent than the other's antecedent hath to it's conſequent, 
Thus the ratio of 6 to 3 is faid to be greater, and the ratio of 4 to 3 
leſs than the ratio of 5 to 3: thus again, the ratio of 6 to 3 is faid to 
be greater, and the ratio of 6 to 5 leſs than the ratio of 6 to 4, &c. 
Therefore whenever two ratios are to be compared whoſe antecedents and con- 
ſequents are both different, it will be proper to reduce them to the ſame ante- 
cedent or to pol ms conſequent, before the compariſon is made. As for in- 
ſtance ; ſuppoſe any one would know which of theſe two ratios is the 
greater, to wit, the ratio of 7 to 5, or the ratio of 4 to 3: to know 
this, it will be proper to ſet off one of the ratios, ſuppoſe that of 4 to 3, 
from 7 the antecedent of the other, (by which phraſe I mean no more 
than finding a number to which 7 hath the ſame proportion that 4 hath 
to 3 ;) and this may be done by ſaying, as 4 is to 3 ſo is 7 to i068 54 
thus then it appears that the proportion of 4 to 3 is the ſame with the 
proportion of 7 to 57 ſo that now the queſtion turns upon this, which 
of theſe two ratios is the greater, that of 7 to 5, or that of 7 to 515 
and the anſwer is ready, to wit, that the ratio of 7 to 5 is the greater 
ratio, by the eighth propoſition of the fifth baok of the elements; there- 
fore the ratio of 7 to 5 is greater than the ratio of 4 to 3. Apain, ſup- 
poſe I would compare the ratio of 3 to 4 with the ratio of 5 to 7; then 
I would ſet off the ratio of 3 to 4 from 5, by faying, as 3 is to 4 fo is 
ELSE 5 
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' FW J or 7 —T 3 whereby it appears that the ratio of 3 to 4 is the 


fame with the ratio of 5 to 7 —;; but the proportion of 5 to 7 — is 

greater than the proportion of 5 to 7, as is evident from the eighth pro- 
poſition of the fifth book of the elements, and alſo from the very nature 

of ratios, the number 5 having more magnitude when compared with | 
7 — than it hath when compared with 7; therefore the ratio of 3 to 
4 is greater than the ratio of 5 to 7. „ 

There is alſo another way of comparing ratios by turning their terms 
into fractions, making the antecedents numerators, and the conſequents 
denominators. Thus the ratio of A to B is greater than, equal to, or leſs 
than the ratio of C to D, according as the fraction I is greater than, 


equal to, or leſs than the fraction $i for the ratio of 5; to 1 is greater 
than, equal to, or leſs than the ratio of 5 to 1, according as the frac- 
tion 7 is greater than, equal to, or leſs than the fraction 55 this is e- 
vident from what has been laid down already : but the ratio of 7 to 1 


4 : - ba : ; 3 C | : 
js the ſame with the ratio of A to B, and the ratio of 5 c 13s the ſame 
with the ratio of C to D; therefore the ratio of A to B is greater than, 


cgqual to, or leſs than the ratio of C to D according as the fraction 4 


is greater than, equal to, or leſs than the fraction - But this way of 
repreſenting ratios by fractions, though it may ſerve well enough for 
comparing them as to greater and leſs, yet ought it not by any means 
to be admitted in general, becauſe theſe repreſentatives are not in the ſame 
proportion with the ratios repreſented by them: thus the fraction“ is 
double of the fraction 3, but yet it muſt by no means be concluded from 
thence that the ratio of 6 to 2 is double of the ratio of 3 to 2; for it 
will be found hereafter that the ratio of g to 4 is double of the ratio of 
3 to 2. For my own part, I never was a favourer of repreſenting ratios 
by fractions, or even fraction-wiſe, as is done by Barrow and others; 
not only for the reaſons above given, but alſo becauſe that this way of 
epreſenting ratios is very apt to miſlead beginners into wrong concep- 


tions of their compoſition and reſolution. 
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| DEFINITION 2. | 


2393. Ih ſeries of quantities of any kind whatſoever increafing or de- 
creaſing from the firſt to the laſt, the ratio of the extremes is ſaid to be com- 


- 


pounded of all the intermediate ratios, Thus if A, B, C, D repreſent any 


number of 2 put down (or imagined to be put n 

down) in a ſeries, the ratio of A to D is faid to be com- A, B, C, D. 
pounded of, or to be reſolvable into theſe ratios, to wit, 48, 40, 30, 15. 
the ratio of A to B, the ratio of B to C, and the ratio 


of C to D: or thus; F A and D be any two quantities, and if B, C, 


&c * any number of other intermediate quantities interpoſed at 
pleaſure between A. and D, the ratio of A to D is ſaid by this interpoſition 
to be reſokved into the ratios of A to B, of B to C, and of C to D. arts 

This is no propoſition to be proved, but a definition laid down of what 


Mathematicians commonly mean by the compoſition and reſolution of 


ratios, which is certainly no more than what they mean by compoſition 
and reſolution in the caſe of any other continuum whatever. As for in- 
| ſtance; ſuppoſe the letters A, B, C, D inſtead of repreſenting quanti- 
ties, to repreſent ſo many diſtinct points placed in a right line one af. 
ter another, whether at equal or unequal diſtances it matters not: who 
then would ſcruple to ſay that the whole interval A D conſiſted of the 
intervals AB, BC, CD, as of it's parts? Or if the points A and D be the 
extremities of a line, and any number of points B, C, &c be marked at 
pleaſure upon it; who will not ſay that the line AD is by theſe points 
reſolved or diſtinguiſhed into the parts AB, BC, CD, &c? This is the 
caſe in the compolition and reſolution of lines; and IJ ſee no difference 
when applied to the compoſition and reſolution of ratios, except that 
here the whole and all it's parts are lines, and there the whole and all it's 
parts are ratios. 8 
If A, B, C, D, &c ſignify quantities, the ratio of 4 to B begins at A 
and terminates in B; the ratio of B to C begins at B where the for- 
mer left off, and terminates in C; and the ratio of C to D begins at C 
and terminates in D: why then ſhould not theſe continued ratios be 
conceived as parts conſtituting the whole ratio of A to D? That ratios are 
capable of being compared as to greater and leſs, and that one ratio may 
be greater than, equal to, or leſs than another, we have ſeen already; 
and if fo, why ſhould not ratios be allowed to have quantity as well as 
all other things that are capable of being ſo compared? but if ratios have 
quantity, they muſt have parts, and theſe parts muſt be of the fame na- 
ture with the whole, becauſe ratios are not capable of being compared 
with any thing but ratios : therefore I do not ſee but that the idea I 
have here given of the compoſition and reſolution of ratios is as juſt and 
as 
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as intelligible as it is when applied to any other compoſition or reſoluti- 
on whatſoever. 7 ; Dn PT 
Fo proceed. then, let A, B, C, D be points in a right line as before; | 
let the line AB be equal to any line N, let BC be equal to ſome o- 
ther line Ss, and CD to the line T7 ; then it will not only be proper to 
ſay that the line AD. is equal to the three lines AB, BC, CD, but alſo . 
that the ſame line A is equal to the three lines Rr, Ss and T7 put to- 
gether: and the ſame conſideration is ſtill applicable to ratios ; for ſup- 
ſing A, B, C, D again to ſignify quantities, as alſo N, &, T, r, s, t; 
let A be to Bas R to r, let B be to Cas & to s, and let C be to D as 7 
to t; then it is uſual amongſt Mathematicians not only to conſider the 
ratio of A to D as compounded of the lefler ratios of A to B, of Bto C 
and of C to D, but alſo as compounded of the ratios of R to , of & to 
s, and of T to t. All this will be very intelligible, if we attend to the 
ſeries already deſcribed ; for there the ratio of 48 to 15 was compound- 
ed of the ratio of 48 to 40, of 40 to 30, and of 30 to'15; but 48 is to 
40 as 6 to 5, and 40 is to 30 as 4 to 3, and 30 is to 15 as 2 to 1; 
therefore it is as proper to conſider the ratio of 48 to 15 as compound- 
ed of the ratios of 6 to 5, of 4 to 3, and of 2 to 1, as it is to conſider 
it as compounded of the ratios of 48 to 40, of 40 to 3o, and of 30 to 15. 


DEFINITINON 3. 


294. As when a line is divided into any number of equal parts, the whole 
line is ſaid to be ſuch a multiple of any one of theſe parts as is expreſſed by 
the number of parts into which the whole is ſuppoſed to be divided; [6 in a 
ferres of continual proportionals, where the intermediate ratios are all equal 
to one another, and conſequently to ſome common ratio that indifferently re- 
preſents them all, the ratio of the extremes is ſaid to be ſuch a multiple of 
this common ratio as is expreſſed by the number of ratios from one extreme 
to the other, Thus , 6 and 4 are continual proportionals, whoſe common 
ratio is that of 3 to 2; for 9 is to 6 as 3 to 2, and 6 is to 4 as 3 to 

2 ; therefore in this caſe, the ratio of 9g to 4 is faid to be the double of 
the ratio of 3 to2; and-on the other hand, the ratio of 3to 25 ſad 
to be the half of the ratio of g to 4; but the common expreſſion is, that 
9 18 to 4 in a duplicate ratio of 3 to 2, and 3 is to 2 in a ſubduplicate 
ratio of g to 4. Again, 27, 18, 12 and 8 are in continual proportion, 
whoſe common ratio is that of 3 to 2; therefore 27 is to & in a tripli- 
cate ratio of 3 to 2, and 3 is to 2 in a ſubtriplicate ratio of 27 to 8. 
Laftly 81, 54, 36, 24 and 16 are continual proportionals, whoſe common 
ratio is that of 3 to 2; therefore 81 is to 16 in a quadruplicate ratio of 
3 to 2, and 3 is to 2 in a ſubquadruplicate ratio of 81 to 16. By theſe 
„ | | inſtances 


3 — 
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inſtances we ſee that one ratio may not only be greater or leſs than ano- 
ther, but a multiple, or an aliquot part of another; nay there is no pro- 
portion can be aſſigned which ſome one ratio may not have to k: 
thus the ratio of 81 to 16 is found to be to the ratio of 27 to 8, as 4 to 3, 
becauſe the former ratio contains the ratio of 3 to 2 four times, and the 
latter three times: thus again, the ratio of 27 to 8 is to the ratio of 9 to 
4, as 3 to 2, becauſe my roy . ae . omg of 3 to 2 three times, 
and the latter twice; whereby it appears that proportion is competible 
even to ratios themſelves, as well as to all Wee —— 
whatever. But though all ratios are in ſome certain proportion one to 
another, yet this proportion cannot always be expreſſed; I mean when 
the quantities of ratios are incommenſurable to one another; for ratios - 
may be incommenſurable as well as any other continued quantities of 
what kind ſoever: thus the ratio of 4 to 3 is incommenſurable to the 
ratio of 3 to 2; which is the caſe of moſt ratios, though not of all. If all 
ratios were commenſurable to one another, their logarithms would be 
ſo too; and ſo the logarithms of all the natural numbers might be accu- 
rately aſſigned; whereas from other 6 we know to 1 contrary, 
as will be ſeen when we come to treat particularly of logarithme. 
NM. B. The beſt way of repreſenting the quantities of ratios that I 
know of, is by Gunter's line, where as many of the natural numbers as 
can be placed upon it are diſpoſed, not at equal diſtances one from ano- 
ther, but at diſtances proportionable to the ratios they are in one to 
another. Thus the diſtance between 1 and 2 is equal to the diſtance 
between 2 and 4, becauſe the ratio of 1 to 2 is equal to the ratio of 2 to 
4: thus again, the diſtance between 4 and ꝙ is double the diſtance be- 
tween 2 and 3, becauſe the ratio of 4 to 9 is double the ratio of 2 to 3; 
and fo of the reſt, ———- 


Of the addition of ratios. 


295. Since all ratios are quantities, as has been ſhewn in the three laſt 
articles, it follows, that they alſo as well as all other quantities muſt be 
capable of addition, ſubtraction, multiplication and diviſion : to treat 
then of theſe operations in their order, I ſhall begin firſt with addition. 
If the ratios to be added be continued ratios, that is, if they lie in a ſe- 
ries wherein the antecedent of every ſubſequent ratio is the ſame with the 
conſequent of the ratio that went immediately before, their addition is beſt 
performed by throwing out all the intermediate terms: thus the ratios of A 
to B, of B to C and of C to D when added together, make up the 
ratio of A to D, as was ſhewn in the 293d article. 
Therefore if the ratios to be added be diſcontinued, it will be proper to 
continue 
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ntinue them from ſome given antecedent, ſuppoſe from unity, before they 
can be added, thus: let the ratio of A to B, the ratio of C to D, and the 
ratio of E to F be propoſed to be added into one ſum: now the ratio of 4 
to B ſet off from 1 reaches to, becauſe 4 is to B as 1 to 7 the next 
ratio of C to O ſet off from I reaches to 765 and the laſt ratio of E 
* F ſet oF from 72 reaches 9 105 1 therefore the ratios of A to B, 
of C to D and of E to F when added together, make the ratio of 1 to 
71 which is the ſame with the ratio of ACE to BDF; whence we 
have the following no: fa * N 1 
Multiply firſt the antecedents of all the ratios propoſed together, and then 
their conſequents, and the ratio of the products thence arifing will be the fum 
of the ratios propoſed. | 7 


That the ratios of A to B, of C to D and of E to F all together 
conſtitute the ratio of ACE to BDF may be further confirmed by ſett- 
ing them off from ACE and from one another thus: the ratio of A to 
B ſet off from ACE reaches to BCE; in the next place the ratio of C 

to D ſet off from BCE reaches to BDE; and laſtly the ratio of E to 
F ſet off from BDE reaches to BD; therefore all theſe ratios together 
conſtitute the ratio of ACE to BDF. An example in numbers take as 
follows: let it be required to add theſe four ratios together, viz. the 
ratio of 2 to 3, the ratio of 4 to 5, the ratio of 6 to 7 and the ratio of 
8 to 9. Here the product of the antecedents is 2x 4x 6x8 = 384, and 
the product of the conſequents is 3x 5 x7x 9g =945 ; therefore the ſum 
of all the ratios propoſed is the ratio of 384 to 945; and the proof is eaſy: 
for the ratio of 2 to 3 reaches from 384 to 576; the ratio of 4 to 5 
reaches from 576 to 7203 the ratio of 6 to 7 reaches from 720 to 840; 
and the ratio of 8 to 9 reaches from 840 to 945; therefore the ratios 


of 2 to 3, of 4 to 5, of 6 to 7, and of 8 to g reach from 


er dalle . 
From what has here been ſaid concerning the addition of ratios, may 
eaſily be underſtood an expreſſion ſo frequent among Mechanical and 
Philoſophical writers; as when they ſay that A is to B in a ratio com- 
pounded of the ratio of C to D, and of the ratio of E to F; whereb 


they mean no more than that the ratio of A to B is equal to the ſum 
of the ratios of C to D, and of E to F; or that A is to B as CE to DF. 
According to the Mathematicians, every ratio is either a ratio majoris * 

naqualtatis, or a ratio æqualitatis, or a ratio minoris inæqualitatis, 


which takes in all forts of ratios: for by a ratio majoris inaqualitatis 


they 


— 
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they mean the ratio that any greater quantity hath to a leſs; by a ratio 
minoris inægualitutis they mean the contrary, that is, the ratio of a leſſer 
quantity to a greater; and therefore by a ratio equalitatis they mean the 
ratio (if it may be called fo) that every ee hath to it's _ If we 
diſtinguiſh ratios according to the effects they have in compolition, then 
every ratio majoris inaqualitatis ought to be looked upon as affirmative, 
becauſe ſach ratios always increaſe thoſe to which they are added ; on the 
other hand, the ratiomes minoris inaqualitatis ought to be conſidered as 
negative, becauſe theſe always diminiſh the ratios to which they are added; 
therefore the ratio æqualitatis ought to be looked upon as having no 
magnitude at all, becauſe ſuch ratios have no effect in compoſition. Thus 
if to the ratio of 5 to 3 be added the ratio of 3 to 2, the ſum will be 
the ratio of 5 to 2, as above; but the ratio of 5 to 2 is greater than the 
ratio of 5 to 3; therefore the ratio of 3 to 2 ought to be looked upon 
as affirmative, becauſe it increaſes the ratio to which it is added: on the 
other hand, if to the ratio of 5 to 3 be added the ratio of 3 to 4, the ſum 
will be the ratio of 5 to 4, which is leſs than the ratio of 5 to 3, and 
therefore the ratio of 3 to 4 is negative: laſtly, if to the ratio of 5 to 3 
be added the ratio of 3 to 3, the ſum will ſtill be the ratio of 5 to 3 
therefore the ratio of 3 to 3 is nothing. | 
Whenever a ratio is to be reſolved into two others by any arbitrary 

interpoſition of an intermediate term, it may be thought however that 
this intermediate term ſhould be ſome intermediate magnitude between 
the terms of the rat io to be reſolved ; and ſo we ſuppoſed it in the 293d 
article: but that reſtriction was only ſuppoſed to prevent unſeaſonable 
objections that might otherwiſe ariſe about it; for there is no neceſſity 
that the intermediate term ſhould be of an intermediate magnitude be- 
twixt the extremes if we allow of negative ratios ; for the ratio of 5 ta 
4. (for inſtance) may be reſolved into the two ratios of 5 to 3 and of 
3 to 4, though the intermediate term 3 be out of the limits of 5 and 4. 
This I fay is plain; for though the ratio of 5 to 4, which is one of the 
parts, be greater than the ratio of 5 to 4, yet the ratio of 3 to 4, which 
1s the other part, is negative, and qualifies the other in the compoſition, 
ſo as to reduce it to the ratio of 5 to 4: ſo 9 may be looked upon as a 
part of 7, provided the other part be — 2. 


Conotlanky: 


If there be a ſeries of quantities A, B, C, D, wheresf A is to Bas R t6 

r, and B is to CasS tos, and C is to Das T to t; TI jay then that A 
quill be to D as RS T the product of all the antecedents, to rs t the pro- 
duct of all the conjequents, For by art. 293 the ratio af A to D is com- 
| 0 O pounded 
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pounded of the ratios of R to r, of & to s, and of T to ?; and theſe ra- 
tios, when thrown into one ſum, conſtitute the ratio of RS to rst; 


0 


therefore A is to D as RST to rst. 
OF the ſubtraction of ratios. 


296. The ſubtraction of ratios one from another, when both bave the ſame 
antecedent, or both the ſame conſequent, is obvious enough : thus the ratio 0 
A to B ſubtrafted from the ratio of A to C leaves the ratio of B to C; and 
the ratio of B to C ſubtracted from the ratio of A to C leaves the ratio 
A to B: this I fay 1s obvious, becauſe (according to art. 293) the ratio 
' of A to C contains the ratios of A to B and of B to C; and therefore if 
either part be taken away, there muſt remain the other. 

But if the two ratios, whereof one is to be ſubtracted from the o- 
ther, have neither the fame antecedent nor the ſame conſequent, it will 
be proper then to reduce them to the fame antecedent, by ſetting off the 
ratio to be ſubtracted from the antecedent of the other, thus: let it be 
required to ſubtract the ratio of C to D from the ratio of A to B: now 


A = 
the ratio of C to D ſet off from A reaches to 752 therefore to ſub- 
tract the ratio of C to D from the ratio of A to B is the fame as to ſub- - 


tract the ratio of A to from the ratio of A to B; but the ratio of 
A to ſubtracted from the ratio of A to B, a ratio of the ſame ante- 


cedent, leaves the ratio of 2772 to B, or of AD to BC; 1 the 


ratio of C to D ſubtracted from the ratio of A to B 
AD to BC. The rule then is as follows: 
Whenever ane ratio is to be ſubtracted from another, change the fn of 
the ratio to be ſubtraFed by inverting it's terms, and then the ſum of this 
new ratio added to the other will be the one with the remainder of the in- 
tended ſulbtraction. Thus to ſubtra& the ratio of C to D from the ratio 
of Ato B is the fame as to add the ratio of D to C to the ratio of A to 
B; but the ratio of D to C added to the ratio of A to B gives the ratio 
of AD to BC by the laſt article ; therefore the ratio of C to D ſub- 
tracted from the ratio of 4 to B leaves the ratio of ADto BC. For a 
further proof of this we are to take notice, that in all ſubtraction what- 
ever, the remainder and the quantity ſubtracted ought both together to 
make the quantity from whence the ſubtraction was made; but in our 


caſe the remainder was the ratio of AD to BC, and the quantity ſub- 
| . tracted 


leaves the ratio of 
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tracted was the ratio of C to D, and theſe two added together make the 
ratio of ACD to BCD, or of A to B, which is the ratio from whence 
the ſubtraction was made; therefore the remainder in this caſe was 
rightly aſſigned. . 
For an example in numbers, let it be required to ſubtract the ratio 
of 4 to 5 from the ratio of 2 to 3: now the ratio of 5 to 4 added to 
the ratio of 2 to 3 gives the ratio of 10 to 12, or of 5, to 6, by the laſt 
article; therefore the ratio of 4 to 5 ſubtracted from the ratio of 2 to 3 
leaves the ratio of 5 to 6, which may be confirmed thus: the ratio of 
2 to 3 is the ſame with the ratio of 4 to 6, which contains the ratios of 
4 to 5 and of 5 to 6; therefore if the ratio of 4 to 5 be taken away, 
there will remain the other part, which is the ratio of 5 to 6. 
Before I conclude this article, I ought to take notice that there is 
another way of conceiving the ſubtraction of ratios, which for it's uſe 
in Phyſics and Mechanics ought not to be paſſed by in this place; it is 
thus: the ratio of C to D added to the ratio of A to B conſtitutes the 
ratio of AC to BD; therefore e converſ9, the ratio of C to D ſubtracted 


from the ratio of A to B muſt leave the ratio of - to > becauſe mul- 


_ tiplication and diviſion are as much the reverſe of one another as addition 
; | 3 
and ſubtraction; but this ratio of G to B, when reduced to ieee 
terms, is the ſame with the ratio of AD to BC found before. | 
N. B. Wherever it is ſaid that the ratio of A to B is compounded of the 
direct ratio of C to D, and of the inverſe or reciprocal ratio of E to F, the 
meaning is, that the ratio of A to B is equal to the exceſs of the ratio of C 
D 
to D above the ratio of E to F, or that A is to B as E 1e F, er at oo 
70 DE. | : | + c 
/ the multiplication and diviſion of ratios. 


297. If the ratio of A to B be added to itſelf, that is, to the ratio of A 
to B, the ſum will be the ratio of A. to Bi by the laſt article but one; 
and this being added again to the ratio of A to B gives the ratio of A. to: 
B, and fo on; therefore the ratio of A to B* is double, and the ratio 
of A to B triple of the ratio of A to B. And univerſally, The ratio 
of A to B' is ſuch a multiple of the ratio of A to B as is expreſſed by the 
number n. Thus the ratio of A. to B 1s four times the ratio of A to 
B, which I prove thus: the ratio of A to B reaches firſt from A. to 
AB, 2dly from AB to A*B*, 3dly from AB to AB), and 4thly 
from A B to B. 

O Oo O 2 . 
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To give an example in numbers, I ſay that five times the ratio of 2 to 
z is the ratio of the fifth power of 2 to the fifth power of 3, that is, 
the ratio of 32 to 243: for the ratio of 2 to 3 reaches 1ſt from 32 
to 48, 2dly from 48 to 72, 3dly from 72 to 108, Athly from 108 
to 162, and 5thly from 162 to 243. Thus much for multiplication. 
| Diwvifion is the reverſe of multiphcation ; and therefore as every ratio is 
doubled or tripled or quadrupled by ſquaring or cubing or ſquare-ſquaring it's 
terms, ſo every ratio is biſected or triſected or quadriſected by extracting 
the ſquare or cube or ſquare-ſquare roots of it's terms, Thus half the ra- 
tio of 2 to 3 is the ratio of the ſquare root of 2 to the ſquare root of 3, 
that is, (when reduced according to the firſt ſcholium in art. 179) the 
ratio of 40 to 49 nearly ; which is further proved thus : the ratio of 40 
to 49 is half the ratio of 1600 to 2401, by what was delivered in the 
former part of this article; but 1600 is to 2400 as 2 to 3; therefore 
1600 is to 2401 as 2 to 3 ey near, 21. 

But there is no neceſſity of a double extraction of the root in the di- 
viſion of a ratio, provided the ratio propoſed be reduced to an equal one 
whoſe antecedent is unity. Thus 2 is to 3 as 1 to 3, and therefore half 
the ratio of 2 to 3 is the ratio of 1 to , or the ratio of 1 to 1. ö. 

From what has been ſaid it appears that one ratio may be commenſurate to 
another, and yet the terms of one incommenſurate to the terms of the other : 
thus the ratio of 2 to 3 is certainly commenſurate to the ratio of the 
{quare root of 2 to the ſquare root of 3, the former being double of the 
latter; and yet 2 and 3, the terms of the former ratio are incommenſu- 
rate to 2 and Yz the terms of the latter. 

Note. Wherever it is ſaid that A is to B in a ſeſquiplicate ratio of C 
to D, the meaning is, that the ratio of A to B is equal to ; of the ratio 5 
Co D: therefore in fuch a caſe, twice the ratio of A to B will be 
equal to three times the ratio of C to D; but twice the ratio of A to B is 
the ratio of A. to B, and three times the ratio of C to D is the ratio of C 
to D3 ; therefore if A be to B in a ſeſquiplicate ratio of C to D, A. will 
be to B* as C to Di. Thus in the revolutions of the primary planets 
about the Sun, and of the ſecondary planets about Jupiter and Saturn, 
their periodic times are ſaid to be in a ſeſquiplicate ratio of their middle 


diſtances, that is, the ſquares of their periodic times are as the cubes of 
their middle diſtances. 


Another way of multiplying and dividing ſmall ratios, that is, 
whoſe terms are large in compariſon of their difference. 


298. Before I deliver what I have to fay upon this head, I fhall only 
obſerve, that F tao indeterminate quantities = always the ſame diffe- 
rence, 
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rence, the greater the quantities are, the nearer will their ratio approach 
towards a ratio of equality : thus the difference betwixt 2 and 1 is the 
ſame with the difference betwixt 100 and 99; but the ratio of 2 to 1 
or of 100 to 50. is much greater than the ratio of 100 to 99. By the 
help of this obſervation, and the following theorem, I ſhall endeavour to 
ſhew that ſmall ratios may ſometimes be doubled, or tripled, or biſect- 
ed, or triſected by more compendious ways than thoſe that are taught in 
the laſt article; and whenever they happen to be fo, they ought to be 
uſed, and frequently are uſed rather than the other. 


A THEOREM, 


If there be two quantities whoſe difference is but ſmall in compariſon of 
the quantities themſelves, and if ſo much be added to one and ſubtracted 
from the other as ſhall make their difference double, or triple, or half, or a 
third part of what it was before; I ſay then that the quantities after this 
alteration ſhall be in a duplicate, er a triplicate, or a ſubduplicate, or a ſub- 
triplicate ratio of that they were in before any ſuch change was made, nearly, 

| 1ſt, Let there be two numbers 10 and 11, whoſe difference is 1; 
then if; be added to 11 and ſubtracted from 10, we ſhall have the 
numbers 11: and g:, whoſe difference is 2: I ſay now that 112 is to 91 
in a duplicate ratio of 11 to 10 nearly. For the ratio of 11 to gt is re- 
ſolvable into theſe two ratios, vzz. the ratio of 1 11 to 103, and the ra- 
tio of 103 to 9: now of theſe two ratios the former, to wit, that of 
111 to 107, is ſomewhat leſs than the ratio of 11 to 10, by the obſer- 
vation at the beginning of this article; and the latter, to wit, that of 10: 
to 91, is ſomewhat greater than the ratio of 11 to 10, and the exceſs in 
this caſe is nearly equal to the defect in the former; therefore the ſum 
of both theſe ratios put together, that is, the ratio of 113 to gz will be 
very nearly equal to twice the ratio of 11 to 10. 

2dly. As the difference between 10 and 11 is 1, add 1 to 11 and 
ſubtract it from 10, and you will have the numbers 12 and 9 whoſe 
difference is 3 : I fay now that 12 will be to g, or 4 to 3, in a tripli- 
cate ratio of 11 to 10 nearly. For the ratio of 12 to ꝗ 1s reſolvable into 
theſe three ratios, to wit, the ratio of 12 to 11, the ratio of 11 to 10, 
and the ratio of 10 tog; and of theſe three ratiss, the firſt, to wit, 
that of 12 to 11, is ſomewhat leſs than the middle ratio of 11 to 10, 
and the laſt, to wit, that of 10 to , is about as much greater; there- 
fore the firſt and laſt ratios put together will make about twice the mid- 
dle ratio of 11 to 10; therefore all theſe three ratios put together, to 
wit, the ratio of 12 to 9, will make three times the ratio of 11 to 10 


nearly. 
: zdly. 


478 | Or THE COMPOSITION AND Book vii. 

2dly. And if increaſing the difference increaſes the ratio proportionably, 
then Gm iniſhing the difference ought to diminiſh the ratio proportionab- 
ly, that is, if the difference be reduced to half, or a third part of what 


it was at firſt, the ratio ought to be ſo reduced: now as the difference 


between 10 and 11 is 1, add : to 10 and ſubtract it from 11, and 


you will have the numbers 10; and 103 whoſe difference is ;, and 10 


will be to 101 in a ſubduplicate ratio of 10 to 11 nearly; but if; be added 
to 10 and ſubtracted from 11, you will then have the numbers 10 and 
ro; whoſe difference is; and 10; will be to 10; in a ſubtriplicate ratio 
of 10 to 11 nearly. „ 

Let us now try how near the ratios here found approach to the truth. 
By the laſt article the duplicate ratio of 10 to 11 is the ratio of 100 to 
121, or of 1 to 1.2100 ; and according to the foregoing theorem it is 
the ratio of 91 to 112, or of 19 to 23, or of 1 to 1.2105. 

By the laſt article the triplicate ratio of 10 to 17 is the ratio of 1000 


to 1331, orof 1 to 1.331; and according to the foregoing theorem it 
is the ratio of g to 12, or of 3 to 4, or of 1.333. | 


By the laſt article the ſubduplicate ratio of 10 to 11 is the ratio of 


1 to the ſquare root of , or of 1 to 1.04881; and according to the 


foregoing theorem it is the ratio of 107 to 103, or of 41 to 43, or of 
1 to 1.04878, | 
By the laſt article the ſubtriplicate ratio of 10 to 11 is the ratio of 1 
to the cube root of **, that is, of 1 to 1.03228 ; and according to the 
foregoing theorem it is the ratio of 103 to 105, or of 31 to 32, or of 1 
to 1507330. | 
By theſe inſtances we ſee how near theſe ratios come up to the truth, 
even when the difference is no leſs than a tenth or an eleventh part of the 
whole : but if we, ſuppoſe the difference to be the hundredth or the 
thouſandth part of the whole, they will be much more accurate; inſo- 
much that to multiply or divide the ratio, it will be ſufficient to increaſe 


or diminiſh one of the numbers only. Thus 100 is to 102 in a dupli- 


cate, and to 103 in a triplicate ratio of 100 to 101; and too is to 


100+; in a ſubduplicate, and to 100+: in a ſubtriplicate ratio of 100 


to 101 nearly: and univerſally, F A+z and Ay be any two quan- 


tities approaching infinitely near to the quantity A, the ratio of A+z to A 
ai be to the ratio of Ay to A as the infinitely ſmall difference 2 is to the 
inſinitely ſmall difference y. | 

I ſhall draw only one example out of an infinite number that might 
be produced to ſhew the uſe of the foregoing propoſition. Suppoſe then 
I have a clock that gains one minute every day ; how much muſt I 
lengthen the pendulum to {et it right? Let } be the preſent length of the 


_ pendulum, let x be the increment to be added to it's length in order to 


correct 
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correct it's motion, and let be the number of minutes in one day; then 
it is plain that the pes / performs the ſame number of vibrations 
in the time »— 1 that the pendulum /-+x is to perform in the time n. 
Now Monſieur Huygens has demonſtrated that to times wherein dif- 
ferent pendulums perform the ſame number of vibrations are in a ſub- 
duplicate ratio of the lengths of thoſe pendulums ; therefore »— 1 muſt 
be to n in a ſubduplicate ratio of / to /- x, or (which comes to the fame 
thing) /muſt be to /+x in a duplicate ratio of »—1 to : but by the 
foregoing propoſition, the duplicate ratio of 2— 1 to n is the ratio of 
1—3 to nz, or of 24—3 to zu I; therefore / is to [+ x as 29—3 
is to 27+ 1, that is, the pendulum muſt be lengthened in the propor- 
tion of 21-3 to 22+ 1: but x the number of minutes in one day 18 
1440; and therefore 22— 3 is to 27-1 as 2877 is to 2881, or as 719 
to 720 very near; therefore the pendulum muſt be lengthened in the 
proportion of 719 to 720. & E. I. 


Had the duplicate ratio of z—1 to 2 been taken only by diminiſh- 
ing z— 1 to z—2, without meddling with the other number , the con- 


cluſion would ſtill have been the fame; for then / would have been to 
I+xasn—2 to n, as 1438 to 1440, as 719 to 720. 1 
Having now delivered what I intended concerning the compoſition and 
reſolution of ratios, it remains that I ſay ſomething further concerning 
the application of this doctrine, and then I ſhall make an end of the ſubject, 


DzSFINITION 6 


299. If two variable quantities Q and R be of ſuch a nature, that R 
cannot be increaſed or diminiſhed in any proportion, but Q_muſt neceſſarily 
be increaſed or diminiſhed in the ſame proportion; as if R cannot be chan- 
ged to any other value r, but Q_muft alſo be changed to ſome other value 
q, and ſo changed that Q ſhall always be to q in the ſame proportion as R 
to r; then is Q ſaid to be as R directiy, or fimply as R. Thus is the cir- 
cumference of a circle ſaid to be as the diameter; becauſe the diameter 
cannot be increaſed or diminiſhed in any proportion, but the circumference 
muſt neceſſarily be increaſed or diminiſhed in the ſame proportion. Thus 
is the weight of a body ſaid to be as the quantity of matter it contains, 
or proportionable to the quantity of matter; becauſe the quantity of mat- 
ter cannot be increaſed or diminiſhed in any proportion, but the weight 
mult be increaſed or diminiſhed in the fame proportion. 


COaRKOLLARY 1 


If Q be as R directly, then e converſo, R muſt neceſſarily be as Qdi- 
rectly. For let Q be changed to any other value 9, and at the ſame time 


let R be changed to r; then ſince Lis as R, Q will be to 7 as R to 4 
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but if Lis togas Ris to r, then vice verſa, R will be tor as Q to : 
ſince then Q cannot be changed to 9, but R muſt be changed to 7, and 
that in the fame proportion, it 215365 by this definition that R is as 
directly. 28 8 55 


COROLLARY 2. 


If Q be directiy as R, and R be directly as 8, then will Q be directiy 
as 8. For let $ be changed to s, and at the fame time R to r, and Q to 
9; then ſince by the ſuppoſition R is as 8, R muſt be to r as S tos; 
and ſince again is as R, Q will be to as R to r: ſince then 9. 1s 
to ꝙ as R to r, and R is tor as S to 5, it follows that & will be to q as 

S tos, and conſequently that Q will be as S. 


* 


A ConroLlLAanYy 3. 


5 Q be as R, and R be asS; IT ſay then that Q will be as RS, and 
alſo as the ſquare root of the product RS. For changing , R, & into 
9, 7, 5, ſince R is as S, we ſhall have Rto ras S to s; whence by the 
6 ſtmwelfth and nineteenth of the fifth book of the Elements R will be to 7 as 

R & is tor=s; but is togas R is to r ex hypothef; therefore 2 
is to 9 as RS is to r; therefore by this definition Q. will be as 
R= S. Again, ſince R is as 8, R will be as RS, and Ras JRS; but Q, 

is as R; therefore by the laſt corollary X will be as / RS. 


COROLLARY 4.” 


= If any variable quantity as Q be multiplied by any given number as 5 ; 
Lay then that 5Q will be as Q. For it will be impoſlible for 2 to be 
increaſed or diminiſhed in any proportion, but 52 muſt be increaſed or 
diminiſhed in the ame proportion: if Vin any one caſe be double of £ 


in another, then 52 in the former caſe muſt be double of 52 in the lat- 
ter, and ſo on; therefore 59 is as ERS | | 


COROLLARY &5. 


If Q be as R, then Q will be as R, Q as R, Q, R, &c. 
For let R* be changed in the proportion of D to E; then will R be 
changed in the proportion of D to E; but Lis as R; therefore 2 
will alſo be changed in the proportion of / D to VE; therefore &* 
will be changed in the 2 of D to E: ſince then N cannot be 
changed in any proportion, ſuppoſe of D to E, but & muſt neceſſarily 
be changed in the ſame proportion, it follows from this definition that 
Eis as R: and the reaſoning is the ſame in all other caſes. 


CoROL- 
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CoRoOLLARY 6. 


IfQ,R and 8S be three variable quantities, and Q be as the Prodibio or 
rectangle RS; T ſay then, that ill always be as 8, and Rey R, and 


that N wall be a given quantlhy, or (which is chiefly meant by that 


Phraſe, that the — ty I will always be the ſame, be the values of Q, 


R and S what they will. For fince Q 1s as RS, Q cannot be increaſed 
or diminiſhed in any proportion, but RS muſt be increaſed or dimi- 


niſhed in the ſame proportion; therefore * cannot be increaſed or di- 


miniſhed in any proportion, but 5 or S muſt be increaſed or diminiſhed 

in che ſame proportion; therefore $ is as 5 S and > as §: and by a like 
S* 5 

ding both ſides by R, we ſhall have 2 as 1; but 1 is a quantity that 


RS | 
neither increaſes nor diminiſhes, but is always the fame; therefore the 


quantity 15 will always be the ſame: and for che ſame reaſon, / go 


proof, R will be as = D and Lil be as R: but if IM as R, then divi- 


48 any. ſingle quantity, ſuppoſe R R, Coil always be the ſame, let Quand 


R be what they will, 
COROLLARY 7. 


1 there be four variable quantities A, B, C, D, all in numbers, wheresf 
A is as B, and C is as D; I jay then that the produ#t AC will be as the 
produtt BD. For fince A is as B, AC will be as BC, and ſince C is as 
D, BC will be as BD; therefore by the ſecond corollary AC will be as 
BD; that is, AC in one caſe will be to AC in any other as BD in the 
former caſe is to BD in the latter. 


NzFINLITION- £6 
300. If two variable quantities Q and R be of ſuch a nature, that R 
cannot be increaſed in any proporti on whatever, but Q muſt neceſſarily be 


diminiſhed in a contrary proportion, or that R cannot be diminiſhed in any 
proportion whatever, but Q muſt necerih be mcreaſed in a contrary pro- 


Ppp portion ; 


* 
= - 
1 
P34 * 
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. portion ; in a word, if R cannot be changed in the proportion of D to E, 
but Q_muſt neceſſarily be changed in the proportion 4 to D; then is Q 
ſaid to be as R inverſely or reciprecally. Thus if a ſpherical body be view- 
ed at any conſiderable diſtance, the apparent diameter is faid to be reci- 
procally as the diſtance, becauſe the greater the diſtance is, the leſs will 
be the apparent diameter, and vice verſa. Thus if a globe be ſuppoſed 
to move uniformly about it's axis, the periodical time of this motion is 
faid to be reciprocally as the velocity with which the globe circulates ; 
(for the quicker the circulation is, the ſooner it will be over ;) which is 
as much as to ſay, that the greater the velocity is with which the globe cir- 
culates, the leis will be the periodical time of one revolution, and vice 
verſa. Thus if the numerator of a fraction continues always the ſame 
whilſt the denominator is ſuppoſed to vary, that fraction is faid to be re- 
ciprocally as it's denominator, becauſe the greater the denominator is, 


the leſs will be the value of the fraction, and vice verſa. 


CoROLLARY I. 


ü If Q be reciprocally as R, then e converſo R ill be reciprocally as Q. 
. For let Q be changed in the proportion of D to E, and at the ſame time 
let R be changed in the proportion of A to B; then ſince Qis recipro- 
cally as R, & muſt be changed in the proportion of B to A; but Q, 
was changed in the proportion of D to E; therefore B muſt be to 4 
as D to E; therefore inverſely, 4 muſt be to as E to D; but K 
was changed in the proportion of A to B by the ſuppoſition; therefore 
R was changed in the proportion of E to D. Since then Q cannot be 
changed in any proportion, ſuppoſe of D to E, but R muſt neceſſarily 
be changed in the contrary proportion of E to D, it follows from this 


definition that R muſt be reciprocally as Q; 
COROLLARY 2. 


F be directly as R, and R le recifrocally as 8, then Q muſt be re- 
ciprocally as S. For let $ be changed in the proportion of D to E; then 
ſince R is reciprocally as 8, R muſt be changed in the proportion of E 

to D; but Lis directly as R by the ſuppoſition; therefore Q muſt alſo 
be changed in the proportion of E to D. Since then $ cannot be chan- 
ged in the proportion of D to E, but & muſt neceffarily be changed in 
the proportion of E to D, it follows from this definition that Q is re- 
ciprocally as 8s. 8 5 | 
COROLLARY 3. 


By a hike way of reaſoning, if Q be reci rocally as R, and R be reci- 
procally as 8, Quill be directiy as 8. 4 . s 5 


nn 
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Co ROLLARYT 4. | 
J two variable quantities Q, and R be of ſuch a nature that their : 
duct or * is always the ſame ; I ſay then that Q_will be re- 


ciprocally as R. For ſince Q is always the fame, it will be as the num- 
ber 1 which neither . nor diminiſhes; but if M be as one, then 


9 will be as the fraction +; K by the faxth * to the fourth defini- 


tion. Since n D is directly as the fraction 5 5 „and the fraction = is 


reciprocally as it's denominator R by this definition, it follows from the 
ſecond corollary that Q will be reciprocally as R. 


COROLLARY, 5. 
Every fraction is reciprocally as the ſame fraction inverted, Thus the 
fraction = is reciprocally as the fraction = This is evident from the laſt 
3 R * a 
corollary ; for if the fractions F and I be multiplied together, their pro- 
duct will always be unity, let Rand & be what they will. 


Cao el 2% 6: 


1 1 ; 
If Q be reciprocally as R, or reciprocally as —, then Q will be directly 
as =. For fince Q is reciprocally as 1 and 7 is reciprocally as ; by 
the laſt 1 it follows from the chird corollary "” Q will be di- 


rectly as 4 For the lame reaſon, If Q Ve reciprocally as 5 W it worll be die 


rely as R. 
DEFINITION 6. 


301. FR any quantity as Q depends upon ſeveral others as R, 8: hh, IM 
all independent of one another, fo that any one of them may be changed * 2 g 
without affetting the reſt ; and F none of the quantities R, 8, T can be 
changed fingly, but Q. muſt be changed in the ſame proportion, nor any of 
the quantities V, X, but Q muſt be changed in a contrary propertion; then 
is Quaid to be as R and S and T arrettly, and as V and X reciprocally 


RS 
or inverſely, Thus the fraction 55 is faid to be as R aud S and T di- 
P p p 2 realy, 
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realy, and as Y and & inverſely, becauſe none of the factors belonging 
to the numerator can be changed, but the value of the fraction muſt be 
changed in the fame e and none of the factors belonging to 


the denominator can be changed, but the value of the fraction muſt be 

changed in a contrary proportion. ee 5 
N. B. F Qbe as R and 8 and T directiy, without any reciprocals, then 

i it ſaid to be as R and S and T conjunctim, jorntly. | 


A THEOREM, 


302. If Q beasR and S and T directiy, and as V and X reciprocally; 
and if the quantities R, 8, T, V, X be changed into r, s, t, v, x, and ſo Q 
into q; I ſay then that the ratic of Q to q will be equal to the exceſs of all 
the direct ratios taken together above all the reciprocal ones taken together: 
as if the ratios of R to r, of S to s, and of T to t (which I call direct ra- 
tos) when added together make the ratio of A to B; and if the ratios of V 
to v, and of X to x (which I call reciprocal ratios) when added together 
make the ratio of C to D; Iſay then that the ratio of Q to quill be equal 
to the exceſs of the ratio of A to B above the ratio of C ts D. 

For ſuppoſing all but R to continue the ſame, let R be changed into 
„; then will Q be changed from it's firſt value in the ratio of R to r 
by the hypothefis : let now er, J, Y, X continue, and let 5 be changed 
into s; then will Q be changed from it's laſt value in the ratio of S to 5s: 
in like manner if T be changed into 7, cæteris paribus, Q will be 
changed from it's laſt value in the ratio of T to ?: therefore if R, 5, T 
be changed into r, , t, 2 will be changed from one value to another in 
a ratio compounded of all the direct ratios of R to r, of S tos, and of 
T to t; that is, Q will be changed in the ratio of A to B. This being 
ſo, let us now imagine to be changed, ceteris paribus, into v; then 
will Abe further changed in the ratio of v to V; and it after this we 
imagine X to be changed into x, Q, will be changed in the proportion 
of x to X, and will now be arrived at it's laſt value : therefore if to 
the ratio of A to B you add the ratios of v to and of x to X, you 
will have the ratio of 2 to q: but to add the ratio of v to is the ſame 
thing as to ſubtre& the ratio of to v by art, 296; and ſo again, to add 
the ratio of x to X is the ſame as to ſubtract the ratio of X to x; there- 
fore if from the ratio of A to B you ſubtract the ratios of to v and 
of X to x, you will have the ratio of Q to 9; but the ratios of V to 
and of X to x, when added together, make the ratio of C to D ex hy- 
fothefi ; therefore if from the ratio of A to B you ſubtract the ratio of 
C to D, there will remain the ratio of 2 to ; therefore the ratio of 
to: is the exceſs of the ratio of A to B above the ratio of C to D; or 


(which 
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(which is the ſame thing) Q is to q in a ratio compounded of the ratio of 
A to B directly, and of the ratio of C to D e See art. 296. 
This is upon a ſuppoſition that the quantities R, S, 7, /, X were 
changed into , s, t, v, x one after another in time: but ſince the ratio 
of & to q does not depend upon the intervals of time between the ſeven? 1 
ral changes, but will be the ſame whether thoſe intervals be greater or 10 
leſs, it follows that the ratio of Qto 9 will be the fame as if all theſe | 
changes had been made at once. Q, E. D. 


| COROLLARY I. F 
If the quantities R, S, T, V, X, and conſequently A, B, C, D be ex- " 
preſſed by numbers, as they muſt be before they can be of uſe in any com- i 
putation ; then the ratio of A to B will be the ratio of RST'to vit, and | 
the ratio of C to D will be the ratio of TX to vx; and the exceſs of | 
fil) UE . i! | 
the ratio of A to B above the ratio of C to D will be the ratio of TY 4 
W (ſee the ſecond way of ſubtracting ratios in art. 296 ;) there- . 
1 25 | NST. thefts 
fore in this caſe, 2 will be to q as the fraction 7 y is to the fraction 
. BEE Dr Wh „ * 
=, Since then the fraction V Cannot be changed into . but at the 15 p . 
fame time Q muſt be changed into q, and jo changed that Q will be to q as e 19 
VX o A, it follows from the fourth definition that Q will be as the | ; 
Jraction VN and conſequently that Qin any one caſe will be to Qin any i" 
2 F BY - 1. 
other as the fraction TG the former cafe is to the fraction v5 m i 
the latter. 5 | | "= 
COROLLARY 2. | 's of 
| Tf there be no reciprocals, then Q_will be as the product of all the direct 5 G | | 
terms, that is, as the product RS if there be two of them, or as the pro- 488 
duct RS T. , there be three of them, &c. — 4 
3 SCHOLIUM. oy 
In the demonſtration of the foregoing propoſition as well as in the ſixth _ iM 


definition it was ſuppoſed, that the quantities R, $, J, V, X upon which 
2 depended, were themſelves entirely independent of one another, fo as that 
5 : | | any 
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ſuch a caſe, if © be as R and & directly, it may be concluded to be as 
the product RS. But this concluſion muſt not be carried further than can 
be juſtified by the demonſtration: for if in any caſe the quantities Rand 
S ſhould not be independent, if neither of them can be changed whilſt 
the other continues the fame, then though no change can be made either 
in R or & but what will make a proportionable change in Q, yet here & 
muſt not be faid to be as the product RS. As for eng, let Q be an 
arc of a circle ſubtending at the diſtance R an angle whoſe quantity is 
repreſented by S; then it is plain that neither R nor S can be changed 
ſingly, but & muſt be changed proportionably ; it is plain alſo that ei- 
ther R or & may be changed fingly whilſt the other remains the fame ; 
and therefore in this caſe it is lawful to conclude that Q, is as the pro- 
duct RS. But let us now ſuppoſe Q to be the circumference of a circle 
whoſe radius is R, and let S be the fide of a regular polygon of any given 
ſort inſcribed in that circle; as for inſtance, let & be the fide of an in- 
{cribed ſquare: here then it is plain that neither R nor & can be changed 
but 2, muſt be changed proportionably ; and yet if we ſhould conclude 
. in this caſe that Q is as RS, the illation would be falſe, becauſe R and 
| S have here as much dependence upon one another as Q upon both; 
for every one knows that the radius of a circle cannot be increaſed or di- 
miniſhed in any proportion, but the ſide of a ſquare inſcribed in that 
circle muſt be increaſed or diminiſhed in the fame proportion: in this 
caſe it may be concluded that & is as R , or as R, or as the 
ſquare root of RS by the third corollary in art. 299, but it muſt by no 
means be allowed that Q is as RS; for ſhould Q be as RS, ſince in this 
caſe & is as R, and conſequently RS as R, Q, would be as R* by the ſe- 
cond corollary in art. 299, which contradicts the ſuppoſition that 2, 
is as R. e 


Foe amples to illuſtrate the foregoing theorem, hoy direct 


ratios are only concerned. 


393. Ex. 1. Fa body moves for any time with any uniform velicity 
through any ſpace, that ſpace will be as the time and velocity jointly. 
For if we ſuppoſe the velocity to be the ſame in all caſes, but the time 
to differ, then the ſpace deſcribed will be greater or leſs in proportion as 
the time is ſo, and therefore will be as the time: on the other hand, 
if we ſuppoſe the time to be the ſame in all caſes, and the velocity to 
differ, then the ſpace deſcribed in theſe equal times will be greater or leſs 
as the velocity is ſo, and conſequently will be as the velocity: laſtl 
Jet us A both the time and velocity to vary; then the ſpace will 


vary 
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vary upon both theſe accounts, and therefore will vary in a ratio equal to 
the ratio wherein the time varies, and the ratio wherein the velocity va- 
ries put together; that is, the ſpace in any one caſe will be to the ſpace 
in any other in a ratio compounded of the ratio of the time in the for- 
mer caſe to the time in the latter, and of the velocity in the former 
caſe to the velocity in the latter, This is univerſal ; but if we ſuppoſe 
the time and velocity to be expreſſed by numbers, we. muſt then fay that 
the ſpace deſcribed is as the product of the number repreſenting the 
time multiplied into the number repreſenting the velocity, by : ig heat 
corollary in the laſt article; or that the ſpace deſcribed in any one caſe 
is to the ſpace deſcribed in any other as the product of the time and ve- 
locity in the former caſe is to a like product in the latter. ; 

Ex. 2. The quantity of matter in any body depends upon two things, viz. 
it's magnitude and denſity, ( where by denſity I mean the compatineſs or cloſe- 
neſs of it's matter. For if two bodies of equal denſities but of une- 

ual magnitudes be compared, one body muſt have more matter 

than the other, or leſs, according as it's ſolid content is greater or leſs, 
that is, according as it's magnitude is greater or leſs; therefore in- 
this caſe the quantities of matter in any two bodies thus compared will be 
as their magnitudes: on the other hand, if two bodies of the ſame mag- 
nitude but of different denſities be compared, their quantities of matter 
will be as their denſities, becauſe the cloſer the parts of a body are, ſo 
much more matter will be crouded into the fame ſpace ; therefore if the 
bodies be different both in magnitude and denſity, the quantity of mat- 
ter in one body will be to the quantity of matter in the other in a ratio 
compounded cf the ratio of the magnitude of one body to the magnitude 
of the other, and of the ratio of the denſity of the former body to the 
denfity of the latter ; and therefore if theſe quantities be repreſented by 
numbers, the quantity of matter in any body will be as it's magnitude 
and denſity multiplied together. Thus if D and be the diameters of 
two globes whoſe denſities are as E to e, the quantity of matter in the 
former globe will be to the er, of matter in the latter as D*x E is 
to d*xe; for the ſolid contents of all globes are as the cubes of their 
diameters. | | 

Ex. 3. The momentum, or force, or impetus with which a body 
moves, and with which it will ſtrike any obftacle that lies in it's way 
to oppeſe or flop it, is as the velocity of the motion and the quantity of matter 
in the body jointly. For the ſame quantity of matter moving with different 
velocities will {trike an obſtacle with forces proportionable to the veloci- 
ties : on the other hand, different quantities of matter moving with the 
fame velocity will ſtrike with forces proportionable to their matter; a 

double 
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double body will ſtrike with a double force, Cc; therefore in the caſe 
where the velocity is the ſame, the momentum of a body is as the quan- 
tity of matter it contains; and in the caſe where the quantity of matter 
is the fame, the momentum is as the velocity; therefore if neither the ve- 
locity nor the matter be the ſame, the momentum will be as the matter 
and velocity jointly ; and in numbers, as the product of the number ex- 
prefling the matter multiplied into the number expreſſing the velocity. 
Ex. 4. If a heavy body be ſuſpended perpendicularly upon a lever, (by 
<ohich I mean an inflexible rod moving about a. fixt point in the middle,) 
the momentum or efficacy of that body to turn the lever about it's cen- 
ter is, cæteris paribus, as the weight of the body and as the diſtance 
of the point of ſuſpenſion from the center of the lever jointly. For if 
wie ſuppoſe this diſtance to be the fame, the momentum of the body to 
turn the lever muſt be greater or leſs according as it's weight is ſo, from 
whence that momentum ariſes : on the other hand, if we ſuppoſe the 
weight to be always the ſame, but to be removed, ſometimes further 
from, and ſometimes nearer to the center, the momentum of the body to 
turn the lever will be greater or leſs in proportion to the diſtance of the 
point of ſuſpenſion from the center of the lever, as is demonſtrated in 
Mechanics, and may eaſily be tried by experience: therefore univerſally, 
the momentum of the body will be as this diſtance and the weight of the 
body jointly; and in numbers is as the product of the weight multiplied 
into the diſtance. 8 FED 8 
To illuſtrate this, I ſhall put the following queſtion. Let a body weigh- 
ing five pounds be ſuſpended at the diſtance of ſix inches from the center 
of a lever, and let another body of ſeven pounds be ſuſpended on the 
fame ſide of the · center at the diſtance of eight inches; then let a third 
body of nine pound weight be ſuſpended on the other ſide of the center 
at the diſtance of ten inches: Qæœre whether will theſe bodies ſuſtain 
each other in æquilibris or not; and if not, on which fide will the lever 
dip, and with what momentum ? © . . 
To reſolve this, fince we are at liberty to repreſent any one of theſe 
momenta by what numbers we pleaſe, provided the reſt be repreſented 
proportionably, let us repreſent the momentum of the nine pound body by 
the product of it's weight and diſtance multiplied together, that is, by 
9x10 or 90; then muſt the other momenta be repreſented by like pro- 
ducts, or they would not be repreſented by numbers proportionable to 
them: therefore the nomentum of the five pound body will be 5x6 or 30, 
and that of the ſeven pound body 7x8 or 56; and therefore the ſum of 
the momenta on this fide the center acting the fame way will be 86: whence 
now it plainly appears that the lever will dip on the ſide of the nine 
pound body, becauſe go, the momentum on that fide, is greater than 86, 


the 
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the ſum of the momenta on the other ſide: and ſince the exceſs of go 
above 86 is 4, it follows that 4 will be the difference of the momenta on 
one fide and the other; inſomuch that if any one ſuſtains this lever im- 
moveable, he will ſuſtain the fame force as if all the weights now upon 
the lever were taken away, and a fingle pound weight was funda © 
the diſtance of four inches from the center of the lever : therefore when 
all the weights were upon the lever, if a ſingle pound weight had been 
ſuſpended at four inches diſtance, and on the fame fide of the center 
with the other two bodies whoſe weights were five and ſeven pounds, the 
whole ſyſtem would then have conſiſted in æquilibrio. „„ 
Upon this theorem, that the force of a body upon a lever is as it's 
weight and diſtance from the center multiplied together, is founded the 
method of finding the centers of gravity of bodies, or the center of gravity 
of any ſyſtem of bodies, let their places or poſitions be what they will: 
but I muſt not carry this matter any further, Mp 
Ex. 5. If a globe be made to move uniformly in an uniform fluid, the 
reſiſtance it will meet with in any given time by impinging againſt the 
particles of the fluid, will be as the denſity of the fluid, and as the ſquare 
of” the diameter of the globe, and as the ſquare of the velocity it moves 
with jointly. CHE 
To determine rightly in this caſe, we muſt here do what we all along 
have done, and what we always muſt do in like caſes; that is, we muſt 
take the whole to pieces, examine every particular circumſtance by itſelf, 
ceteris paribus, and then put them all together. Firſt then let us ſuppoſe 
the ſame globe to move with the ſame velocity, but ſometimes in a den- 
ſer fluid, and ſometimes in a rarer; then it is plain that the denſer the 
fluid is, the more particles of it the body will be likely to meet with 
in any given time, and conſequently the greater reſiſtance it will ſuffer 
| from them; therefore the reſiſtance of the body, cæteris paribus, will be 
as the denſity of the fluid. In the next place let us ſuppoſe different 
globes to move in the ſame fluid, and with the fame velocity; then 
ſince the reſiſtance of theſe globes ariſes only from their ſurfaces, or ra- 
ther from half their ſarfaces, and fince the ſurfaces of all globes are as 
the ſquares of their diameters, it follows that the reſiſtance theſe globes 
meet with will be as the ſquares of their diameters, Laſtly let us ſup- 
roſe the ſame globe to move in the fame fluid with different velocities ; 
then 1: is plain that a globe which moves with a double velocity will 
ſtrike twice as many particles of the fluid in any given time, as it would 
if it was to move with a ſingle velocity: but if the body ſtrikes twice as 
many particles, then twice as many particles will ſtrike it, whence ariſes 
the refiſtance ; therefore the reſiſtance of a body moving with a double 
velocity is upon this account double of what it would have been in the 


2 9 cuſe 


velocity equal to /: for M acting upon 29 will produce t 
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xaſe of a ſingle velocity: but this is not all; for it will not only ſtrike 
twice as many particles, but it will ſtrike every particle with twice the 
force in this caſe of what it would in the caſe of a ſingle velocity; and 
therefore, ſince action and reaction are always equal, and ſince it is the 

reaction of the medium that creates the reſiſtance, it follows that a bo- 
dy moving with a double velocity meets with four times the reſiſtance 
of what-it would meet with when moving with a ſingle velocity. In like 


manner a body that moves with a triple velocity will act three times as 


ſtrong upon three times the number of particles, and therefore will ſuf- 
fer nine times the reſiſtance of what it would ſuffer with a ſingle velo- 
city; therefore the ſame globe moving in the ſame medium with different 
velocities will meet with a reſiſtance proportionable to the ſquare of the 
velocity it moves with. Put now all theſe conſiderations together, and 
the reſiſtance of a globe moving uniformly in an uniform fluid (I mean 
that reſiſtance which aries from the globe's impinging againſt the par- 
ticles of the medium) will be as the denſity of the medium, as the ſquare 
of the diameter of the globe, and as the ſquare of the velocity.it moves 
with jointly. Thus if two globes whoſe diameters are D and d move 


with velocities which are to one another as to v in two fluids whoſe 


denſities are as E to e, the reſiſtance of the former will be to the re- 
fiſtance of the latter as Y* x D*x E is to v*xd*xe, 


Other examples, wherein direct and reciprocal ratios © 
og are mixt together. 


= 304. Ex. 6. If a body be put into motion by any farce direftly ap- 


Pied, whether this force be a fingle impulſe acting at once, or whether it 
be divided into ſeveral impulſes acting ſucceſſroely ; I ſay that the laſt ve- 
Jocity of this motion will be as the moving force directly, and as the quan- 
tity of matter in motion rectprocally. For if different forces be applied 
to the fame quantity of matter, the greater the force is, the greater will 
de the velocity, and vice verſa; therefore in this caſe the velocity will 


de as the vis motrix: but if we ſuppoſe the ſame force to be applied to 


different quantities of matter, then the greater the quantity of matter is, 
the leſs will be the velocity, and vice verſa, which I thus demonſtrate. 
Suppoſe the moving force M, when applied to a certain quantity of mat- 
ter as Q, will produce the velocity /; 1 fay then that the fame force 
M, applied to a quantity of matter equal to 2 Q, will only produce a 
he ſame ve- 

locity as : M acting upon 12 but: M acting upon & will produce a 
velocity equal to /, becauſe by the ſuppoſition M acting upon Q will 
Froduce the velocity Y; therefore M acting upon 22 will produce a ve- 
2 545 — | — locity 
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locity equal to /; and for the ſame reaſon, M acting upon 39 will 
produce a velocity equal to , &c ; therefore if the vis motrix be the 
ſame, the velocity of the motion produced will be reciprocally as the 
quantity of matter: therefore univerſally, the velocity will be as the vis 
motrix directly, and as the quantity 74 matter inverſely. As if M be 
changed into n, 2 into 9, and ſo into v, the ratio of Y to v will be 
equal to the exceſs of the ratio of M to m above the ratio of 2 tog. In 


numbers thus; Y will be to v as Tis to 23 ſee the firſt corollary in 
art. 302. Otherwiſe thus; the momentum or impetus with which a body 
moves, is the force with which it will ſtrike an object that lies in it's way 
to ſtop it; therefore, ſince action and reaction are equal, the force ne- 
ceſſary to deſtroy any motion muſt be equal to the momentum with which 
the body moves : but the force neceflary to deſtroy any motion is equal 
to the force that produced it, which we call the vis motrix; therefore in 
all motion whatever, the vis motrix muſt be equal to the momentum, and 


mult be as the quantity of matter in the body moved multiplied into the 


velocity of the motion, becauſe the momentum is ſo; ſee the laſt article, 


example the 3d: therefore M will always be as VX A, and as 2 


T. 
If M be as Q, then T will be a ſtanding quantity, and therefore the 


velocity Y in this caſe will always be the ſame. Thus if the weights of 
all bodies be proportionable to the quantities of matter they contain, they 
will be equally accelerated in equal times; and vice verſa, if all bo- 
dies, how different ſoever in their kinds and quantities of matter be e- 
qually accelerated in equal times, (as by undoubted experiments upon 
pendulums we find they are, ſetting aſide the reſiſtance of the air,) it fol- 
lows that the weights of bodies are proportionable to their quantities of 
matter only, without depending upon their forms, conſtitutions, or any 
thing elſe. 

Ex. 7. The velocity of a planet moving uniformly in a circle round 
the Sun is as it's diſtance from the center of the Sun directly, and as it's 
periodical time inverſely, For it two planets at different diſtances from 
the Sun perform their revolutions in the fame time, that planet muſt 
move with the greateſt velocity that has the greateſt circumference to de- 
ſcribe ; therefore in this caſe, where the periodical time is given or al- 


ways the ſame, the velocity of the planet muſt be as the circumferencs 


of the circle to be deſcribed : but the circumference of every circle is as 
it's diameter or ſemidiameter ; therefore if the periodical time be given, 

the velocity of a planet muſt be as it's diſtance from the Sun directly. 
Let us now ſuppoſe two planets revolving at the ſame diſtance from the 


Qqqz2 Sun, 
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Sun, but in different periodical times; then it is plain that the ſwifter 
lanet will perform it's revolution in leſs time, and vice verſa ; and there- 
fore if the diſtance be given, the velocity will be reciprocally as the pe- 
riodical time. Put both theſe caſes together, and the velocity of a planet 
moving uniformly round the Sun will be as it's diſtance from the center 
of the Sun directly, and as it's periodical time inverſely, Thus the Earth's 
_ diſtance from the Sun is to that of Jupiter as 10 to 52 nearly; and the 
Farth's periodical time is to that of Jupiter as 1 year to 12 years nearly, 
or as 1 to 12; therefore the Earth's velocity is to Jupiter's velocity as 
—is to 55 or as 120 to 52, or as 30 to 13. | 
This way of reaſoning is applicable to all bodies moving uniformly in 
circles, let the law of their motions be what it will. But if (as that 
accurate Aſtronomer Kepler has demonſtrated) the planetary motions be 
fo tempered that their periodical times are in a ſeſquiplicate ratio of their 
diſtances, or (which is the fame thing by art. 297) that the ſquares of 
their periodical times are as the cubes of their diſtances, we ſhall then 
have a more ſimple way of expreſſing the velocity of a planet thus: let 
be the velocity and D the diſtance of any planet from the Sun, and let 
T be the periodical time; then ſince, from what has been faid, Vis as 


WE - 


o We ſhall have Y* as = but according to Kepler's proportion, . is 


4 as - or as 55 therefore / is as 5 and V as 


I 
as Dz, and FD 3 


that is, in this caſe, the velocity of a planet is reciprocally in a ſubdupli- 
cate ratio of it's diſtance from the Sun. So the vclocity of a planet whoſe 
diſtance is D is to the velocity of a planet whoſe diſtance is d as Hd is to 


: l \/D 
D, or as is to . 


Ex. b. If a wheel turns uniformly about it's axis, tle time of one 
round will be as the diameter of the wheel directly, and as the abjelute 
velocity of every point in the circumference of the wheel inverjely. - For 
if the circumference of a great wheel moves with the ſame velocity as 
the circumference of a ſmall one, the periodical time of the former wheel 
will be as much greater in proportion than the periodical time of the lat- 
ter as the circumference of the former wheel is greater than the circum- 
ference of the latter, or as the diameter of the former is greater than the 
diameter of the latter; therefore if the veloci:y of the wheel's circum- 
ference be given, the periodical time will be as the diameter of the wheel 
directly: let us now ſuppoſe the velocity of the circumference of the 
ſame wheel to be in any caſe increaſed ; then will the periodical time be 
| | EXT dimi- 
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diminiſhed in a contrary proportion, and vice verſa ; therefore if the di- 
ameter of a. wheel be given, the periodical time will be reciprocally as 
the velocity of the circumference ; therefore if neither the diameter nor 
the velocity of the circumference be given, the periodical time will be 
as the diameter of the wheel directly, and as the abſolute velocity of 

every point in the circumference inverſely. In numbers the periodical 
time will be as 2 | 

Ex. 9. The relative gravity of any ſpecies of bodies is as the abſolute 
weight of any body of that ſpecies direftly, and as it's magnitude inverſe- 


ly ; where by the magnitude or bulk of a body is meant the quantity of 


ſpace it takes up, and not the quantity of matter it contains. 
All bodies of the ſame kind are ſuppoſed to weigh in proportion to 
their magnitudes ; and therefore if a body of any one kind be compared 


with a body of the fame magnitude of another kind, the proportion of 


their weights will always be the fame, let their common magnitude be 
what it will; and hence ariſes the compariſon in general of the weight of 
one ſpecies of bodies with the weight of another : if a cubic inch of 
gold be 19 times as heavy as a cubic inch of water, then a cubic foot 
of gold will be 19 times as heavy as a cubic foot of water, Cc; and ſo 
we pronounce in general that gold is 19 times as heavy as water, though 
we mean bulk for bulk. In this ſenſe therefore may any one ſpecies 
of bodies be faid to be heavier or lighter than another, in proportion as 
any one body of the former ſpecies is heavier or lighter than a body of 


the fame magnitude of the latter, which is the ſame in effect with the 


firſt part of my aſſertion. Let us now compare bodies of the ſame weight, 
bat of different magnitudes ; and then it will appear that the ſpecific gra- 
vities of theſe bodies, that is, of the ſeveral ſpecies to which they "_ 
will be reciprocally as the magnitudes of the bodies compared: thus if a 
cubic inch of gold be as heavy as 19 cubic inches of water, then the ſpeci- 
c gravity of gold will be to the ſpeciße gravity of water, not as 1 to 19, 


but as 19 to i; for if 1 cubic inch of gold be as heavy as 19 cubic inches 


of water, then 1 cubic inch of gold will be 19 times as heavy as 1 cubic 
inch of water; and therefore, from what has been faid in the former caſe, 
the ſpecikc gravity of gold will be to the ſpecific gravity of water as 19 to 
. Put both theſe caſes together, and the relative gravity of any ſpecies of 
bodies will be as the abſolute weight of any one body of that ſpecies di- 
realy, and as ic's magnitude inverſely, Thus if in numbers P and p be 
the weights of two globes whoſe diameters are D and d, the ſpecific gravities 


of the metals out of which theſe two globes were formed are as 55 to 4 
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| 404 8 Or THE COMPOSITION AND Book vii. 
Ex. 10. Fa body as A gravitates toward the center of a planet as B 
at the diſtance D; I ſay then that the weight of A will be as the quan- 
tity of matter in A direttly, and as the quantity of matter in B 1 7 | 
and as the ſquare of the diſtance D inverſely. For the weight of the 
whole body A towards B ariſes, cæteris paribus, from the weight of all 
it's parts; and therefore in ſuch a caſe will be as the quantity of matter 
in A. Again, the weight of A towards the whole planet B ariſes, ceteris 
paribus, from the weight of A to all the parts of B; and therefore in 
uch a caſe will be as the quantity of matter in B. Laſtly, if the quanti- 
ties of matter in A and B continue the fame, and the diſtance D be ſup. 
poſed to vary, the great Newton has demonſtrated that the weight of A 
towards B will be reciprocally as the ſquare of the diſtance D. There- 
fore. if neither the quantities of matter in A and B, nor the diſtance D 
be the ſame, the weight of A towards B will be as the quantity of mat- 
ter in A directly, and as the quantity of matter in B directly, and as the 
ſquare of the diſtance D inverſely. Thus if A and B be numbers repre- 
ſenting the quantities of matter in the bodies A and B * the 
weight of A towards B at the diſtance D will be as 724 that is, the 
weight of A towards B at the diſtance D will be to the weight of 4 
towards. 5 at the diſtance d as the fraction 75 is to the fraction 7. 
Hence the weight of A towards B will be equal to the weight of B 


. . 

ee A, ſince both will be repreſented by the ſame quantity = , 

Another way o, treating the examples in the two laft 
articles. 


305. If there be ever ſo many quantities, and -theſe all heterogeneous 

to one another, we are at liberty to repreſent them by «what numbers we 

: pleaſe, or even all by unity itſelf, provided we take care to repreſent 
all other quantities of like kinds by profortionable numbers. Thus I am 

at liberty to call any quantity of time I pleaſe 1, or any degree of ve- 

locity 1, or any quantity of ſpace 1; but then J muſt take care to call 

a double time, or a double velocity, or a double fpace by the number 

2, and fo on. This conſideration ſuggeſts to us another way of treating 

the examples in the two laſt articles, ſomewhat different from the for- 


mer; which, as it may be explained by a bare inſtance or two, I ſhall 
Live the learner as follows, 58 8 


In 
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In the, firſt example we were taught that the ſpace deſcribed by a bo- 


dy moving uniformly for any time, and with any velocity, is in num- 
bers as the time and velocity multiplied together ; which ai alſo be de- 


monſtrated thus: ſuppoſe that a body moving uniformly in ſome known 


time called 1, and with fome velocity called 1, ſhall deſcribe a ſpace 
which we will alſo call 1; then if in the time 1, and with the veloci 
1, there be deſcribed the ſpace 1, it is plain that in the time 7, and wil 
the velocity 1, there will be deſcribed the ſpace 7; but if in the time 
PF, and with the velocity 1, there be deferibed the fpace T, then in the 
time 7, and with the velocity there will be deſcribed the ſpace VT, 
and that, let the quantities Y and J be what they will; and therefore 
in all caſes, the ſpace will be as TXV. | 5 
Again, in the ſixth example it was ſhewn that if any moving force 
as M be directly applied to any body whoſe quantity of matter is Q, 


the velocity thereby produced will be as "I for a further demonſtra- 


tion whereof, let us ſuppoſe that ſome known force called 1, when ap- 
plied to ſome quantity of matter called 1, will produce the velocity 1 ; 
then will the force 2 applied to the ſame quantity of matter 1 produce 
the velocity 2; but if the force 2 when applied to the quantity of mat- 
ter 1 produces the velocity 2, then the ſame force 2 applied to a quan- 
tity of matter as 3 will produce a velocity equal to a third part of the 
former, to wit ;; and for the fame reaſon the force M applied to a 


M | 
quantity of matter as Q will produce the velocity PI, and therefore this 


velocity will always be as * 


It is not impoſſible but that ſome of m leſs judicious readers may be 


inclined to think I have ſpun out this ſubject to too great a length: but 


LI eaſily perſwade my ſelf that there are none who have thoroughly con- 


ſidered the very great uſefulneſs and importance of this doctrine, eſpeci- 
ally in Mechanical and Natural Philoſophy, but will readily acquit me 
of this charge; and the more ſo, becauſe none that I know of have di- 


geſted theſe matters into a ſyſtem, or have written fo diſtinctly upon them 


as the importance of the ſubject requires. 
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| Regquifites for applying Algebra to Geometry: and how 
numeral expreſſions of geometrical magnitudes are t0 


be underſtood. 


ITHER'FO I have contented myſelf with treating of 
Algebra as it relates to numbers only: I ſhall in the next 


place proceed to apply that art to Geometry, and ſhew 


that it is no leſs uſeful in the reſolution of geometrical 
than arithmetical problems. Therefore it is now abſolutely neceſſar 


that the learner before he enters upon this part, becomes tolerably ol 
acquainted with the common principles of Geometry, and eſpecially 
ſuch theorems as are uſually referred to in the reſolution of geometrical 
problems; ſuch as the Pythagoric theorem, which is the 47th propoſi- 
tion of the firſt book of Euclid's elements; the doctrine of fimilar trian- 
gles delivered in the ſixth book; the nature and properties of the circle, 
exhibited in the third book; the nature of proportion, and the ſeveral 
variations of proportionable quantities, enumerated and explained in the 
fifth book; and ſo on. It is true indeed that here in the matter of pro- 
33 I thought I foreſaw ſome ditkculties, or diſcouragements at 
9 


0 * . — d . 
which if not removed, a young beginner would ſcarce of himſelf 
be able to get over; but theſe I have taken care to obviate and clear up 
in the foregolng book in ſuch a manner, that it is now to be hoped the 


peo 
Kfth book of the Elements, as it is there delivered, will be found as eaſy 


and 
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and as intelligible as any other part of the Elements whatever, if not 
more ſo ; and therefore I ſhall now proceed to other matters. 

In reprefenting lines by numbers we are at liberty in any problem to 
repreſent what line we pleaſe by unity, provided that in that problem all- 
other lines be repreſented by proportionable numbers. Thus if an inch 
be repreſented by an unit, a foot muſt be repreſented by the number 12; 
if a foot be repreſented by an unit, a yard muſt be repreſented by the 
number 3, and fo on; but it is not neceſſary that this ſtandard - line re- 
preſented by unity ſhould always be expreſſed : thus when the three ſides 
of a triangle are repreſented by the numbers 3, 4 and 5, thoſe fides may 
be 3, 4 and 5 inches, 3, 4 and 5 feet, or 3, 4 and 5 yards, &c, provided 
that all other lines to which theſe are to be compared be proportionably 
repreſented. | 

As to ſurfaces, if any number as 10 repreſents an area, that area muſt 
be looked upon as equivalent to ten equal ſquares whoſe ſides are ſuch 
lines as are repreſented by unity. 9 
Laſtly, if any number as 10 repreſents the content of any ſolid, that 
ſolid content muſt be looked upon as equivalent to ten equal cubes whoſe 
ſides are units. Thus then if the number 1 repreſents a line of a foot long, 
the number 10, when it repreſents a line, will ſignify a line ten feet 
long; when it repreſents an area, it will ſignify ten ſquare feet, and when 

it repreſents a ſolid, it will ſignify ten cubic feet. | 


PROBLEM 1. 8 
307. It is required, having given a and b the two legs of ari ght-angled 
triangle, whereof a is the greater, to find it's hbypotenuſe, without the 
fortyſeventh of the firſt Element. | 5 


SOLUTION, (See Plate I. Fig. 2.) 


Out of eight triangles, all ſimilar and equal to the triangle propoſed, 
let four right-angled parallelograms be formed, and diſpoſed as in the 
ſcheme, to wit, AK, BL, CM and DV; then from the unifor- 
mity and conſtitution of the figure we ſhall have three ſquares, to wit, 
ABC D the greateſt, EFG A the middlemoſt, and K. L MN the leaſt. 
It is further evident that the greateſt ſquare exceeds the middlemoſt by 
four of the triangles above mentioned, and that the middlemoſt exceeds 
the leaſt by the other four triangles ; and conſequently that the middle- 
moſt ſquare is an arithmetic mean between the greateſt and the leaſt. 
But the ſide of the greateſt ſquare is AB AE +EB=a-+6; and 
the fide of the leaſt ſquare is KL=E L—E K=a—6b ; therefore the 
area of the greateſt ſquare is a* +2 46 ＋ &, and the area of the leaſt 

Rrr | {quare 
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uare is a*—2ab + , and an arithmetic mean between theſe two areas 
is a*+4* ; therefore the area of the middle ſquare is a ＋- : but the 
middle ſquare is the ſquare of the hypotenuſe of the triangle propoſed ; 
therefore F a and b be the legs of any right-angled triangle, the ſquare of 


the bypotenuſe will be a* + b*, and the hypotenuſe itſelf will be a. bi. 
ow that by this Spa the relation between the hypotenuſe and 
the legs of a right-angled triangle is inveſtigated: otherwiſe, the two legs 
being given, to find the hypotenuſe nothing more is required, than to 
draw a right line equal to one of the legs and perpendicular to the other 
at it's extremity, as HA perpendicular to AE, and to joyn HE. 


S MOTIV M. (Pg. 3. 


Though ſurds cannot be expreſſed in rational numbers, yet 5 the 
| help of the foregoing propoſition they may be as 7 expreſſed by 

lines as any rational numbers whatever can be. Let the line AB repre- 
fent unity, and perpendicular to it draw the line BK, upon which ſet off 
BCS AB, BD= AC, BE=AD, BF=AF, BG AF, and BH 
—AG: TI jay then that if AB exfreſſes unity, BC will expreſs 1 or / 1, 
BDy/2, BE Yz, BFA, B63, BH b, &c. For firſt, AB. i, 
BCG'=1, therefore AC = 2; but BD== AC by the conſtruction ; 
therefore BD*=AC*=—=2 ; therefore BD V. Secondly, AB i, 
BD*=2, therefore AD. or BE z; therefore BE=\/ 3. Thirdly, 
AB*=1, BE z, therefore AE. or BF*=—=4,; therefore B F=,/4 ; 
and ſo of the reſt. Since then the lines BD, BE, BF, &c may be as 
exactly taken as any other lines repreſenting any rational numbers what- 
ever, it follows that rational and irrational numbers are equally expreſſi- 
ble in Geometry. Could Euclid's poſtulata be perfectly and exactly ex- 
cecuted, the lines B D, BE, &c would expreſs their reſpective ſurds to a 
degree of perfect exactneſs, which is more than can be done by rational 
numbers: but as theſe. ſtulata cannot be exactly executed, there muſt 
be ſome errors in the drawing of the lines; and in ſuch a caſe it is no 
wonder if theſe ſurds may be more exactly repreſented in numbers than 
In lines, though even here it muſt be obſerved that there are no errors 
incident to the repreſentation of ſurds by lines, but what the repreſenta- 
tion of rational numbers by lines is equally liable to. 
 Nete, that the ſcale here deſcribed is that referred to in article 202, 
ſcholium 1. 


PROBLEM 2. 
308. To find the area of a triangle whoſe three fides are given in numbers. 


INVEST 1- 
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INVESTIGATION. 


iſt. The ſum and difference of any two numbers multiplied tc together 
will give the difference of their ſquares, and vice verſa; thus ay X a—y 


Sa-] and thus again c* — d* = dN -= d. See art. th, Ex. 4th. 

2dly. Let the triangle propoſed be ABC (Ng. 4, fs whereof let 
AB Sa, BC=6b, and CA==c; and let a+b-+c (or the ſum of all 

the ſides) =25; then if 24 be ſubtracted from both ſides, you will have 
—a+b+c=25—2a:: and for a like reaſon a—b+c==25—26, 
and a+b—c==25—2c. 

zdly. Draw the perpendicular A D, and the two right-angled trian- 
gles ADB and ADC furniſh the two following equations, AD* + DB* 
AB., and AD*+ DG = AC, 


athly. Make AD —=x, BD =y, and conſequently CD U, and 
the two equations in the laſt ſtep, according to this notation, wil ſtand 


thus: | K +8 & * da, 


and 5 x* + y*—2by+#=cc. Subtract the latter 


<__ from the former, and you will have 
| * * +2by—Hf=#—&; * 2by = 
Bb+bE—E, 
5thly. Since by the laſt ſtep 2 by=a* --, we have — 2 65 


=—&—Þ+&, and 2ab — 20% or 2b D —4 + 2ab—b --&; 
make a—b==4, and you will have a*—2ab+&#*==4*, and —a 1+ 246 


-d, and —aa+2ab—b . C d.; therefore 2 bxa—y 
c- d= (by the firſt) c—d x c+d=c—a+bxc+a—b= (by 


the ſecond) 25S—2ax25—2b= =4X5—axs—b ; therefore from firſt 
20 5 


to laſt, An. 4X5=ax5—0, Da boat 2 * G—J= 


5— 4 3 


6thly. Again, fince by the fourth ſtep, 26 y a -c, we have 


2ab+2by or 2bxa+y=&#+2ab+Þ—&; make 4 ＋- Bd, and 


you will have 4. ＋E 24b +&*==4*, and 4 ＋ 206+ . d.. 


cd = = xaFb+o=25—20x25=4X5—CcXx5; 


therefore from firſt to laſt, we have 2 bxa+y==4x5—cxs, and 2* 


SY = c xs. 5 
RK ce 72 | 7thly 
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dicular. Thus in the foregoing example, if the fide 14 be made t 
divide 84 the area by 7 half the baſe, and the ene 12 will be the 
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7thly. Multiply the equations found in the two laſt ſteps together, 


„ 


VIZ, 8 5, and x x5, and you will 


have (by the firſt) Ae ETD 


gthly. But by the fourth ſtep 4 =ax* + a and a e there- 
x- 


fore ä — — Xs. 


4 
gthly. Extract the ſquare root of both ſides and you will have — 5 


or ADx:BC, or the area ſought, equal to the ſquare root of the Yr 


6 xs, In words thus: 

From half the ſum of the fides ſubtract the ee rg ſeverally, and mark 
down the remainders; then if theſe three remai and that hal If fum fg 
multiplied together = a continual auliplcatio, the ſquare root of tHe 
duct will be ale area ſought. 

Note. If the perpendicular falls without the triangle, (as in Fig. 5,) 


the inveſtigation of this theorem will ſtill be the ſame, only now the 2 
of © wa be changed. 


1 F 


t. 


Let Fe three ſides of the triangle whoſe area is ſought be 1 3, 14 and 


15, and the ſum of theſe ſides will be 42, and half their ſum 21; from 


this half ſum 21 ſubtract the three ſides 13, 14 and 15 ſeverally, and 
the remainders will be 8, 7 and 6 reſpectively; multiply now theſe four 


numbers 21, 8, 7 and 6 together by a continual multiplication, and you 


will have 218 2 168, 168 x7==1176, and 1176x6==7056, whoſe 
{quare root 1s 84 ; therefore 8 4 1s the area ſought. 


Hence may a perpendicular let fall from any angle be found. For fince 
the perpendicular multiplied into haif the baſe gives the area, if on the con- 
trary, the area be divided by half the baſe, the quotient will he the be rpen- 


e baſe, 


perpendicular, 
EXAMPLE 2. 


Let the three ſides be 13, 4 and 15; then we ſhall have — — 


=I, 1615 i, 16—13=3, and 16—4=12, and I*}X12X 
16 576, whoſe ſquare root 24 is the area ſought. 


E xX A M- 
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EXAMPLE 3. 


Let the three fides be 7, 8 and 15; then we ſhall have 72> 


==I5, 15—1 F, I5—8=7, and 15 — 7 8, and 0x7x8x15==0, 
wick Cs root 1s 7 ace the n + this triangle A o: hs rea- 
ſon whereof is an abſurdity in the ſuppoſition ; for we ſuppoſed a trian- 
gle whoſe two fides 7 and 8 were equal to the third fide 15, whereas in 
every triangle any two ſides taken together ought to be greater than the 
third. Had we propoſed a triangle whereof two ſides were leſs than the 
third, the ſuppoſition would have been ſtill more abſurd; and in this 
caſe the area would have been the ſquare root of a negative quantity, 
which is impoſſible : therefore the problem needed no limitation, ſince 
the canon limits itſelf. L 1155 


CO ROLL AR x. 


If 1 be the ſide of an equilateral triangle, half the ſum of the ſides 
will be 1, and each remainder will be :; but 3x:ixixi==3; and there- 


V3 


fore the area of the triangle will be E and it's perpendicular altitude 


EP therefore The baſe of an equilateral triangle is to it's perpendicular 
altitude as 1 to , as 2 to V, or nearly as 2000 fo 1732, or as 15 
to 13 nearly. | 3 

A LEMMATICAL PROBLEM. 


zog. To find in rational numbers two right-angled' triangles, having ane 


leg the ſame in both. 
SoLUTION, 


By art. 12 find any two right-angled triangles expreſſed in rational 


numbers: then if the three ſides of each triangle be multiplied into ei- 
ther leg of the other, you will have two right-angled triangles ſimilar to 


the former, which will have one leg the fame in both. 

Let the ſides of the two right-angled triangles found by art. 12 be a, 
b, c, and d, e, f, whereof c and f are hypotenuſes : then if the ſides a, 5 
and c of the firſt triangle be multiplied by d, one of the legs of the lat- 
ter; and if the ſides d, e and f of the latter triangle be multiplied by a, 
one of the legs of the former ; there will ariſe other two triangles, viz. 
ad, bd, cd, and ad, ae, af. Now that theſe are right-angled triangles, and 
ſimilar to the former, is evident from art. 224; and that there is one leg 
the ſame in both, to wit 4d, is evident from the operation. 


*. 


If 
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If the two legs that are made multiplicators, as in the preſent caſe 4 
and d, be not the leaſt in their proportion, let @ be to d as r to s, and 
let V and s be the leaſt in the proportion of @ to d: then if inſtead of 
multiplying the firſt triangle by d, and the ſecond by a, the firſt had been 
multiplied by g, and the ſecond by r, we ſhould have had theſe two tri- 
angles, more ſimple than the former, to wit, as, bs, cs; dr, er, fr, 
wherein the leg as of one would have been equal to the leg ar of the o—-— 
ther: for ſince à is to d as 7 to s, as and ar are the products of the ex- 
tremes and means. . | 5 
1 E x AMP L E. 

Let the triangles found by art. 12 be 3, 4 and 5, and 5, 12 and 13; 
then if 4 and 12 be multiplicators, ſince 4 is to 12 as 1 to 3, multiply 
the firſt triangle by 3, and the ſecond by 1, and you will have the tri- 
angles 9, 12 and 15, and 5, 12 and 13, having one leg 12 the fame in both. 

8 PROBLEM 3. 
310. To find as many oblique-angled triangles as wwe pleaſe whoſe fides and 
areas are all expreſſible by rational numbers. 

|  Vo2vTr tion (Rog; 's) 

Find by the laſt article two right-angled triangles ADB and ADC 
having one leg AD in common: then if by means of this common le 
the triangle ADB be added to the triangle ADC, as in the former 
ſcheme (Fig. 4,) or ſubtracted from it, as in the latter (Fig. 5,) we 
ſhall have in both caſes a triangle as A BC whoſe ſides and area are all 
expreſſed in rational numbers. For firſt, the ſides AB and AC will be 
the hypotenuſes of the conſtituent right-angled triangles; and ſecondly, 
the baſe BC will be either the ſum or difference of the baſes of thoſe 
triangles ; and laſtly the area, which is half the product of BC multi- 
plied into A D, mult be expreſſed in rational numbers, becauſe the fac- 
tors BC and AD are ſo. 

EXAMPLE, Ls 

Let the right-angled triangles found by the laſt article be 12, 5 and 
13, and 12, 9 and 15, whoſe hypotenuſes are 13 and 15: then, fince 
the ſum of the baſes ꝙ and 5 is 14, and their difference 4, we ſhall have 
two oblique-angled triangles, whoſe ſides and areas are all in rational 
numbers; to wit, the acute-angled triangle 13, 14 and 15, and the ob- 
tuſe-angled triangle 13, 4 and 15, as in the two firſt examples in the 
laſt article but one. | 

PROBLEM 4. 


311. Having given the three fides of any triangle in numbers, to find the 
_ - ſemidiameter of an inſcribed circk, | 
L 9O0LU- 


Art. 311. GEOMETRICAL PROBLEMS, | 503 
SOLUTION, (Ng. 6.) 


Let ABC be the triangle whoſe three ſides are given, and let DEF 
be the inſcribed circle touching the three ſides A B, BC, CA in the three 


ints D, E, F reſpectively. From G the center of the circle draw the 
E GA, GB, GC, GD, GE, G F, and the three laſt lines G D, GE, 


G F will be perpendiculars to the three tangent ſides, by the 1 8th pro- 
poſition of the third book of the Elements. By this means the triangle 
ABC is divided into the leſſer triangles GAB, GBC, GCA, having 
equal perpendicular altitudes GD, G E, GF: the area of the triangle 
GAB will be ABK GD; the area of the triangle GBC will be : BC 
„GE or GD; and the area of the triangle G CA will be :CAxG F or 


GD; and all theſe areas put together will be 2?AB+:BC+:CAxGD; 
or if we put s for the ſum of all the three ſides of the great triangle 
ABC, the areas of the three leſſer ones added into one ſum will be 
GDx#s; but theſe areas put together conſtitute the area of the great 
triangle ABC: Find therefore by art. 308 the area of the triangle ABC, 


and call it q, and you will have GD x S, and GD = 2, if . 
fore tevice the area of any triangle be divided by the ſum of the ſides, tbe 


quotient will be the ſemidiameter of an inſcribed circle, Q, E. I. 
= CGG ANT 1. | 


Since twice the area of any triangle may be found by multiplying the 


baſe into the perpendicular altitude, it follows, that as the ſum of all the 

three fides is to the baſe alone, jo is the perpendicular altitude to the radius 

of an inſcribed circle. | | | 
f 


Hence in an equilateral triangle, the radius of an inſcribed circle is an, 


third of the perpendicular altitude, And if the fide be called a, and 


conſequently the perpendicular altitude 14 * /3 by the corollary in art. 
308, we hall have, in an equilateral triangle, G D=1ax v3 , and 


I 


] . aa | 
G = — 4a, and D therefore F the ſquare of 
the fide of an equilateral triangle be divided by 12, the ſquare root of the 


quotient will be the radius of an inſcribed circle. 
COROLLARY z. 


From the demonſtration of this fourth problem it plainly appears, that 
The area of any polygon circumſcribed about a circle 1s equal to the radius 


multi- 


— 


e e ee 3 
- 2 yo — — - p - — - = * 
. i _— 
Io - 


4A 
VE = 


* g 7 . 
8 — — — 
— 5 — 
by — — — — 
—— — 
1 — — . 
>> — co I = 


— 

— — 

25 — 
— 


— 24 


—— — —— 
—— 


— — R— — — 


$ äö32e?1e᷑! — — —— — 


| 
1 
PL 
LY 
U 
* 
, [ 
"TH 
* 
* 
v © 
” 
rg 
#2 
1% "my 
»' 5 
+a 
'2f 
ij * 
** * k 
' 
" af 
11 
e 
9 
1 4 
b 
_ 
2 i 
I 
13 n 
1 
14 
HSE 
i: 
„ 1 
14 
i 
i 
. = 
"a 
* 
| 15 
15 * 
$3.4 00 
LW. 
} 
{0 
48:0 | 
Y 2] 
* £1 
WM 
1 
$3 3 
1 1 i 
34.8 50 
. + 
$4 
4 
me Jt 
£318 
fo * i 
1 i, 
IE 
K. 1. 
1 
FRET 
NF 
1 
a 4 
pd 2 
75 3 17 
.. 
486294 
be 1 
- $59 
4 
1 
NN 
"0041 
* 3 
1 
7 
1. 
" * 
Ul. | 
i; 
2 +30 
8 
75 1 
"42 
* q 
WW 
well | 
46.18 
I 
1 
18 { 
A wt ! 
9 14 
1 
1 
; . 
e 
4 4 
: 
* 1 
1 | 
„ 
1 1 
N tf 
_—_ 
49 
* 11 
ATT 
N 
1 
vt. 
NU! j 
© gt! 
. 
n 
i 
$91."'Þ 
Ty 
FP (Hi c 
4 i 
wt 
1 4 
! + 
„ 
* 
E ls / 
7-34; 160 
e 
BLN 
F, : 
1 b- 
14 
F 
Tos 1 
+[Y 
HL [1 
. 
LM 
. 
1 
a7 
ty 
:4 : 
2 
19... 
333 81 
LN 
"875145 oY 
911 
1) 
114 


1 
i! 

| 
q 
| 
| 
i 


$04. GroOMETRICAL PROBLEMS, Book viii. 


multiplied into half the perimeter of the polygon ; and conſequently that the 
area of ſuch a polygon is equal to that of a triangle, whoſe baſe is the 2 
meter of the Feen. and whoſe perpendicular alti tude i is the 2. of t 


Seribes « circle 
CoRoLLaARY 4. 


Since the properties deſcribed ! in che laſt corollary do not at all 1 
on the number of ſides of the polygon, it follows that theſe properties 
muſt ſubſiſt even when the number of ſides is infinite: but a polygon of 
an infinite number of ſides circumſcribed about a circle differs nothing 
from the circle itſelf; therefore Every circle is equal to a triangle whoſe 
baſe is a right line equal to the circumference, and whoſe perpendicular al- 
titude is the radius : and the area of every circle i is bad by nnn the 
radius into half the circumference. 


COROLLARY 5, 


IF an Literal polygon be incribed in a circle, ſuch a polygon will be 
equal to a triangle whoſe baſe is half it's perimeter, and whoſe perpendicu- 
lar altitude ts equal to a line drawn from the center of the circle perpendicu- 
lar to any one — of the polygon: for they are all equal, the polygon being 
— equilateral 
PROBLEM 5. 


312. Having given the three * of any triangle i in numbers, 70 find the 


diameter of a circumſcribing circle. 
SOLUTION. (Fig, 7.) 


Let the inſcribed triangle be ABC, whoſe ſides are all given in num- 
bers, and let AD be the diameter of the circumſcribing circle ; join BD, 
and let AE be perpendicular to BC ; and you will have two fimilar tri= , 
angles, AEC and ABD ; tor the angle AEC is a right one by conſtruc- 


tion, and the angle AB Di is a right one as being in a ſemicircle, and 


moreover the angles C and D are equal, as inſiſting upon the fame arc 
AB ; therefore as AE is to AC in one triangle, ſo is AB to AD. in the 
other; ; therefore by multiplying extremes and means we have AE x AD 


A BAC 
= ABx AC, and AD=: 2 ; multiply both numerator and de- 


nominator of this laſt fraction by BC, and you will have AD 
ABXACxBC 0 4 en 7 
D ut AB̊ ACX BC is the product of all the three ſides 


of the triangle multiplied together by a continual multiplication; and 
AEC 


Art. 312, 313, 314. GEOMETRICAL PROBLEMS, 50 5 
AE x BC is twice the area of the triangle; therefore F the product of 


all the three ſides of any triangle multiplied together by a e multipli- 


cation be divided by twice the area, the quotient wrll be the gene of a 
errcumſeribing circle. Q. E. I. 


COROLLARY, 


If a be the fide of an equilateral triangle, the product ot a a 


multiplication of all the ſides will be , and twice the area of the trian- 


gle will be ox by the Os) in art. 308; therefore the product 
divided by this double area will be * ; therefore the diameter of a cir- 


cumſcribing circle will be Fo and the radius = Y. whoſe ſquare is 7 
therefore F the ſquare of the fide of an equilateral triangle be divided by 3, 


the ſquare root of the quotient will be the radius of a circle creunfers bed 


about it. 


Whence the radius of a circle circumſcribed about an Alert triangle 
will be double the radius of a circle inſeribed: for the ſquare of the radius 
of the former circle will be to the _— of the radius of the latter as 
—is to 72 2 by the 2d corollary in art. 311, that 1 is, as 4 to 1; there- 


ore the radi themſelves will be as 2 to 1. 
A LEMM A. 


V in a triangle a line be drawn from any angle to the oppoſite baſe, 

t 401 ill divide all lines 5 3 N to the baſe in the ſame proportion as it di- 
vides the baſe itſelf. (Fig. 

From the angle 4 of Xa triangle ABC draw the line AD cutting 

the baſe BC in D, and the line E G parallel to the baſe in F: I ſay then 

that EF will be to FG as BD to DC. For by ſimilar triangles, EF 


will be to BD as AF to AD; but AF is to AD as FG is to DC; 


therefore by the 11th of the fifth book of Euclid, EFis to BD as F G 
to DC, and permutando, EF is to FG as BD is to DC. 9. E. D. 


PROBLEM 6. 


314. To find the center of gravity of any given et; that is, to find 


ſuch a point in the plane of a given triangle as being ſuſtained upon the 
point of a pin, or otherwiſe, the whole figure ſhall be in æquilibrio. 
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SoLUuTION. (Ng. 9.) 


Loebt the triangle be ABC, and from any angle as A draw the line AD 

8 biſecting the oppofite fide in D; then if from the point A towards D be ſet + 
of AE equal to two thirds of the line AD, the point E will be the center 
of gravity required. 3 8 IE: 

For firſt, as the line AD biſects the baſe BC, it will biſect all other 
lines parallel to it, by the lemma foregoing : therefore if we imagine 
this whole figure to be made up of an infinite number of infinitely ſimall 

yſical lines or wires, all parallel to the baſe BC, whereof the greateſt 
is the baſe BC, and all the reſt ſhorten by degrees till they vaniſh at A; 
if, I fay, we imagine this figure to be fo conſtituted, the line AD will 
paſs through the middle of all theſe wires, and therefore all the elemen- 
tary wires will be in æquilibria with reſpect to the line AD; therefore 
the center of gravity of the figure muſt be ſomewhere in that line AD. 
In like manner, if from the angle B the line BF be drawn, biſecting 
the oppoſite fide AC in F, the center of gravity muſt be ſomewhere in 
the line BF; therefore if the point E be the interfſeQtion of the two lines 
AD and BF, the center of gravity muſt be in the point E; for other- 
wiſe it could not be in both thoſe lines. Join FD; and becauſe the 
line FD cuts the fides AC and BC proportionably, it muſt be parallel 

to AB; and ſo the triangles FC D and AC B will be ſimilar, as alſo the 
triangles EDF and EAB; therefore AE is to ED as AB is to FD, 
or as BC to CD, or as 2 to 1: fince then AE is to ED as 2 to 1, it 
follows by compoſition of proportion that AD is to ED as 3 to 1 ; 
therefore E D is one third, and AE two. thirds of the whole line 4D. 
ä 


SeHOL TUM. 


By the help of this propoſition may the centers of gravity of all other 
right-lined figures be found; and by a way of reaſoning not unlike to 
F this, may alſo be found the center of 1 que of any triangular pyramid, 

1 and conſequently of any other pyramid or cone whatſoever. But I am 
| i | too much out of my way already. | | 


PEORLEM 7. (Fig. 4, $-/ 


315. It 1s required, having given the baſ BC of any triangle, together 
with the adjacent angles B and C, ts find it's perpendicular altitude, 

N. B. This problem is eaſily reſolved geometrically, if from B and 

C the two ends of the given baſe be drawn the lines BA and CA in the 

angles given, by the 23d propoſition of the firſt Element; for then 
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Art, 315, 316. GEOMETRY CAL 7 * O B L E MS. 505 
ABC will be the triangle propoſed, and AD will be the perpendicular 
ſought. But I ſhall give the arithmetical ſolution of this problem, after 
having firſt advertiſed the reader, that an angle as ABD is ſaid to be 


given, when (if a point as A be aſſumed in one of the legs, and a line 


as A D be drawn perpendicular to the other) the proportion of AB to 


BD, or of AB to AD, or of AD to DB is given; for any of theſe 


* 


proportions being given, the angle B will be found in degrees and mi- 


nutes by the help of trigonometrical tables; and vice verſa, if the angle 
B be given in degrees and minutes, any of the foregoing proportions 
will eaſily be had from the fame tables. 


SOLUTION. 


Can the given baſe BC, 5; let AD be to DB as f to p, and more- 


over let AD be to DC as 7 to 9; then if the unknown altitude AD 


be called x, the ſegment BD will be 2 and the ſegment CD 2 and - 


r 


( Fig. 40 the ſum of the ſegments will be — : but the ſegments 


BD and CD both together make the whole baſe BC; therefore 


br 

1 he W 4.0; & ; | 

Since AD is to BD as r to p, it follows that if r continues the fame, 
the nearer the point D approaches to the point B, ceteris paribus, the 
leſs will be the quantity p; if D- coincides. with B, as is the caſe when 
the angle ABCis a right one, we ſhall have p== o; therefore when D 
lies on the other fide of B in the line CB produced, (as in fig. 5,) that 
is, when the angle A BC it obtuſe, the quantity p will then be negative, 


br 
e 
PROBLEM 8. (Fig. 10. 8 


316. Let AC DB, AEF B and AG HB be three given right-angled 
parallelograms, all ſituate upon the ſame baſe A B, and all the ſame 
way, ſuppofing the rectangle AGHB to be the greateſt, and the ret#- 

angle ACD to be the leaſt : It is reqnired to draw the line KLMN 
parallel to AG or BH, and cutting the lines GH in K, EF in L 

Cb in M, and AB in N; ſ% that the ſum of the rectangles AK and 
BM may be equal to the middle rectangle A F. 


[EXE ud whence AD or x = 


and we ſhall have the perpendicular AD = 
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Call AB p, A0 g, AE r, and AC s; call alſo the unknown part 
AN x, and conſequently B Ny x, and the rectangle AK or AGx AN 
will be qx, and the rectangle BM or BDx BN or ACx BN will be 
55, and laſtly the rectangle AF or ABx AE will be pr; and we 
ſhall have the following equation, to wit, qx +ps — 5x pr; whence 


, whence we have the following 


2 pr - ps, and x = ., 5 
proportion; as q—5 is to r—s fo is p to &: but 4 - is AG— AC. 
or CG, and - is AE - AC or CE, and p is AB, and * is AN; 
therefore as CG is to CE fois AB to AN: thus is the point N, and 
conſequently the poſition of the line KLM N determined. But for a 
more elegant conſtruction of this problem; fince CG is to CE as AB 
to AN, it follows dividendo, that CG — CE or EG is to CE as AB 
— AN or BN is to AN, and inverſely, that CE is to EG as AN to 
NB; therefore the line AB is divided in N or EF in L in the fame 
proportion as CG is divided in E: whence it follows, that if the line CH 
be drawn, it will cut the line EF in L; for the fimilar triangles E LC 
and FL H will give EL to LF as CE to FH, that is, as CE to EG. 
n thus: draw the line C H cutting EF in O, and the triangles 
CGH, CEO will be ſimilar, and CG will be to CE as GH to EO; 
but CG is to CE as AB to AN, that is, as GH to EL; therefore E L 
is equal to EO; therefore the line K N drawn through the point L or 
O, parallel to AG will determine the point N in the line AB; and AR 
and BM will be the rectangles fought. 2 

Nou if we caſt about for a ſynthetical demonſtration of this con- 
ſtruction, we ſhall eaſily find it. For in the rectangle CG D the two 
complements E K and D are equal, by the 43d propoſition of the firſt 
book of the Elemen's; and if to theſe equal complements we add the 
two rectangles AL and BM, we ſhall have the three rectangles AL, 
EK and BM equal to the three rectangles AL, BM and DL: but 
the two rectangles AL and EK make AK on one fide, and the two 
rectangles BM and DL make BL on the other fide ; therefore the ſum 
of the two rectangles A K and BM is equal to the ſum of the two rect- 
angles AL and BL, that is, to the rectangle AF. 9, E. D. 

N. B. By the ſolution of this problem it is eaſy to ſee, that we may 
often trace out analytically the conſtruction of a problem, and then b 
this conſtruction be directed to a ſynthetical demonſtration of the fame, 


which without the conſtruction firſt obtained, would ſcarce have been 
thought o. 


PR 0- 
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PROBLEM 9. 


317. In a triangle whoſe baſe and perpendicular are given, to inſcribe a 
right-angled parallelogram whoſe baſe ſhall be part of, or coincident 
with the baſe of the triangle, and whoſe two contiguous fides ſhall be to 


each other in a given ratio, , 
As in the triangle ABC (Fig. 11,) whoſe baſe BC and perpendicular 
AD are given, let it be required to find a point as J in the line AD 
through which a line as EF being drawn parallel to the baſe of the tri- 
angle, and terminated by it's legs, and the right-angled parallelogram 
E FOH being compleated, the fide EF oy be to the tide FG in a 

given ratio, But here it muſt be obſerved, that as every triangle has at 
leaſt two acute angles, that the parallelogram EFG H may fall wholly. 
within the triangle, the angles B and C muſt both be acute, or rather, 
neither of them muſt be obtuſe. 


SOLUTION. 


Call AD þ, BC 9, and let the given ratio of E F to FG be that of - 
to 5; where p, q, 7 and g. are ſuppoſed to be given lines, whether com- 
menſurable or incommenſurable it matters not: call alſo AT x, and con- 
ſequently D y- &; and by fimilar triangles we ſhall have the follow- 
ing proportions, to wit, AD to AT as BD to EI, and alſo as DC to 
IT, and conſequently as BC to EF: fince then AD or p is to AT or x 
as BC or g to EF, we ſhall have E F= 1 or a fourth proportional 
line to the three lines P, x and 9: but EF is to be to FG as r to a 


therefore we have the following proportion, to wit, is to p—x as 7 
to g. Now what we have often obſerved before in numbers is equally 
true in lines, to wit, that if four lines be proportionable, a right-angled 
parallelogram, whoſe two contiguous ſides are the two extremes, will be 
equal to another right-angled parallelogram, whoſe two contiguous ſides 
are the two middle terms; or as we uſually expreſs it in ſhort, the 
rectangle of the extremes is equal to the rectangle of the means or mid- 
dle terms: this is the 16th propoſition of the ſixth book of the Elements: 
And it may not be. amiſs to obſerve, that by the rectangle of two lines 
in Geometry muſt always be underſtood a right-angled parallelogram 
whoſe baſe is one of the lines, and height the other ; and when we 
ſpeak of the line 4 multiplied into the line B, we mean no more than 
the area of ſuch a rectangle whoſe contiguous ſides are A and B. Since 


then 


= | 
then * is to p—x as r to s, we ſhall have 
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= r—rx, and gx 


b 4 | ; ; 
=ppr pr x, and prx-+gsx=ppr, and 2 Now had the 
quantities p, 9, 7, 5 been given in numbers, the quantity x might have 
been determined without any further proceſs by computing the quantity 
dit as the quantities 5, 9, E. 5 are l d ines in- 
pr Eg: but as the quantities p, 9, , s are lines, and perhaps lines in 


commenſurable, this problem is purely geometrical, and muſt be ſolved 
like all others that are ſo, to wit, by a meer drawing of lines without 
any computation, which is not allowed in matters purely geometrical. 
As the caſe now ſtands, pr ＋ 9 is to pp as 7 is to x, that is, x is a fourth 
roportional to two planes and a line; for the rectangles pr and gs are 
what we call planes, or plain ſarfaces ; whence their ſum pr Js will 
be a plane, as is alſo the ſquare pp: therefore to reduce the proportion 
_ of theſe planes, ſo that x may be found at laſt a fourth proportional to 
three lines, one of the rectangles pr or 96, ſuppoſe qs, muſt be ſo tranſ- 
formed as to have one of it's ſides the fame with one of the ſides of the 
other rectangle pr, which may be done thus: make 7 to s asqis to , 
that is, find the line t a fourth proportional to the three given lines r, 5 
and 9, which may be done by a meer drawing of lines, without any 
computation, by the 12th propoſition of the ſixth book of the Elements; 
and then, ſince V is to s as q is to t, we ſhall have ts: ſubſtitute 
now 77 inſtead of qs in the expreſſion of x, that is, in the expreſſion 


75 = 75 and you will have x 1 or dropping r, you will have 
e 


E , that is, you will have pt to p as p is to æ; therefore x 


is a third proportional to the two lines p: and p, and may be found 
by the 11th propoſition of the ſixth book of Euclid. This laſt ſtep fur- 


niſhes the following conſtruction. ; 


* 


Produce AD from D to K below the triangle, fo that BC may be to 


D in the given ratio of r to s: then if you make as AK 0 AD þ AD 
to AI, that is, if you take AK, AD and Al continual proportionale, you 
will have 1 the point through which one fide EF of the parallelogram EFGH 
7s to paſs : and this fide EF being once determined, the other fides FG and 
EH will eafily be determined by drawing perpendiculars to BC. Q. E. I. 

. Otherwiſe without Algebra thus: having produced the line 40 
to K, ſo that BC may be to DK as r to , as above; through K draw 
LM parallel to BC, and meeting the ſides AB and AC produced in IL. 
and M reſpectively; let fall CN and BO perpendiculars to LM, and you 


will 
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will have a right-angled parallelogram BC NO ſimilar to the parallelo- 
gram ought, ſince BC is to CN as r to s: but the triangles ALM 
and ABC, wherein theſe ſimilar parallelograms are inſcribed, are alſo 
ſimilar ; therefore the parallelograms EFG H and BCNO are ſimilar 
porn of ſimilar triangles ; therefore all ſimilar lines in theſe figures will 
e proportionable ; therefore AK. the altitude of the triangle ALM, 
will be to AD it's exceſs above the altitude of the parallelogram inſcri- 1 
bed in that triangle, as AD the altitude of the triangle A BC, is to A1 
it's exceſs above the altitude of the parallelogram ſimilarly inſeribed in 3 | 
that triangle; therefore AK, AD, AI are continual proportionals, 
1 ee | 
* A ſynthetical demonſtration of the foregoing conſtruction may he that 
which follows. We are to demonſtrate that if the lines AK, AD, AI 
be taken in continual proportion, the parallelogram E FG H will be ſuch 
that EF will be to FG as r to s; which may be done thus: 
Since by hypotheſis AK is to AD as AD is to A, it follows by 
converſion of proportion that AK is to KD as AD is to DI, and by 
permutation that AK is to AD as KD to DI; but AK is to AD as 
4 to AT by the ſuppoſition, or as BC to EF; therefore BC is to EF 
as KD to DI; and again by permutation BC'is to KD as E Fto ID; 
but BC is to KD as r to s by the conſtruction ; therefore EF is to 10 
or FG asr tos. 2, E. D. 9 
N. B. If the parallelogram EFG H is intended to be a ſquare, EF 
muſt then be equal to FG, and conſequently r to s, and BC to DK. 


8 HOL ITV M. 


For the better underſtanding of the foregoing, and many other geo- 
metrical problems, it muſt be obſerved, that I Geometry three diſtinct 
forts of magnitudes are confidered, to wit, lines, which have length oy, and 
are ſaid to have but. one dimenſion ; ſurfaces, which have length and breadth 
only, and therefore are jaid to have two dimenſions ; and ſolidè, which have 
length, breadth and thickneſs, and jo are ſaid to have three dimenſions. Thus 
the ends of lines are points, the edges of ſurfaces are lines, and the outſides 
of ſolids are ſurfaces. Re ES 
Should we abate ever fo little of the rigour of theſe definitions, theſe 
different ſorts of magnitudes, how diſtinct foever they may otherwiſe 
ſeem to be, would immediately be confounded one with another: ſhould : 
we allow ever fo little length to our points, or breadth to our lines, or 
thickneſs to our ſurfaces, wherein would a point differ from a ſhort line, . 
or a line from a narrow ſurface, or a ſurface from a thin ſolid ? But by. 
being conſidered as above, they are not only kept diſtinct one from ano- 
ther, but even rendered heterogeneous one to another, ſo as to be inca- 


pable 
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_ . pable of any compariſon one with another by way of proportion. A line 
-may be compared with a line, or a ſurface with a ſurface, or a ſolid 
with a ſolid; but a line muſt by no means be compared with a ſurface 
or with a folid, any more than a ſurface with a ſolid ; becauſe 0s vl 
tion is an affection of homogeneous quantities only, as is evident from 
the zd and 4th definitions of the fifth book of Euclid: ſo that to aſk 
what proportion a foot in length bears to a ſquare foot, or a ſquare foot 
to a cubic foot would be altogether as abſurd as to aſk what proportion 
a foot in length bears to an hour in time, or an hour in time to a pound 
an weight. Therefore whenever four quantities are proportionable, they 
muſt either be all homogeneous quantities, or at leaſt the two laſt terms, 
though heterogeneous to the two former, muſt however be homogene- 
ous one to the other : if the third term be a line, the fourth muſt be a 
Jine; if the third be a ſurface, the fourth muſt be a ſurface; if the third 
be a ſolid, the fourth muſt be a ſolid, and fo on. 85 
lt muſt be further obſerved, that if theſe letters A, B, C, D, E, F, G 
repreſent ſo many diſtinct lines, any two of them, as AB, ſtanding to- 
gether like two factors gn a a product in Arithmetic, are in Geo- 
- metry uſed to repreſent the area of a right-angled parallelogram whoſe 
two ſides are A and B, as was hinted above, and ſo conſtitute what is 
called a plane: any three of them, as ABC, repreſent the ſolid con- 
tent of a parallelepiped whoſe three dimenſions are A, B and C, and fo 
conſtitute what is called a ſolid. But if any one of theſe letters as A, 
expreſſes not a line, but a number, then A BC repreſents not a quanti- 
ty of three, but of two dimenſions ; for it ſignifies the area BC multi- 
plied by the number A, or taken as often as the number A expreſſes. 
But theſe geometrical quantities, are ſometimes alſo repreſented fraction- 
wiſe; and in ſuch caſes the quantity repreſented muſt be eſteemed a line, 
plane, or ſolid, according as the numerator contains one, two, or three 


dimenſions more than the denominator. Thus 152 ſignifies a line; for 


properly ſpeaking, in Geometry £2 ſignifies a fourth proportional to 
the three lines C, B and A: fince then the line C is to the line B as the 


— — —_— 


muſt be ſo too, otherwiſe the fourth term would not be homogeneous 


to the third, as (from what has been faid) it ought to be. Again, the 
| AB SY 


quantity 5 ſignifies a line; for as the plane DE is to the plane BC, 
£2 ſo 


: ; A 0 f f | : 
line A is to = and fince the third term A is a line, the fourth 2 
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BC 
ſo is the line A to the line 555 Laſtly, LT F 4 ſignifies a line; 


for as the ſolid EFG is to the ſolid BCD, fo is the line A to the 
line Arb If the numerator contains two mente more than 


ABC 
the denominator, the quantity E is a a plane: thus "= is a 


plane; for as the line D is to the line C, ſo is the plane AB to the plane | 
ABC ABCD 
p + thus again — z FF ſignifies a plane; for as the plane EFis to 


ABCD 
the plane CD, ſo is the plane AB to the plane FF.. If the nume- 


rator contains three dimenſions more than the denominator, the quanti- 


ABCD. | 
ty pepreſantes. is a ſolid : thus = —_— a ſolid ; for as the line E 


ABCD 
is to the line D, 4 is the ſolid A B C to the ſolid =: : thus again, 
ABCDE 


* ſignifies a ſolid; he as the plane FG is to the 1 D E, ſo 


is the ſolid ABC to the ſolid 3 1 Laſtly, if SP, 9T and R 


FG 
SPXAIL 
be lines, as in the theme annexed, ( Rig. 12, the quantity ** 
will be a ſolid; for as che line 2R is to the line QT, ſo will the ſolid 
S P*x9QT be to the ſolid = See Newton's Principia, prop. 6. 


cor. 1. lib, 1. 


If the numerator and denominator contain an equal number of dimen- 
tions, the quantity thus repreſented will be a number, and no geometri- 


A "40... 2. 
cal quantity: thus I ſignifies a number, as doth C and Sp; for 


(to inſtance in this laſt caſe) as the ſolid DEF is to the ſolid ABC ts 


e 
is the number 1 to the number & DEF 


If the number of dimenſions in the numerator exceeds the number 
of dimenſions in the denominator by more than three, or if the deno- 
minator hath in it more dimenſions than the numerator, Geometry, pro- 
perly ſpeaking, has no names for ſuch quantities. But yet if the nume- 
rator contains four dimenſions more than the denominator, ſuch a quan- 

| T © x tite 


* * 


514 GEOMETRICAL PROBLEMS, Book viii. 


tity muſt always be looked upon as homogeneous to any other of four 
A ; 1 ſo of the reſt. | | 3 
Theſe conſiderations will be often found of great uſe in detecting er- 
rors in a calculation: for if a quantity which in concluſion oug t to 
come out a line, be found to be a plane, a ſolid, or a quantity of any 
other dimenſions; or if in any part of the operation a quantity be found 
repreſented by a line, and another of the fame kind repreſented by a 
plane, a ſolid, a number, &c, it is an infallible argument that either 
ſome miſrepreſentation was made at the beginning, or ſome miſtake in 
the proceſs of the calculation. But if a line be repreſented by unity, (as 
is ſometimes done to render a calculation leſs perplexed,) all this order 


and uniformity vaniſhes at once; and it will not be uncommon to ſee one 


and the ſame ſpecies repreſenting ſometimes a number, ſometimes a line, 
ſometimes a plane, and ſometimes a ſolid, as the compariſon requires: 
thus if A ſignifies properly a line, it may be made to ſignify a number 
by imagining the line repreſented by _— ſtanding under it; or it may 
be uſed to ſignify a plane whoſe altitude is A, and whoſe baſe is the 
line repreſented by unity ; or laſtly, it may be uſed to ſignify a folid 
whoſe altitude is 4, and whoſe baſe is the ſquare of the line repreſent- 
ed by unity. Neither will it be uncommon in ſuch caſes to-find quanti- 
ties ſeemingly heterogeneous equated to each other: as if xx ſhould be 
found n to 5x, it muſt not in Geometry be underſtood as if the area 
of the ſquare whoſe ſide is x was equal to 5 times the length of the line 
x, but that the ſquare of x is equal to 5 times the area of a parallelo- 
gram whoſe altitude is x, and whoſe baſe 1s the line repreſented by unity ; 
or (which is the ſame thing) that the ſquare of & is equal to the area of 
the parallelogram whoſe altitude is x, and whoſe baſe is the line 5 ; for 
if an unit repreſents any line, the number 5 will repreſent another equal 
ro 5 times the former. | 7 | 
This way, of repreſenting quantities of one ſort by thoſe of another 
is not at all amiſs, provided that the repreſentative quantities be always 
taken in the ſame proportion to each other as thoſe they reprefent, I mean 
in the ſame computation : ſo that in the ſolution of any problem we are 
abſolutely at liberty to repreſent any one quantity of any one ſort what- 
ever by any other quantity of any other ſort whatever, [ct it's real mag- 
nitude be what it will, provided that all other quantities of the fame 
kind be proportionality repreſented. Thus in Mechanics and mechani- 
cal Philoſophy, what is more common than to find times repreſented by 


8 lines, and even rectilinear ſpaces by proportionable planes? 
he reaſon whereof is, that numbers and geometrical magnitudes are 
very often more eaſy to be compared than are the quantities repreſented 
by them: and thus we find the proportions of time, ſpaces, forces, mo- 


tions, 
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tions, velocities, &c, which otherwiſe would not be fo eaſily diſco- 
vered, | - | 
PROBLEM 10. (Fig. 13.) 


318. Let AB and CD be tuo turrets, and BD a horizontal line paſ- 
fing from the faot of one to the foot of the other : It is Fequired, ba- 
ving given in numbers the heights and horizontal diſtance of theſe two 
turrets, to find a place as E in the line BD, upon which the foot of 

a ladder being fixed, the ladder may equally ſerve to reach the top of 
each turret ; or (which amounts to the ſame thing) let it he required 
to find a point as E in the line BD, from whence the lines EA and 

| EC being drawn, ſhall be equal one to the other. . 

The geometrical effection of this problem is very eaſy : for if ACbe 
biſected in F, and the line FE be drawn perpendicular to A C, that line 
ſhall meet the line BD in the point E required. For the triangles EFA 
and E F C will have two ſides and the angle between them in one, equal 
to two ſides and the angle between them in the other; the ſide EF will 
be common to both triangles, the fides FA and FC are equal by con- 
ſtruction, and the angles E FA and E FC are both right ones; and 
therefore the hypotenuſes EA and EC will be equal. But as in this 
problem the heights AB and CD are given in numbers, as alſo the ho- 
rizontal diſtance B D, it is expected that the two ſegments B E and ED 
be determined in numbers. 


SO LV T ION. 


Call AB p, CD ꝗg, B Dr, BE x, and ED r—x; and you will 
have, 1ſt AB. BE AE by the 47th of the firſt book of the E- 
lements; that is, pp + xx= AF*, 2dly you will have ED*+ DC. 
= EC, that is, rr —2rx+xx+9gqzzEC; but EA and EC are 
equal ex hypothefi; therefore you will have pp-Exx=rr—2rx+xx 


+99; whence x or BESET, ſubtract this value of BE 


from r, the value of BD, and you will have ED= HE , both 


which expreſſions are included in the following canon. 8 
To the ſquare of the given horizontal diſtance add the ſquare of the height” 
of one turret, and ſubtract the ſquare of the height of the other; divide 
the remainder by twice the horizontal diſtance, and the quotient will be the 
diſtance of the point ſought from the foot of that tower the ſquare of whoſe 
height was ſubtracted. Q. E. I. | 
As for example; let AB or p, the height of the higher tower be 39 - 
yards, and let CD or 9, the height . the lower, be 25 yards, and = 
CTY B 
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BD or 7, the horizontal diſtance, be 112 yards: then will BE or 
— — 52 yards; whence the other ſegment E D will be 60 


257 | | | | 
yards, and the conditions of the problem will be anſwered ; for we ſhall 
have AB. - BE or AE*=1521 +2704 or 4225, and CD. DE 
or CE*'=625-+ 3600 or 4225: therefore AE CE,, and AE 
„„ c „ 
8 hi SCHOLIUM, 
If in this ſcheme the line CD vaniſhes, that is, if C coincides with 
D, we ſhall have q =o, and the problem will be reduced to this, viz. 
Having given one leg of a right-angled triangle, together with the ſum of 
the other leg and the bypotenuſe, to find that other leg and the e ſe- 
parately. For in this caſe we ſhall only have given AB and B D, where- 
of AB is one leg of the right-angled triangle ABE, and BD is the 
ſum of BE and ED or BE and EA, that is, the ſum of the other leg 


and the hypotenuſe ; whereof BE will be * , and AE will be 


| 2r 
rr + pp 
oo Oh 


PROBLEM II. (Hg. 14.) 


319. It is required, having given in numbers the radius of any circle, to- 
gether with the tangent of any arc thereof that 1s leſs than half a qua- 
drant, (the neceſſity of which limitation will be ſhewn hereafter,) 

0 find the tangent of twice that are. 1 
Let A be the center of any circle BCD, whereof let BC be any arc 
leſs than half a quadrant, and let BCD be the double of that arc; let 
B EF be a tangent to the circle in the point B, and join AB, ACE, 
and ADF; and BE in Trigonometry is called the tangent, and AE 
the ſecant of the arc BC, as is BF the tangent and AP the ſecant of 
the arc BD. Let it be required then, having given in numbers the 
radius AB and the tangent BE of the arc BC, to find BF the tangent 
of twice that arc. 

N. B. If the line BF was only required, nothing would be more eaſy 
than a geometrical conſtruction of this problem : it is only taking the 
angle EAF equal to the angle EAB by the 23d of the firſt book of 
the Elements, and the line BF will be determined as to it's geometrical 
quantity, But what is here required is to determine the line BF in 
parts of the radius, and conſequently in numbers, as all other tangents 

in trigonometrical tables ate expreſſed, | 
WES | 8 o Lu- 


* 
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SOLUTION, 


Call AB, the given radius r, BE, the given tangent , and BF the 
unknown tangent x ; then will EF be x—#, and AF, the hypotenuſe 


of the right-angled triangle AB F, will be r. Now fince the 


line AE hiſects the angle BA; the two ſegments of the baſe, to wit 
BE and EF, will be in the fame proportion to each other as the adja- 


cent legs AB and AF, by the 3d of the fixth book of the Elements; 


 thatis, BE will be to EF as AB to AF; whence, by art. 16 para- 

graph 6, BE. will be to EF* as AB* to AF, that is, according 
to our notation, ff will be to xx—2Zx+ t as rr to rr-+xx; multi- 
ply the means and extremes of theſe four proportionable numbers, and 


7 will have *x*— 21 TX ff a=rif+&f x; throw away * from 


th ſides, and tranſpoſe /*x*, and you will have x*—#ix*—2r* tx 
29*7 | EE 1 
=; therefore AB is to BF asr is to 
PT: W_ | 
— 7 — F | 
as to ſay, that F in any circle whoſe radius is r, t be the tangent of any 
arc, the tangent of twice that arc may be found by ſaying, as rr tt ts 


o; whence x or BF. 


| | 5 8 2 t 
to2rt, ſo iger the radius of the circle, to itt the tangent fought, If 


the proportion of A B to AF, that is, of the radius to the ſecant of twice | 
the arc be required, that will be the fame with the proportion of BE 


| | FF 
to EF, as above: but BE==f, and EFA 


F3 4 3 
=; therefore AB is to AF, or BE to EF as t is to di. 
Pp : 3 FL 
or as 1 to .-, or as . — f is to ?; but + f = AB*+ BE* 
AE. equal to the ſquare of the ſecant of the arc B C: call this ſecant 
g, and then AB will be to AFas *—# is to *; but it was found be- 
fore that AB was to B Fas r*—# was to 27t; therefore Ft and s he 
the tangent and ſecant of any arc of a circle whoſe radius is r, the radius, 
tangent and ſecant of twice the arc will be as -t, art and ss, or 
as rr—tt, 2rt and rr +tt reſpeFively, Q. E. I. : 
The Moderns have enlarged this theorem very much, ſo as to expreſs 
the proportion of the radius, tangent and ſecant of : times, 4 times, 5 


times the original arc, &c, But it will be impoſſible for the learner to 


ſee 


or as 1 is to ——, or as r is to 27; which is as much 
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ſee the beauty of that theorem till he underſtands the method of reſol- 
ving the powers of a binomial ; of which more in another place. 
125 .SCHOLIUM, | 


The reaſon of the limitation preſcribed in the foregoing problem, to 
wit, that the arc BC muſt be leſs than half a quadrant, is obvious; for 
ſhould the arc BC be ſuppoſed half a quadrant, it's double BD would 
be a quadrant, and the angle BAD would be a right angle: but the an- 
ole ABE, which the tangent makes with a radius paſting through the 
point of contact, is a right angle by the ſixteenth of the third book of 
the Elements; therefore in this caſe, the two internal angles ABE and 
BAD are equal to two right ones; whence the lines AD and BE are 
parallel to each other, and conſequently can never meet, how far ſoever 
they may be produced ; therefore the tangent of a quadrantal arc is infi- 
nite. If the arc BD be taken leſs than a quadrant, it is certain that the 
lines AD and BE will, if produced far enough, meet in ſome point as F, 
and that it is this point of concourſe F that determines the line BF to be 
the tangent of the arc BD. It is certain too that the nearer the arc BD 
approaches to a quadrant, the further muſt the lines AD and BE be pro- 
duced before they can meet, and the greater will be the tangent 5 F, 
therefore when BD becomes a quadrant, and conſequently AD parallel 
to BE, the point F may now be ſuppoſed to have gone off ad inſinitum, 
and the tangent BF, as well as the ſecant AF to become infinite. This 

is the reaſon why in trigonometrical tables the tangent and ſecant of a 
quadrantal arc of ninety degrees are not expreſſed like the reſt in num 
bers, but by the word infinite. 1 „ 

It is not improbable but that my reader may be ſomewhat ſtartled at 
this word infinite: nor can it be denied but that there are ſome diffi- 
cultics attending the ſuppoſition of infinite quantities, which if not remo- 
ved, are apt very much to perplex and confound narrow minds; but of 
theſe I ſhall ſpeak more at large upon a more proper occaſion: at preſent 
I ſhall only enter fo far into the notion of infinity as it relates to a cer- 
tain doctrine of another kind J am here going to advance, and which, I 
fear, my reader will find harder of digeſtion than any thing he has hi- 
therto met with, unleſs he will ſuffer himſelf to be perſwaded, as well 
upon this, as upon almoſt all other occaſions, when he is reading the 
words and ſenſe of another, to apply himſelf wholly to them, to view 
every thing in the light it is placed in, and not to form a judgement of 
things from his own narrow conceits and little prejudices on one hand, 
or from high flown, metaphyſical, and perhaps SEESD notions on the 
other, which ſerve but to bewilder his underſtanding, and to draw off 

his thoughts from the mam ſuthe&, which ought to take up his whole 
atten- 


Art. 319. GEOMETRICAL PROBLEMS. 519 


attention, Geometrical truths are plain ſimple "truths, and whoever would 
ſee them in the cleareſt light, ought to view them in the ſimpleſt : for it 
is here as in Optics, where all light let in upon an object beſides what is 
proper to give a diſtinct view of it, is not only ſuperfluous, but tends 
rather to obſcure than to illuſtrate the object. But to come to the 
int. „ | 4 
The poſition I am here going to advance is, that There are to paſſa- 
ges from affirmation to negation, to wit, through nothing and through infi- 
nity : the former is obvious to almoſt every one, whilſt the latter is o 
but to few, except ſuch as are converſant in the ſublimer parts of Geo- 
metry and Mathematics: but I hope, taking occaſion from the foregoing 
problem, to make good even this part of my aſſertion to the meaneſt pro- 
ficient, provided he will not be wanting to himſelf, but aſſiſt with his 
attention. (See Fig. 15.) | .. 
Let then A be the center, of the circle BG HK, divided into four 
equal quadrants BG, GH, HK, K B by the two croſſing diameters B H 
and GK, and let BL be a ___ infinitely produced both ways from B, 
the points L and G being both ſuppoſed on the ſame fide of the diame- 
ter BH: let D be a moveable point in the circumference; and as it 
moves, let it be ſuppoſed always to carry the infinite or indefinite line ADF 
along with it ; which line is ſuppoſed, during it's motion, to turn u 
the center A, and to meet the tangent in F, Let now the point D be 
ſuppoſed Crt of all to be in the quadrant BG, moving from B towards 
G; then it is manifeſt that the nearer D approaches to G, the great- 
er will be the diſtance BF between the fixed point of contact B and the 
moveable interſection F. When D coincides with G, the diſtance BF 
will be infinite, as was ſhewn before in this article, the line AD being 
parallel to the tangent BL. Let us now ſuppoſe the point D to paſs 
through G into the quadrant GH; then it is plain that the two lines AD 
and BL, will be fo far from meeting on that tide, that they will actually 
diverge; but it appears however Pom this divergency, that if the line 
AD be indefinitely produced the other way from A, it will then meet 
the tangent again in ſome point as F, and that the point of concourſe F 
will now have changed fides with reſpect to the fixed pune B, lo that if 
BF was conſidered as affirmative whilſt the point F fell on the ſame fide 
of B with the point L, the diſtance BF ought now to be looked upon as 
negative when J falls on the contrary fide : therefore whilſt the point D 
moved out of the quadrant BG through the point G into the quadrant 
Gu, the diſtance BF paſſed from an affirmative through infinity into a 
negative; and the nearer the point D approaches the point H, the leſs 
will be the negative diſtance BF. When D coincides with H, the nega- 
tive diſtance BF will vaniſh, or become equal to nothing ; and when D 
has 
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has paſſed through I into the quadrant HK, the point F will now again 
change ſides, and fall on the fame fide of B with the point L: therefore 
the diſtance BF will now again become affirmative, to wit, by paſling 
from a negative through nothing into an affirmative. Let the point D 
continue it's motion from H to K; and when D arrives at &, the diſt- 
ance BF will again become infinite; and when D has paſſed through K, 
the point F will again fall on the negative ſide of the point B, and the 
diſtance BF will be negative, having, paſſed into that ſtate from an affir- 
mative through infinity. Thus will B F continue negative till D has 
paſſed through B again into the firſt quadrant BG ; for in that time BF 
will have paſſed from a negative through nothing into it's firſt ſtate of 
affirmation. | 5 
Here then we have a pregnant inſtance of both tranſitions in the tangent 
BF, having changed it's fign no leſs than four times during one revolu- 
tion of the = D, to wit, twice by paſſing through nothing, and twice 
by paſling through infinity. | | 
Let us enquire in the next place what changes the ſecant AF paſſes 
through in the ſame time. In the firſt place then we are to take notice 
that the ſecant AF never vaniſhes or paſſes into a ſtate of nothingneſs, as 
doth the tangent BF: for the ſecant AF, when it is leaſt, is ſtill equal 
to the radius AB, as in the caſes when D exiſts in Band in ; in other 
caſes it is greater; and when D paſſes through G or K, the ſecant AF 
paſſes through infinity, and changes it's ſtate Fo an affirmative to a ne- 
gative, and vice verſa, becauſe then the point F changes ſides with re- 
ſpect to the fixed point A in the line AF. If therefore the ſecant AF be 
conſidered as affirmative whilſt the point D paſſes through the ſemicircle 
KBG, it muſt be looked upon as negative whilſt the ſame point D paſſes 
through the oppoſite ſemicircle GH: therefore the ſecant AF changes 
it's ſign twice during one revolution of the point D, and both times by 
_ paſſing through infinity, - | 
From what has been demonſtrated concerning the tangent BF and the 
ſecant AF we may obſerve _ g | 
1ſt, That when a quantity paſſes from a ſtate of aftirmation through 
nothing into a ſtate of negation, it paſſes from an infinitely ſmall affirma- 
tive to an infinitely ſmall negative, and it's negation increaſes afterwards : 
but when a quantity paſſes from a ſtate of affirmation through infinity 
into a ſtate of negation, it paſſes then from an infinitely great affirmative 
to an infinitely great negative, and it's negation diminithes afterwards, 
 2dly, We may obſerve that a quantity infinitely great is as ambigu- 
ons with reſpect to it's ſtate of affirmation or negation, as is a quantity 


_ evaneſcent or nothing. When the -__ D coincided with the point G, 
el 


* 


the lines AD and BL were parallel, and conſequently could have no 
1 more 
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more inclination to meet on one ſide than on the other ; therefore though | 


it was very proper to fay that in this caſe BF was infinite, yet no one 
could undertake to fay whether it was affirmative or negative ; no reaſon 
could be given for one fide of the queſtion that might not as well be 
alledged for the other. Therefore the tranſition from an infinitely great 
affirmative to an infinitely great negative ceaſes now to be a myſtery, 
ſince it is no tranſition ; for at the fame inſtant of time that ſuch a quan- 


tity is an infinite affirmative, it is alſo an infinite negative, without any 


ſucceſſion of time or motion, 

| 2dly, It may be obſerved, that if in the caſe of an arc leſs than a 
uadrant, the tangent and ſecant be both affirmative, (and fo they are 

2 conſidered,) in an arc greater than a quadrant and leſs than two 


quadrants, they will both be negative; in an arc greater than two qua- 
drants and leſs than three, the tangent will be affirmative and the ſecant 


negative; and laſtly in an arc greater than three quadrants and leſs than 
four, the ſecant will be affirmative and the tangent negative: thus by 
a compariſon of the ſigns of the tangent and ſecant of any arc whatever, 


may the affection of that arc be determined. This, if duly conſidered 


and underſtood, will take off the limitation the foregoing problem lay 
under: for ſuppoſe now the arc BC in the ſcheme thereunto belong- 
ing (Fig. 14,) ſhould be taken equal to, or greater than half a qua- 
drant, all the conſequence will be that the tangent of twice that arc will 
be found infinite or negative ; becauſe twice the arc will be equal to, or 
greater than a quadrant. i 

Athly, We may obſerve, that as the demonſtration of what is here de- 
livered depended chiefly upon making the lines AF and B F paſs through 
all poſſible degrees of magnitude, ſo many other properties and relations 
of flowing quantities may be diſcovered this way, which would ſcarce 
have been perceived, had thoſe quantities been ſuppoſed to continue fixed 
and determinate ; and upon this variation of quantities from one degree 
of magnitude to another, 1s founded one of the fineſt inventions 1n all 


the modern Analyſis, I mean the doctrine of Fluxions. But it is high 


time to proceed to another ſhort inſtance or two for a further confirma- 
tion of the doctrine here advanced. 15 

For that purpoſe, let BCD (Fig. 16) be an arc of a circle whoſe 
middle point is C, and let A be the center of curvature ; that is, if the 
arc BCD was compleated into an entire circle, let 4 be the center of 
that circle ; and through the points 4 and C let the line AC be drawn, 
and indefinitely produced both ways, This done, without changing ei- 
ther the place of the middle point C, or the length of the arc BCD, 
let that arc be ſuppoſed to unbend itſelf a little, fo as to become a part of 
a larger circle if compleated, - than before : then it 1s plain that the cen- 
| —— | V vey | ter 


-— > : 
* 4 i —_ 8 - 4 - . - — - 
— . 14 2 hy ere . ——— — 4" * — — . > ; 
— - - « es r c — — — — — Sr vv — 2 — - 
— ä — — - a . _ 2 * — —— PRO N 9 1 7 4 „ 3 — 2 
= 5 F 23 5 3 . X - : — — * N — * 11 Amr 41 — - * ta, 
7 val 6, 4 WAS * = * _ = *= 2 — — - TX IR. q — . — — . — y wn 2 2 1 * - 
h „ us — DEE * * „5 1 1 rr. ron 52x "x" * * * L : — n —.— - — 8 — 
3 Res ——— . — Ws - =— acc ere Bs i 8 : _ — ED = ARIAS — 2 a 
. — — We Sendo na 4 — ee 43 ma —— — — — — — - — — - — - 
: 4 == — 1 Ny 4 8 TIES 


n 


"> ona dandy 2 — . r * oy, 9m —— — — 2 & - 
- — p — mo — IC Coun 
237: «apt 0 — ROS 200 OE — — — 5 n - 
* "Als > 2 Er — — OS 43. is —— —— 8 
=> , ere ͤ— — 
—— — — — ͤ — = - 


— 
—_— CS —— - 2 — 
— = === a4. — 


e 
— — —— — , 


— — 


+5 
1 
1 1 
Wl 
1 3 
1 
, 
Wis ; 
I, 
8 * 
* 
1 
Ws 
1 
f i 
14 " 
. 
Wy! 


— — 


— 2 — ä — 
w- — * 1 — 5 — 


$22 GEOMETRICAL PROBLEMS. Book vill. 


ter A will recede further from the point C, and the length of the line 
CA will be greater than before, as being the ſuppoſed radius of a greater 
circle, Let us ſuppoſe the arc BCD ſtill to unbend itſelf more and more 
by degrees till it becomes a ſtreight line, and the diſtance CA growing 
by this means greater and greater, will at laſt become infinite; for a 
ſtreight line cannot be conſidered as an arc of any circle but an infinite 
one : the greater the radius of any circle is, the leſs will be the curvature 
of any particular arc of that circle, and vice verſa; and therefore when 
the length of the radius becomes infinite, that is, greater than any aſ- 
ſignable length whatever, the curvature of the arc will be infinitely ſmall, 
that is, leſs than any aſſignable curvature whatever; and therefore ſuch 
an arc in ſuch a caſe will differ nothing from a ſtreight line of the ſame 
length. Let us now ſuppoſe the arc BCD, having thus unbent itſelf 
by degrees into a ſtreight line, to bend itſelf the other way, which is 
but a continuation of our former ſuppoſition, and the center of curva- 
ture A muſt now neceffarily be found on the other fide the point C; and 
therefore if the diſtance CA in the former caſes was affirmative, it will 
now be negative, the point A having changed fides with reſpect to the 
fixed point C. It is further evident alſo, that this ſtate of negation was 
attained by a paſſage through infinity; and that this diſtance or radius 
when infinite, had an equal right to be ftiled affirmative or negative: 
and this is all T wanted to illuſtrate by this inſtance. 

Before I proceed to my next inſtance, which ſhall be the laſt I ſhall 
trouble my reader with of this kind, it will be proper to premiſe the 
following lemma, to wit, 1 oo a7 | 


That if — be any fraction wheſe numerator 1s 1 or any other finite num- 
ber whatever, and whoſe denominator v is an infinitely ſmall fraction ex- 
preſſed after the manner of a whole number; T ſay then that ſuch a fraction 
- will expreſs a number infinitely great. For whilſt the numerator 1 1 
continues the ſame, the leſs the denominator v is, the greater will be 

| PAL i I OS: I I 3 
the fraction: if v be 1, or 7e OF ND &c, 7 will be 1, or 
10, or 100, or 1000, &c; therefore if the denominator v be infinitely 


ſmall, the fraction — will be infinitely great. Q. E. D. 


Or thus: Every fraction is equal to the quotient ariſing from dividin 
the numerator by the denominator ; and every quotient ſhews how 85 
ten the diviſor is contained in the dividend; therefore every improper 

fraction ſhews how often the denominator is contained in the numerator. 


Thus 
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Thus the improper fraction 7 or 4 ſhews that the denominator 3 is 4 
times contained in the numerator 12: whence it follows that if the de- 
nominator of a fraction be infinitely ſmall whilſt the numerator is finite, 
the fraction muſt be infinitely great, becauſe an infinitely ſmall quan- 
tity is contained in a finite one an infinite number of times. 2, E. D. 


Or thus: As v is to 1 ſo is 1 to ; therefore e converſ6 — will be to 


1 as 1 is to v; but 1 is infinitely. greater than v, becauſe v is infinitely 


ſmall ; therefore — will be infinitely greater than 1, or (which is the 


ſame thing) che fraction — will repreſent a number infinitely great. 


This being allowed, let — repreſent any fraction whoſe numerator 1 


is always the ſame, but whoſe denominator v is a variable quantity: 


then it is plain that ſo long as the denominator v is finite and affirmative, 
the fraction — will be ſo too, Let us now ſuppoſe the denominator U 
to diminiſh by degrees till it becomes equal to nothing; and from what 


has been ſaid, the fraction — will increaſe by degrees till it becomes infi- 


nite. Let the denominator v be ſunk lower ſtill, fo as now to become 


les than nothing or negative, and the fraction - will alſo become nega- 


tive, ſince the quotient of an affirmative quantity divided by a negative 
5 . 9 0 . 1 23 —1 
one is negative: thus if v be E the 


. I . | | . - ; 
fraction > will be — 1000, or — 100, — 10, or —1, It is plain alſo 


that the fraction : attained this negative ſtate by having paſſed through 


infinity : whence it follows that theſe two tranſitions, through nothing 
and through infinity, are ſo far from being inconſiſtent with, or contra- 
oy to one another, that they are neceſſarily conſequent of, and actu- 


ally depend upon one another; and that the ambiguous ſtate of an infi- 


nite quantity in reſpect to it's affirmation or negation is ſo far from 
being a myſtery, that it is a neceſſary conſequence of the ambiguous 
* ſtate 
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Nate of nothingneſs in a like reſpect. It follows alſo from what has been 
ſaid, that to be leſs than nothing, or to be greater than infinite, are but 
two different appellations of the ſame thing, that is, of a negative quan- 
tity ; or that 11 there be any difference, it lies only in our manner of 
conception: for if a negative quantity has gained that ſtate from it's ha- 
ving paſſed through nothing, we ſay it is leſs than nothing; but if it 
has got it's negation by paſſing through infinity, we then fay it is greater 

or more than infinite. R 16] "qa wr be ee | 

But there are ſome quantities which cannot deſcend lower than no- 
thing, or aſcend higher than infinity: thus the quantity vv can never 


be leſs than nothing, though v may ; and 1 can never, be greater than 


* 


infinite, though - may. 


If this laſt inſtance be well underſtood, it will enable us to look back 
and to examine ſomewhat more narrowly into the canon for ſolving the 
laſt problem, which is this; that if 7 be the radius of any circle, and : 
be the tangent of any arc, the tangent of twice that arc will be 22 
Now if this canon be juſt, the tangent of a quadrantal arc ought to be in- 
finite, and the tangent of an arc greater than a quadrant and leſs than 
two quadrants will be negative. Let us ſee how this follows from the 
canon: in order whereto, let BC, in the ſcheme of the eleventh problem 
(Hg. 14.) be half a quadrant, and the angle BAE will be half a right 
one, and conſequently the other angle BEA will be ſo too; therefore the 
angles BAE and BEA will be equal, as will their oppoſite ſides B A and 
BE; therefore if BC be half a quadrant, it's tangent ? will be equal to 
the radius: ſubſtitute therefore 7 inſtead of 7 in the foregoing canon, and 
- SG” 


| B—— 
—cQ _ , 


rr—rr O' 


you will have the tangent of a quadrantal arc equal to 


but — expreſſes an infinite quantity by the laſt inſtance, and therefore 
the tangent of a quadrantal arc is infinite, If ? be the tangent of an arc 
greater than half a quadrant, ? will be greater than 7, and ir — r will 
ft | . 
be negative; and therefore = the tangent of an arc greater than a 
. quadrant will be negative: and after the ſame manner may the other 
caſes be purſued. | | , ere | 
... Theſe conſiderations point out to us, in ſome meaſure, the uſe of the 
foregoing ſpeculations. There are few theorems or problems but whai 
admit of divers caſes ; and for an author or a maſter to run over all theſe 


caſes, 


* 
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caſes, and to furniſh rules and demonſtrations for them all, would be ve- 

troubleſome to a learner, and burdenſome to his memory ; whereas by 

e help of the foregoing principles, if one extreme caſe of any propo- 
fition be known, all the reſt are eaſily maſtered without the formality 
of geometrical demonſtrations, only by obſerving how in paſſing from 
one caſe to another, the quantities therein concerned paſs from affirma- 
tion to negation, and vice verſa. Thus in Catoptrics and Dioptrics, if the 
properties of a convex ſurface be once known, thoſe of a plain and con- 
cave ſurface will eaſily be obtained by increaſing the radius of curvature 
to an infinite, or to a more than infinite length. Thus in Conic Sections, 
if the properties of the ell;pfis be well known, thoſe of the parabola will 
ealily be deduced from them ; and even thoſe. of the hyperbola that have 
any affinity with the properties of the ellipſis, only by retaining one ver- 
tex and the nearer focus, and ſuppoſing the reſt to run off ad infinitum 
in the caſe of the parabola, or to a diſtance more than infinite in the caſe 
of the hyperbola; provided that in this laſt caſe the conjugate axis be made 
poſſible by changing the ſign of it's ſquare, When Mathematicians, I ſay, 
of any experience have made themſelves maſters of theſe extreme caſes, 
they rarely, give themſelves any trouble concerning the reſt, as well know- 
ing that they have them in their power whenever they ſhall ſee occaſion 
to examine into them : but then for ſuch not to acquaint their pupils, 
as ſoon as poſſible, with this ſecret, is (I think) laying burdens upon the 
necks of their diſciples which they themſelves are ſcarce able to bear. 
For my own part, I never ſee young beginners ſweating and fretting 
about arithmetical complements in logarithms, or about the falling of 
perpendiculars in the reſolution of ſome caſes of ſpherical triangles, mat- 
ters wherein little more than bare numbers are concerned, but I am in 
pain for them ; and cannot think it would be loſt labour for ſuch Gen- 
tlemen to acquaint themſelves with the nature of affirmative and nega- 
tive quantities as they ſtand in oppoſition to each other, even though they 
may not find themſelves at leifure to enter into the more abſtruſe parts 
of Algebra, M7 


PROBLEM 12. 


320. To divide a given line into two ſuch parts, that the rectangle theres 
of may be equal, if poſſible, ts a given ſquare. 
SOLUTION. 


Let à be the line to be divided, let & be the fide of the given ſquare, 
and let x and a—x be the two fegments ſought ; and we ſhall have this 
equation, ax — xx bb, or changing all the ſigns, xx—ax = —b6; 

whence, 
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. | IE aa. aa 

whence, filling up the ſquare, we have a *— 4. —=—— bb, and 
| i N | 2 225 * | | a - | . 

K — 1a — ; therefore x =ja = [= bb: whence we 


4 | 

have the following geometrical conſtruction. (Fig. 17.) . 
Take A eq 4 to @ the line to be divided, and biſecting it in C, draw 
CD perpendicular to AB by the 1 1th of the firſt book of the Elements, 
and equal to þ the fide of the given ſquare: then if in the right angle 
DCA be inſcribed the line DE equal to AC, the point E will divide 
the line AB into the two ſegments AE and EB required, 2, E. I. 


For in this conſtruction it is plain that A la, that CE=V—=— 8, 


| 1 

and conſequently that AE is one of the values of x, and E B the other. 
VN. B. To inſcribe a line as DE equal to AC in the angle DCA, is 
nothing elſe but to open the compaſſes to the length of the line AC, and 
then ſetting one foot in D as on a center, to make the other cut the 
line AB in the point E, on the fide of the angle D CA. 


4A ſynthetical demonſtration of the foregoing conſtruction. 


By the 5th of the ſecond book of the Elements, AEB, that is 
AEXEB, together with the ſquare of CE, is equal to the ſquare of AC; 
out the ſquare of AC is equal to the ſquare of DE by conſtruction, and 
the ſquare of DE is equal to the ſquare of CD together with the ſquare 
of CE by the 47th of the firſt book of the Elements; therefore the rect- 
angle AEB, with the ſquare of CE, is equal to the ſquare of CD with 
the ſquare of CE; throw away the ſquare of CE from both ſides, and 
you will have the rectangle AE B equal to the ſquare of CD. Q. E. D. 

From the foregoing conſtruction it appears, that CD the fide of the 
given ſquare muſt be leſs than half AB or than AC, ſince otherwiſe it 
would be impoſſible in the right angle DCA to inſcribe the line DE e- 
qual to AC. 


321. To divide a given line into two ſuch parts, that the ſum of their 
uc res may be equal to a given ſquare. 


SOLUTION, 


Let a be the line to be divided, let ö be the fide of the given ſquare, 
and let x and a— x be the two ſegments ſought; then will the ſum of 
their ſquares be 2xx—2ax Ae =; whence 2xx—2ax=bb—aa, 

— nun — hy: 


— 


TY 


4 
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2 =; add the ſquare of half the coefficient to both _ 


and xx — ax == = 


| 2 8 ag 5 1 vj TY . 


ſides, and you will ew mad LA Dn a 


a aa 2 a DE 
RE $=—=— 2 2 „ which Ca» 


non gives the following conſtruction. 18.) | 

Let the line to be divided be A B, owe, biſect i q and gam 0 ſet 

off, towards A or B, CD equal to half the ſide of the given ſquare; erect 
CH perpendicular to 'AB, out of which take CE Ks: to CD, and CF 

A, and draw DE: I tay then that if in either of the angles FCA 
or FCB be inſcribed the line' FG TOP to DE, AG and GB will be = 


two ſegments ſought. For FC —a ex bypothefi, that is, F 0. _ ——E 
5 þ | 
and F G or DE. = = 35 ; therefore 00. ” 3 th and CG e 5 —. 


A ſontbetical dan ration of this conflrudtion 


By the ninth of the ſecond book of the Elements, AG* + BO. 

2AC'+2 CG = =2 FC: +20G'=2 FG'=2DE'=40D* equa] to 
the given ſquare. Q. E. D. 
From the foregoing conſtruction it appears, that the given ſquare muſt 
be greater than half the ſquare of the given line to be divided, and leſs 
than the whole ſquare. For firſt, as the line FG is inſcribed within the 
right angle FCA or FCB, that line FG muſt be greater than FC, that 
is, DE muſt be greater than AC, and DE* muit be greater than AC: : 


| A B* 
but DE* equals 2 C D., and AC'= n 


; therefore 2CD* muſt be grea- 
AB: 

ter than Wn and 4 0 D', or the given ſquare, muſt be greater chan 

. LEE. D. 

Again, as the problem requires that A G and BG ſhall be ſegments of 
AB, it is plain that & mull lie between A and B; therefore (drawing 
FA) FG muſt be leſs than FA; therefore DE muſt be leſs than FA: 
but CDE and CAF are ſimilar triangles, becauſe CD is equal to CE, and 
CA to CF; therefore if DE be leſs than AF, CD muſt be leſs than CA, 
and 2 CD, the fide of the given ſquare, muſt be leſs than AB; there- 

fore the Lata ſquare mult be leſs than the "NO. of AB. Q, E. D. 
PR 9- 
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a: PROBLEM 14. 

322. To divide a given line in extreme and mean proportion. © : 
N. B. A line is ſaid to be divided according to extreme and mean pro- 
portion, when the line and it's tuo ſegments are in continual proportion; that 
es, when the. whole line is to it's greater ſegment as that greater ſegment is 
to the leſs. 4 : MS 12 | 

OO 1 SOLUTION. 

Let à be the given line to be divided, whereof let x be the greater 
ſegment and a—x the leſs; then by the foregoing definition a will be 
to x as x is to a—x; and we ſhall have xx==aa—ax, and xx + ax aa, 
770 notes 7 bans e ain #55 
and xf -N — , d =, and XN — 
eng aa. fog 23 
* = but cn” Sos . is a negative root, and all negative ſegments 


are excluded by the nature of the problem; therefore * = 2 W 
2. which laſt ſtep furniſhes the following conſtruction. (Fig. 19.) 

Let AB be the line to be divided, and at right angles to it draw AC 
equal to half the line AB, and join BC; then ſet off, from A towards B, 
AD equal to the exceſs of BC above AC, and the line AB will be di- 
vided according to extreme and mean proportion in the point DP). 


For ſince AB Da, and AC== a, we ſhall have BC=VST, 


whence B C AC, or ADE VA 


E Or . 


Euclid's ſynthetical demonſtration of the foregoing conſtruc- 
tion, in the eleventh of the ſecond book of the Elements. 


Produce the line AC both ways, to wit, from C to E, and from A 
to F, ſo that AE may be equal to AB, and AF to AD; compleat the 
ſquares AFGD and AE HB, and let G D produced meet E H in 7. 

This done, fince EA is biſected in C, and AF is added to it, we ſhall 
have the rectangle EFxFA, together with the ſquare of AC, equal to 
the ſquare of CF by the ſixth of the ſecond book of the Elements: but 
the rectangle EFxFA is nothing elſe but the parallelogram EO; there- 


cu wy —_ - 


fore 
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fore the parallelogram EG with the ſquare of AC will be equal to the 
ſquare of CF: but as AF equals AD, if to both be added AC, we ſhall 


have CF equal to AD + AC equal to BC, becauſe A DS. BC—AC; 


therefore the parallelogram EG with the ſquare of AC, is equal to the 
ſquare of BC: but the ſquare of BC is equal to the ſquare of AB and 
the ſquare of AC put together, by the fortyſeventh of the firſt book of 
the Elements; that is, to the ſquare AA with the ſquare of AC; there- 


fore the parallelogram EG with the ſquare of AC, is equal to the ſquare 


AA with the ſquare of AC; neglect on both ſides the ſquare of AC, 
and you will have the parallelogram EG equal to the ſquare AH; ſub- 
tract from both the common parallelogram DE, and you will have left 
the ſquare AG equal to the parallelogram IB: therefore by the ſeven- 
teenth of the ſixth book of the Elements, BH or AB will be to AD as 
For AD is to BD. 2. E. D. 3 bs 
The two ſegments of a line divided in extreme and mean proportion 
are incommenſurable to the whole and to one another, as was proved in 


art. 203, example 2: whence it follows that no number can be divi- 
ded in extreme and mean proportion, becauſe all numbers whether in- 


_ tegral or fractional, are commenſurable, 


PROBLEM Ts. 


323. To find three lines in continual proportion, having given both their 


um and the ſum of their ſquares. 
SOLUTION, 


Let a be the given ſum of the lines, and let þ be another line of ſuch 
a length, that the rectangle 26 may be equal to the ſum of the ſquares 

given: then muſt the line & be found by applying the ſum of the ſquares 
given to the given line a, according to the 9s 7 of the firſt Element. 
This application of a given ſurface to a given line is a common phraſe in 
Geometry, and ſignifies no more than finding the perpendicular altitude 
of a right-angled parallelogram, which having the given line for it's bafis, 
is equal in area to the ſurface given: it anſwers in Arithmetic to dividin 
the number repreſenting the ſurface by the number repreſenting the line ; 
and therefore applicare ad, when interpreted arithmetically, ſignifies no 
more than o divide by. But to return. 


This problem was ſolved in art. 163, where the middle term was 
+6 


| 2 
ſake, I ſhall here add another ſolution of the fame problem as follows. 


found to be ——, and the ſum of the extremes. but for variety's 


LT x Since 
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Since the three lines ſought are to be continual proportionals, let their 


2 15 and, and we ſhall have the following equations: 7 


Equ. "|, xx+xy LY ax, | 

| 2d, * + xy + N. 
Dina the ſecond equation by the firſt, that is, divide * x= * by 
x*+ xy +57, and the quotient will be x A H divide allo ah. by 
ax, and the quotient will be S*, and we ſhall now have | 

Ezqu. zd, xx—xy+yy=bx. ; 

Subtract the third equation from the firſt, and you will have 
Equ. 4th, 2 — and 


Ii, v 


Hence, of the three lines ſought, "the mean y is diſcovered ; and ince 
the ſquare of this mean is equal to the rectangle of the extremes, it fol- 
lows that aa rectangle of the extremes will be equal to yy, or to the 


ſquare of — 0 : but the ſum of the extremes is alſo known; for ſince 
the ſum of ll 1 three lines is a, if from this ſum be ſubtracted the 


middle line y or = — for the ſum of the K 


tremes. Therefore this problem i is now DP AE to the twelfth, ſee art, 
b 
320; for it conſiſts now in dividing a given line, as —, into two ſuch 


parts that the my of thoſe parts may be equal to the ſquare of y, or 
_ 


„there will remain 


the ſquare of: therefore the conſtruction of this problem will be 


the ſame, 3 mutandis, with the conſtruction of the twelfth, thus: 
(Fig. 20 +a 


Draw the line ABC, fo that AB may be wa to = and BC to — "I 


and cn eb AC to — and you will have AC equal to the ſum 
of the extremes. Biſect A ci in D, and draw the perpendicular DE =y 
a—b 


8 AB— BC; and DE: will be equal to the rectangle of the 


extremes. In either of the angles EDA or EDC inſcribe the line EF 
equal to AD, and AF and FC 115 0 the N ſought. But becauſe 


the . ABC is equal to x= - 6, or to © F - ab, that is, to a fourth 
part 
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part of the ſum of the ſquares given, this conſtruction may be better ex- 
plained from the original data of the problem thus; _ 6 
Draw the line ABC, fo that AB may be half the ſum of the lines 
ſought, and that the rectangle ABC may be a fourth part of the ſum of 
their ſquares : biſect AC in D, and draw DE ndicular to AC, and 
equal to AB— BC: then if in either of the angles EDA or ED be in- 
ſcribed the line EF=AD, the lines AP, DE and FC will be the three 
lines ſought. Q. E. J. | +; 1 | 


A ſyntheti cal demonſtrati on of the foregoing conſtruction. 


Here we are to demonſtrate three things; 1ſt, that the lines AF, DE 
and FC are in continual 9 ; 2dly, that their ſum is equal to 24B; 
and laſtly that the ſum of their ſquares is equal to 4 ABC, that is, to four 

times the rectangle AB x BC, | 

| Firſt then, upon the center D, and with the radius DA or DC ſweep 
the ſemicircle AGC, cutting in G the line FG perpendicular to AC, and 
join AG, CG, DG; and we ſhall have by the Pythagoric theorem 
DE+DF'=EF*', and DF* + FG = DG*; but EF. DG, 
becauſe DG and DA (= EF) are radii of the fame circle; therefore 
DE +DF*=D F*+ FG*; take away DF. from both fides, and you 
will have DE*= FG*, and DE = FG. Again, the triangle AGC is 
a right-angled triangle, as being inſcribed in a ſemicircle ; therefore the 
triangles FGA and FGC are ſimilar triangles by the eighth of the fixth 
Element; therefore AF is to FG in one triangle, as FG is to FC in the 
other; that is, AF, FG and FC are contmual proportionals : but DE 
has been proved equal to FG ; therefore the three lines AF, DE and 
FC are in e proportion. 2. E. D. 
2dly, AF+FC=AB+BC, and DE=AB— BC by the con- 
ſtruction; add equals to equals, and you will have AF DENÆ FC 

Zäaͤly, from B towards A upon the line BA ſet off BH equal to BC, 
and then DE, which is equal to AB—BC, will be equal to AB— BH, 
that is, to AH. Moreover, ſince AF+FC=AH+HC, the ſquare 
of the former ſum will be equal to the ſquare of the latter ; that is, 

AF. 2AFC+FC* will be equal to AH*+2AHC+ HC*: but 
DE has been proved a mean proportional between AF and FC; and 
therefbre DE; will be equal to the rectangle AFC, and 2DE* to 2 AFC; 
ſubſtitute therefore 2DE* inſtead of 2.4 FC, and you will have AF* + 
2 DE +FG'=AH*+2 AHC+ HC*: but DE has already been 
proved equal to AH, and conſequently DE equals AH*; ſubtract there- 
fore equals from equals, that is, DE from one fide, and AH Tp 
% X24 0 
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the other, and you will have AF'+ DE +FG:=2 AHC+ HO 


2 AH+HCxHC=2 AH+2HBxHC=2ABxHC=—=2 AB x 

2BC==4 ABC; that is, AF*-+DE*+ FO is equal to four times the 

rectangle FBU , E DV. | 
"DOE PROBLEM 16. 


324. To find four lines in continual proportion, whereof both the ſum of 
the extremes and the ſum of the middle terms are given. 
This problem was propoſed and ſolved algebraically in art. 164, put-. 
ting a for the ſum of the extremes, and for the ſum of the middle 
terms. There it was found, that the greater of the two middle terms 


7 


5 $7 3 b JS aw-b 
was equal to EXT 8 and the leſs equal WE 2 wo 


Nothing here then remains to be done, but to furniſh out a geometrical 
conſtruction of this problem. But before that can be done, this quantity 


wa—b 
a+30 2 ; 
merator and denominator of that fraction by Hab, and the numera- | 


tor will then become a—5, and the denominator y/a-+ 3 bx /a—6b. 
Find by the 13th of the fixth book of the Elements, a mean proportio- 
nal between a+ 3 6b and a—6, and call it ; and you will have * 


a+3bxa—b, and m=\/a+3bxy/a—b; whence the foregoing 
PS En P. 2—3 | | 
fraction 3 will now become —— : whence the greater of the 


muſt be more diſtinctly expreſſed thus: multiply both the nu- 


two middle terms will be equal to 2 * +> * 4 
3 IO EE 
— X10» a „: and from theſe two expreſſions the following conſtruc- 


tion naturally flows. (Pg. 21.) | 
Draw the line BD equal to the given ſum of the two middle terms; 
biſect it in H, and then from H towards B, or from H towards O ſet 
off HC, found by the 12th of the fixth book of the Elements thus: 
As a mean proportional between a+ 35 and a—b is to a—b ſo make 
HB to HC, and the two ſegments BC and CD will be the two middle 
terms ſought. Whence the extremes will eafily be had thus : let the 
line BD be continued both ways, to wit, from B towards A, and from D 
towards E; then by the 11th of the ſixth book of the Elements, make 


as BU to CD ſo CD to DE; make alſo as DC to CB fo CB to BA, and 
| AB 


and the leſs equal to 
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AB and DE will be the extremes ſought. So that the four lines fought 
will be AB, BG; CD, DBR 
But here it muſt be obſerved, that 5, the ſum of the middle terms, 
muſt always be leſs than a, the ſum of the extremes; for otherwiſe a—6 
might be nothing or negative, in which caſes it would be impoſſible to 
find a mean proportional between a+ 3b and a—6, This is alſo fur- 
ther evident from the 25th of the fifth book of the Elements, or by 
The compoſition of this problem has been ſufficiently demonſtrated in 
art. 164; and to give any other demonſtration of it here would create 
us more trouble than it is worth. | ; 
A LEMMA. | 
325. In every rectilincar figure, all the angles taken together are equal 
to twice as many right ones, except four, as the figure has fides, Thus in 
a hexagon, where the number of ſides is 6, twice that number is 12, 
from which ſubtracting 4, there remains 8 ; therefore all the angles of 
any hexagon put together are equal to 8 right ones. Thus again, all the 
angles of a quadrilateral figure put together are equivalent to four right 
ones, &c. | . 
This is the firſt of the two theorems uſually annexed to the 32d pro- 
poſition of the firſt book of the Elements. See Barrow, Commandine, 
Clavrus and others. . | | ie 
PROBLEM 17. (Fig. 22.) 
326. In a given ſquare to inſcribe a leſſer ſquare of a givem area. 
Let ABC D be * given 0 — les beginning with 
AB, ſet off AE, BF, CG, DH all equal, and incloſe the figure EFG H. 
Now ſince in every quadrilateral figure all the angles taken together are 
equal to four right ones, as in the foregoing lemma, and ſince in the fi- 
gure EFG H no reaſon can be given why one angle ſhould be greater 
or Teſs than another, or one fide greater or leſs than another, it 1 
that all it's angles will be right ones, and all it's ſides equal, and conſe- 
quently that the figure EFG H will be a ſquare inſcribed in the greater 
ſquare ABCD. What the problem requires then is to aſſign the point 
E in the fide AB, and conſequently all the reſt, ſo that the ſquare 
EFGH may have a given area. f | 
SOLUTION. iD 
Since the area of the ſquare EFGH is given, the fide EF will be 
given, that is, the hypotenuſe of the right-angled triangle EBF will be 
given, and we ſhall have BF BE* EF, or AE ER = EF: 
therefore we have now reduced this problem to the 13th in art. 321, 
Which 


, 
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which was, to divide a given line A B into two ſuch parts AE and EB, 
that the ſum of their ſquares may be equal to a given ſquare EG. 


N. B. From the limitation given to the 13th problem it * 
mmm e 


84 n HE PROBLEM 18. 


32. 21 is MI pin given the difference between the hypo tenuſe * 
| . 4 ri ö triangle and each leg ſeparateh, to A the N 


Sour ion. 9 


Les the two given differences be a and 5, and put x for the er 
| auld; then will the legs be x—@ and 6, and their ſquares xx—2ax 
+ aa and xx—2bx+6bb, and the ſum of their ſquares 2xx—24ax 
—2bx+0a+bb=xx: make a+b==c, and you will have aa-+2ab 
+ bb==cc, and aa = cc—24ab. Subſtitute therefore cc - 245 
inſtead of 4a +56 in the former equation, and alſo —2cx inſtead of 
—24x—2bx, and the equation will then be 2xx—2cx+cc— 246 
=xx, which being reſolved gives x=c==4/246, or a+b=\/2ab: 
one of theſe roots, to wit a—4/2ab+6 I reject, for a reaſon which 
will be given hereafter ; the other root, to wit a+4/24b+61 retain, 
which, conſidering that FP, 2b is a mean proportional between à and 26, 
or between b and 2a, gives the following conſtruction. (Fig. 23.) 
Draw the line AF; out of which take, firſt AB equal to either 
of the given differences, ſecondly BC equalto a mean proportional between 
that difference and twice the other, and thirdly CD equal to the other 
difference. This done, by the 22d of the firſt book of the Elements, 
ſet upon the baſe AD the triangle AED, making AE = AC, and 
DD. and the triangle AED will be the triangle Required, 


A ſyntheti cal demonſtration. | 


For 1ſt, that the lines AD, AC and DB are capable of conſtituting 
a 11 F.1 is plain, becauſe every two of them are greater than the third: 
and 2dly, that the triangle AED is a right-angled triangle I thus de- 
monſtrate by the 4th of the ſecond book of the Elements, ID. AC. 
+2ACD+ CD = Ae ＋2 ABCD 2BC XCD CD*=AC*+ BC: 
+2BCD+CD*=AC+BD*=AE'+ETY: therefore the triangle AED 
is a right-angled triangle. 

3dly, that the right-angled triangle AED is e a one as the pro- 
blem requires is alſo evident; for the difference between AE and AD, 
or between AC and AD is CD, which was one of the differences gi- 


veh ; and the difference between DE and DA, or DB and DA is 
AB, which was the other difference, & E. D. 


1 
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S HOLIV NM. 


In the foregoing folution we rejected one of the values of the 
nuſe, to wit, 2— V2 Eb, and our- reaſon for ſo doing is; that i 
the hypotenuſe was made equal to a—y/2ab-+6, it would be impoſſi- 
ble for both the legs to come out affirmative: for upon this ſuppolition, 
one of the legs would be a—\/2 a6, and the other would be þ—,/ 24h. 
Loet us now ſuppoſe the bo, E ab to be affirmative; then à muſt 
be greater than Hz ab, and ag greater than 2 4b, and a muſt be cater 
than 26, In like manner, if we ſuppoſe the other leg b—\/2@b affir- 
mative, þ muſt be greater than 2a : but it is im poſſible that both a ſhould 
be greater than 25, and 6 greater than 23; therefore if the hypotenuſe 
of the triangle be made equal to a—\/2 ab +6, it will be impol ible for 
both the legs to be affirmative. 9, E. D. 

If it be objected that negative legs of a right-angled triangle may be | 
made affirmative without deſtroy Ying the nature of ſuch a triangle, it is 


allowed; but if our triangle ſhould be ſo changed, it WOure not be ſuch 
a one as the problem requires. 


A LI M 1 A. 


328. if four right lines A, B, C, D be proportionable, and four others 
E, F, G, H hi proportionable, fo that A is to Bas C is to D, and 
alſo E i 0 F 4 Gi % H; I. then that the reftangle A E coill be to 
the rectangle BY as the reftang e CG is to the rectangle DH. | 

For by the 23d of the ſixth book of the Elements, the rectangle AE 
is to the rectangle BF in a ratio compounded of the ratio of A to B, 
and of the ratio of E to F. Again, the rectangle. CG is to the rectangle 
DH in a ratio compounded of the ratio of C'to D, and of the ratio of 
G. to H: but the ratio of C to D is equal to the ratio of A to B by the 
ſuppoſition, and the ratio of G to I is equal to the ratio of E to F. 
Since then the component ratios are equal, the ratios compounded W 
them muſt be fo too; that is, the ratio of the rectangle AE to the r 
angle BF muſt be equal to the ratio of the rectangle CG to the rect. 
angie ZH. 

Or thus: Since A is to B as C is to D, AE will be to BE : as CG is 
to DG; and again, ſince E is to F as G is to H, BE will be to BF 
as DG is to DH: therefore the three rectangles A E, BE, BF are 
proportionable to the three rectangles CG, DG, DH; that is, AE is 
to BE as CG is to DG, and BE is to BF as DG to DH; there- 
fore by the 22d of the fifth book of the Elements, or art. 287, AE is to 
BF a CG wo DH. Aka : ; 


PA- 
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PROBLEM 19. 


2 E- red, having wen the potenuſe 9 A bd ni. | 
: M and its ores, ro find the triangle. * N 


\ $0167TION, 


Call "MY Been hypotenuſe a, and by the 4 «th. * the firſt book of the 
Elements find another line þ of ſuch a wagons that the r le ab 


may be equal to twice the area given ; then will that rectangle ab allo 
be equal to the rectangle of the two legs of the triangle fought ; and 


therefore if « be put for one of the legs, = will be the other, and the 


th | 
fun of their ſquares will be +=; ; whence * 45 Bd., 


a 
ind eib. and a., and eL = 
. Let c be a mean proportional between © +b and © —þ, 


3 4 | 
that is, let 7 and we ſhall bare 4e , and the e- 


quation will now be mn Sa; whence by extraction of 


Us 
— — ̃ — e9o rt 


the rd” 9 42 * Mee 
ſquare root, of N 2 ae, M005 = arena 


therefore x is a mean proportional between aand == 3 that is, the 
"ow leg of the triangle ſought will be a mean. e between 4 


and © * Gs and the leſs leg will be a mean proportional between a and 
* e; whence we have the following non. (Fig. 24.) 
4 the line AB equal to the hypotenuſe given, and biſect it in C: 
by the fortyfifth of the firſt book of the Elements, find a line CD 
uch t the ne gle ABx CD may be equal to twice the area given, 
and ſet off that line CD from C towards A, or from C towards B: find 
CE a mean proportional between AD and DB by the 13th of the ſixth 
book of the Elements, and ſet that off alſo from C towards A or B. This 
_ by the twentyſecond of the firſt book of the Elements deſcribe the tri- 


no ee oa angle 


— Te ow wo — e. —— the — 
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angle AFB, fo that A F may be a mean proportional between AB and 
AE, and BFa mean proportional between A B and BE, and the trian- 
gle A FB will be ſuch a one as the problem requires, 

This conſtruction naturally flows from the foregoing analy/is : for here 
AB=a, AC=%a, CDS, AD Sa =, BD=!a=b; there 
fore CE, which is a mean proportional between AD and DB. equals 
c; whence AE=!a==c, and EB==2a==c; therefore AF, which i 18 
a mean proportional between AB and AE, will be a mean proportional Y 
between a and 1a==c; and for the fame reaſon BF will be a mean pro- 
portional between a and! '2== c. This conſtruction then is what the K 
going analyſis directly leads to: but by the demonſtration annexed it 
will appear, that F * vertex of the triangle AFB will beſt be found by 
deſcribing a ſemicircle upon the diameter "4B which will meet the "a | 
EF o aa mn to AB in F the point required, | 


A ſpnthetical demonſtration. 


1ſt, That the triangle AFB is right-angled at F is evident from it's 
being in a ſemicircle, 
2dly. Therefore the triangles AE F and AFB are ſimilar, and con- 
ſequently AE will be to AF in one triangle, as AF is to AB in the 
other; that is, A F will be a mean proportional between AE and AB. 
2dly. In like manner, from the ſimilitude of the two triangles BEF 
and B FA, we ſhall have BE to BFas BF to BA © 
4thly. Since then we have two ſets of proportionals, to wit, AE to 
 AFas AF to AB, and BE to BFas BF to BA, it follows from the 
laſt article, that the rectangle A EB will be to the rectangle AFB as 
that rectangle APB is to the ſquare of AB: but by the fifth of the ſe- 
cond book of the Elements, Se rectangle FEB with the ſquare of 
CE is equal to the ſquare of 4 C, and ſo alſo is the rectangle ADB 
with the ſquare of CD; therefore AEB+CF*= ADB + CD: ſub- 
tract CE* from one fide, and the rectangle ADB from the other, (for 
as CE is a mean pr oportional between FD.and DB, CE: will be equal 
to ADx DB,) and you will have the rectangle AEB equal to the 
ſquare of CD: ſubſtitute therefore the ſquare of CD inſtead of the rect- 
angle AE B in the laſt proportion, and you will have CD to AF«FB 
as A Fx FB is to AB*. Let m be a mean proportional between A F 
and FB, that is, let = be equal to AFxFB, and you will have CDF 
to mm as mm is to AB. therefore by the latter part of the 22d of the 
ſixth book of the Elements, CD will be to n as mis to AB; there- 
fore un =4Bx CD: but ABxCD is double the given area of the 
triangle ſought ; therefore AFxFB is alſo double the area of the tri- 
angle ſought ; therefore AFB i is the triangle fought, Q. E. D. 


1 S C H O- 


re- 
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SCHOLIUM, | 


In the reſolution of moſt geometrical problems, after having any line 
as à given, it will be proper to refer to it as much as poſſible in all other 
expreſſions, rather than to introduce new lines and new expreſſions into 
the ſolution ; eſpecially where the line to be referred is of any principal 
conſideration in the problem, or when the dimenſions run high. Thus 
in the foregoing problem, having the hypotenuſe 4 given, it was found 
more convenient to expreſs the double area of the triangle by the rect- 
angle ab than by any other rectangle whatever, as hc, or even by any 
ſquare, as bb; the conſtruction derived from that analyfs being by this 
means rendered more ſimple than it would have been any other way, as 
will eaſily appear by comparing that analyſis with any other of the ſame 

problem. „ . 
1 Nor muſt I omit this opportunity of informing the reader, that though 
geometrical conſtructions drawn from analytical inveſtigations are (for 
the moſt part) ſureſt to be come at, yet they are not always moſt ſim- 
ple; for ſometimes it happens that the conditions of a problem are ſo 
independent one of another as to admit of diſtinct conſtructions, and that 
the loci geometrici, or geometrical places, (for ſo they are called,) where- 
by theſe diſtinct conſtructions are to be effected, are ſuch as offer them- 
ſelves naturally from the conditions of the problem without any algebraic 
computation. Whenever this happens, it will be eaſy, from the inter- 
ſections of theſe loci, to form a conſtruction of the whole; and conſtruc- 
tions thus formed will always be the ſimpleſt poſſible; a plain and eaſy 
inſtance whereof may be had from the problem now under conſideration. 
Let it again then be required, having given the hypotenuſe of a right- _ 
angled triangle, together with it's area, to find the triangle. (Fig. 2 5.) 
Let AB be the given hypotenuſe ; upon which, as on a bajis, de- 
ſcribe the right-angled parallelogram ABCD equal to double the area 
of the triangle ſought : then by the 41ſt of the firſt book of the Ele- 
ments it is evident, that every triangle having AB for it's baſe, and be- 
ing terminated by the ſame parallels A B and CD, will be equal in area 
to the triangle ſought; and therefore the line C is called the locus or 
place of the vertical angles of all ſuch triangles, as having AB for their 
common baſe, have the fame area with the triangle ſought ; therefore 
the vertex of the triangle ſought muſt be placed ſomewhere in the line 
CD; and ſo much for that condition. The other condition is, that the 
triangle ſought muſt be a right-angled triangle: therefore as all angles 
in a ſemicircle are right, it follows, that if upon the diameter AB be 
deſcribed a ſemicircle AEFB on the fame ſide with the parallelogram 
AC, and cutting the line CD in the points E and F, that arc AE FB 


will 
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will be the locus of all the right angles that can poſſibly be ſubtended by 
A; that is, the vertex of every right-angled triangle on that fide, having 
AB for it's hypotenuſe, will be in the arc AE FB; therefore the ver- 
tex of the triangle ſought muſt have a place ſomewhere in the arc AEFB: 
but it cannot be both in the arc AEFB and in the right line DEFC 
unleſs it be in E or F one of the points of interſection; therefore AER 
or AFB will be the triangle ſought, thoſe two triangles differing from 
one another in ſituation on. | THE 

If AD or BC, the breadth of the given parallelogram, be equal to 
A or the radius, the points E and F now coinciding, the line CD 
will become a tangent to the middle of the arc, and the problem will be 
barely poſſible: but if the breadth of the parallelogram be greater than 
A3, then the line CD and the arc can never meet, and the problem 
will become impoſſible when it's conſtruction is ſo. 
This 1s as clear an inſtance as can be given to illuſtrate the nature of 
theſe geometrical places we have above deſcribed : as to the reſt we ſhall 
ſpeak more Welker. . | 
DR th nb ne A LEMMA. 

330. If four quantities A, B, C and D are proportionable, ſo that A is 
to B as C is to D; I ſay then that as AA B ig t A ſors C+D 7 C. 

For in the firſt place we have three quantities A B, B, and A; in 
the next place we have three other quantities C D, D, and C: of 
theſe it is plain that I ＋ Bis to B in the firſt rank, as C+D is to D 
in the ſecond, by the 18th of the fifth book of the Elements, or art. 
283 : it is plain alſo that B is to A in the firſt rank, as D is to C in 
the ſecond by the ſuppoſition and inverſion ; therefore by the 22d of the 
fifth book of the Elements, or art. 287, A+B is to A as C+D is to 

After the ſame manner might it be demonſtrated that A—B is to A as 
C—D 5 C. 

A LE MMA. (Hg. 20, 27.) 


331. If ABC be a triangle whoſe baſe is AB, and whoſe vertical angle 
C tis equal to any given acute angle DEF, or to it's complement to twa 
right ones; and if from any point as D in the line ED be drawn DF per- 
pendicular to EF; T jay then, that as DE is to EF, 6 will 2ACB, the 
double rectangle under the legs of the profojed triangle, be to AC* BC. 
—AB, or 2 AB. — AC - BC, the difference between the ſquare of 
the baſe and the ſum of the ſquares of the legs : the former caſe happens 
awhen the vertical angle ACB is equal to the acute angle DEF, and the 
latter happens wwhen the vertical angle ACB is equal to the complement of 
the angle DEF te two r1ght ones, 
N 7 7 2 J. ſay 
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. -T ſay likewiſe e converſo, that if DEF be any acute angle whatever, 
evhere DF is perpendicular to EF, and if DE be to EF as 2ACB is to 
AC+BC—AP, or to AB—AC*'—BC*; then the vertical angle 
ACB vill be equal to the angle DEF in the former caſe, or to it's com- 
plement to two right ones in the latter. „ 3 
For drawing the perpendicular AG to the fide B C, or BC produced, 
the triangle ACG will be ſimilar to the triangle DEF, the angles at 
F and G being right, and the angles DEF and ACG being equal by 
the ſuppoſition ; therefore DE is to E F as A C is to CG: multiply the 
two laſt terms by 25 C, and you will have DE to E Fas 2ACB is to 
2BCG: but 2BCG is equal to AC*+ BC*— AB,, if the angle ACB 
be acute, or to AB*— AC*— BC", if the angle AC B be obtuſe, by 
the 13th and 12th of the ſecond book of the Elements; therefore in 
both caſes we ſhall have DE to EF as the double rectangle of the legs 
ACand CB is to the difference between the ſquare of the baſe and the 
ſum of the ſquares of the legs. | 
It remains now that we demonſtrate the converſe of this propoſition, 
to wit, that if DE be to EF as the double rectangle of he egs AC 
and CB is to the difference between the ſquare of the baſe and the ſum 
ef the ſquares of the legs; then the vertical angle ACB will be equal 
to the angle DEF, or to it's complement to two right ones, according 
as that vertical angle happens to be acute or obtuſe. | 
Since then by the ſuppoſition DE is to EF as the double rectangle of 
the legs AC and CB is to the difference between the ſquare of the baſe 
and the ſum of the ſquares of the legs; and ſince this laſt difference will 
always be equal to twice the rectangle BCG, whether the angle ACB 
be acute or cbtuſe, it follows that in both caſes, DE will be to EF 
as 2ACB is to 25 CG, that is, as AC is to GG: but if AC be to CG 
as DE to EF, ſince the angles at F and G are right, and conſequently 
equal, the triangle ACG will be ſimilar to the triangle DEF by the 
th of the ſixth book of the Elements, and fo the angle 40G is equal 
to the angle DEF: but the angle 40G is the vertical angle A CB, 
provided that vertical angle be acute, otherwiſe it is it's complement to 
two fight ones; therefore the vertical angle AJC B muſt, if acute, be 
equal to the angle DEF, and if obtuſe, to the complement of that an- 
gle DE to two right ones. 2, E. D. „ 


PR OB L E M 20. 


332. It is required, having given the baſe, the ſum of the legs, and the 
angle oppoſite to the baſe of any triangle, to find the triangle. 
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$orvT1on. (Hg. 28, 29.) 


Let the vertical angle be equal to any given acute angle as DEF (Fig. 


29, where DF is perpendicular to E F, and call the ſum of the legs 2a, 
the baſe 26, and the difference of the legs 22 (this way of notation be- 


ing beſt for ſolving this problem,) and you will have the leſs leg equal N 


to a—2, the greater equal to a, and the rectangle of the legs equal 
to a* — 2*, and the double rectangle equal to 24 — 2z* ; you will alſo 
have the ſum of the ſquares of the legs equal to 24. + 22*, and the ex- 
ceſs of this ſum above the ſquare of the baſe equal to 24 + 22*—4H : 


whence, and by the laſt article, we have this proportion, DE is to EF 
as 24*— 22* is to 24*+22*— 46; halve the two laſt terms, and you 


will have DE to EF as a — 21 is to a +2*— 24 ; therefore by art. 

330, the ſum of the firſt and ſecond terms will be to the firſt as the ſum 
of the third and fourth is to the third, that is, DEE is to DE as 
244a—2bb is to aa - 23; double the conſequents, and you will have 
DE EF to 2DE as 2a4a—26b is to 244 — 222, or DE+EFto 2DE 
as aa—bb is to aa - rr. {> e | 


On the center E and with the radius E D deſcribe the FER GDH, 


cutting the line E both ways produced in G and H, to wit in G on 
the ſide of E, and in 7 on the fide of F, and join GD, DH: then 
we ſhall have GF=DE—+EEF, and GH=2DE, and the proportion 


will now be that G Fis to GH as aa = is to aa—22; multiply the 


two firſt terms by G H, and the rectangle FG H will be to G H* as 
aa—bb is to aa - 83: but the triangle GDH is a right-angled tri- 
angle, as being in a ſemicircle, and will therefore be ſimilar to the tri- 
angle G F. D; therefore FG will be to GD as G D is to GH, there- 
fore the rectangle FG H will be equal to G D: ſubſtitute the latter in- 


ſtead of the former in the laſt proportion, and it will ſtand thus; G D- 


is to GH as 44 — 6 is to aa — 22. Take now AB (Fig. 28.) e- 
qual to 26 the given baſe of the triangle, and biſecting it in J, draw IN 
perpendicular to AB, and in the right angle A IN inſcribe the line AX 
equal to à the ſemiſum of the legs, and you will have aa—bb== AK* 


— AP = TK", and the proportion will now ſtand thus; GD is to GH* 


as TK* is to aa — 22, In the line IN take TL of ſuch a length, that 
TK may be to IL :$8 GD to GH, and you will have IK* to IL. as 
GD* to GH: but as G D is to GH fo was IK. to 44 — 22; there- 
fore IK. is to IL as IK* is to aa - 283 therefore aa— 28 . In 
the angle AIL inſcribe the line LM equal to A K, and you will have II. 
— LM*— I M* 3 therefore aa — S2 LM* — IM ; but a= LM by 
the conſtruction ; therefore z== TM ; therefore the difference of the 
two legs fought will will be 2ZM, If therefore upon the baſe AB be 

— — | conſtructed 
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conſtructed a triangle 4 C B ſuch, that the lefs leg AC ſhall be equal 
to LM MI, and the greater leg BC ſhall be equal to LMI, the 
triangle ACB will be ſuch a one as the problem requires. & E. I. 


A ſynhetical demonſtration. 


Since AC=LM—MT, and BC LMI. MI, the ſum of the legs AC | 
and BC will be 2LM or 2AK, as required : moreover, the rectangle 


of the two legs, to wit LM—MBLM+ MI, will be LM*— MP'— 
IE, and the double rectangle of the legs will be 21Zz. Again, we have 
already ſhewn that the ſum. of the legs AC+CB is equal to 2 AK, and 
therefore ſquaring both ſides, we ſhall have AC*+-2 ACB+CB*==4 AK*; 
but 44K* is equal to. AA AIK; therefore AC*+24CB-+CB*— 
4AT*+41K* : ſubtract 2ACB: from one fide, and 211 from the other, 
( fince we have proved them equal, ) and you will have AC'+ BCG'— 
AAP +4JK'—21D : ſubtract AB* from one fide, and 4A7* from the 
other, and; you will have AG*+BG'—4B*=4IK—2TD ; that is, 
4IK'—2TT is the exceſs of the ſum of the ſquares of the legs above 
the ſquare of the baſe. This being allowed, the reſt of the demonſtra- 
tion runs in a chain thus: GH is to GD as IL is to IK by the con- 
ſtruction; therefore GH is to G D' as IT is to IK,, or as 4TL* to AIR: 
but it has been ſhewn already that GD! is equal to the rectangle FGH 
therefore GH is to GD* as GH is to FGH, that is, as GH is to G, 
or as 2 DE is to DE+EF); therefore 2DE is. to DE+EFP as 4IT- is 
to 41K*: halve the antecedents, and you will have DE to DE+EF 
as 21L is to 4TK* ; therefore by the proportion of the 4 3oth article in- 
verted ; the firſt term will be to the exceſs of the ſecond above the firſt 
as the third is to the exceſs of the fourth above the third; that is, DE 
will be to EFas 21[[ is to 4/K*—217*: but 21D is equal to 2 4CB, 
the double rectangle of the legs, as hath been ſhewn already, and AIK. 

IL was ſhewn to be the exceſs of the ſum of the ſquares of the legs 
above the ſquare of the baſe, to wit, AC*+BC*—AB*; therefore DE 
is to EF as 2ACB is to AC*+BC*—AB? ; therefore by the laſt lemma, 

the vertical angle ACB is equal to the acute angle DEF. 2, E. D. 

By a like proceſs it will be found, that if the line IL be fo taken as 
to have the fame proportion to IK that the diameter GH hath to the 
leſſer chord DH, the angle ACB will be obtuſe, and equal to the angle 
DEG; but if the angle DEF or DEG be fo given that IL happens to 
be greater than AK or LM, the problem will be impoſſible, becauſe it 
will then be. impoſſible to inſcribe the line LM in the angle ALL: whence 
it follows, that if this problem be poſſible, the given vertical angle ACB 
muſt not be greater than AKB, whether that angle happens to be 


acute, 
right, 
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right, or obtuſe; and that the triangle AKB will be the ultimate poſi. 

tion of the triangle AC before it becomes impoſſible. _ 25 
S u. (Hg. 28, 29, 30.) 


Let AB (Fig. 30) be the baſis of the foregoing triangle, and biſect- 
ing it in K, draw the line HIK L perpendicular to AB; make the angle 


BAT equal to the angle D in the triangle DEF (Fig. 29,) and upon the 


center J, and with the radius TA or TB, deſcribe the circle AHBL, 
which will be divided into two ſegments by the chord AB: I fay then 
that the greater arc AHB will be the locus of all angles which ſtanding 

upon AB, can be equal to the angle DEF; and that the leſſer arc ALR 
will be the locus of all the angles which having the fame ſubtenſe 4B 


j 


can be equal to the angle DEG. 


| * For joining AH, BH; AI, BI; AL, BL, the triangle AIK will be 
ſimilar to the triangle DEF, becauſe the angles at K and Fare right angles, 


and the angle KAI was taken * to the angle FDE by conſtruction; 
therefore the angle AIK is equal to the angle DEF: but the angle AIK 
at the center, ſtanding but upon half an arc, is equal to the angle AHB at 
the circumference, ſtanding upon the whole arc; therefore the angle AHR 
and conſequently all others in that ſegment, by the 2 1ſt of the third book 
of the Elements, will be equal to the angle DEF; therefore all the angles 
ALB in the oppolite ſegment will be equal to the angle DEG, by the 22d 
of the third book of the Elements ; therefore the vertex C of the triangle 
ACB (Fig. 28,) muſt be ſomewhere in the arc AHB or ALB (Fig. 30,) 
according as the vertical angle ACB is acute or obtuſe. 


Again, there is ſcarce any one that is ever ſo little converſant in Conic 


Sections, but knows that if from any point, wherever it be taken in the pe- 


rimeter of an ellipſis, be drawn two lines to the two foci, the ſum of theſe 

two lines taken together will always be equal to the tranſverſe axis: there. 

fare, if upon the foci A and B, and upon a tranſverſe axis equal to the ſum 

of the legs given in the foregoing E be deſcribed an elligſis, the 
los 


perimeter of this elligſis will be the [ers of all points from whence lines 


drawn to A and B ſhall both together be equal to the ſum of the legs 


given ; therefore the vertex of the triangle ſought muſt be ſomewhere in 


the perimeter of this ellipſis: but it was before ſhewn to be ſomewhere 


in the circumference of the circle above deſcribed; therefore either of the 
two points where either arc of the circle meets the ellipjis, if they do meet, 
will be the vertex ſought ; for each arc AHB or ALB may cut the el- 
lipfis in two points. But if the arc wherein the vertex lies only touches 
the ellihſis, the two interſections will run into one, and fo there will be 
but one point that cin be made the vertex of the triangle. ſought. If 
the curves neither touch nor cut, the problem will be impoſſible, 
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This conſtruction is obvious enough: but the laws of Geometry will 
never admit that a Conic Section be introduced into the conſtruction of 
any problem which can be effected by the help of a right line and a 
circle: I fay by the help of a right line and a circle; for inſcribing the 
line LM in the angle AIL in the 28th figure, in order to find the point 
M on one fide or other of the point J, was little leſs than deſcribing a 
circle upon the center L and with a radius equal to AK, in order to 
find either of the interſections M wherein that circle would cut the 
line AB. Therefore whenever the conditions of a problem are conſtruc- 
ted apart, if one of the ſoci happens to be a Conic Section, it will be 
moſt adviſeable for the Analyſt to ſuſpend his acceptance of that con- 
ſtruction, till (by extermination or otherwiſe) he has reduced the whole 
to one equation: then if that equation can be conſtructed by the help of 
a right line and a circle, or by the help of two circles, which is the 
caſe of all quadratics, and of all ſuch as are reducible to quadratics, this 
laſt conſtruction muſt be admitted rather than the former; but if it hap- 
pens otherwiſe, the former conſtruction may be allowed. 15 

= PROBLEM 21, 1 1 
333. Eis required, having given two fides of any triangle, together 
| . it's area, to find the third fide, en e 


SOLUTION. (Fig. 310 


The ſhorteſt and moſt direct way of ſolving this problem will be to 
conſtruct the locus of each condition apart, that the interſection of theſe 
loci may point out the triangle ſought. Take then the line A B equal 
to one of the given ſides of the triangle, and to the line AB apply a 
right- angled parallelogram ABCD whoſe area ſhall be double of the 
given area of the triangle, by the 45th of the firſt book of the Elements. 
Again, upon the center A, and with a radius equal to the other given 
ſide, deſcribe a circle cutting the line CD in E and F; then joining AE, 
BE; AF, BF, I fay that either of the triangles AEB or AFB will 
anſwer the conditions of the problem, ſo that BE will be the third fide 
of one triangle, and BF the third fide of the other. 

For by the 41ſt of the firſt book of the Elements, the area of cach 
triangle will be half the area of the parallelogram AB CD, as it ought ; 
and each triangle will have two ſides, to wit, AB and AE, or AB and 
AF equal to the two ſides given in the problem. 9. E. D. 

If the third fide, BE or BF be required in numbers, imagine EG to 
be drawn perpendicular to AB: then in the right-angled triangle AG FE 
the hypotenuſe AE is known, and fo alſo is the leg EG, becauſe 4B 


x EG, 


932 


- 
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* EG, or the area of the triangle, was given in the problem; therefore 
AG will eaſily be obtained, and conſequently BG, ſince AB is known: 
ſince then in the right-angled triangle EGB, the legs EG and GB are 
known, the hypotenuſe E B will alſo be known, which is the third fide 
of the triangle ſought. | COT OT 


A LEMMA. (Hg. 32.) 


334. V. from two given points A and B be drawn two lines AC and 
BD, and , theſe lines, being infinitely continued beyond the points C and 
D, be ſuppoſed not to concur but at an inſinite diſtance; I ſay then, that any 
finite parts as AC and BD of theſe infimte lines, ought to be taken for 
parallels, that is, they will have all the properties of parallel lines, ſo far 
as theſe properties can be expreſſed in finite terms. « | 
For joining AB, draw at any diſtance the line CDE parallel to AB, 
and BE parallel to AC: and firſt let us ſuppoſe the lines AC and BD 
to meet in the point F, at a finite diſtance from AB, and the triangles 
EBD and AFB will be fimilar ; for the angle DBE will be equal to 
it's alternate AFB, and the angle B DE to it's alternate ABF; there- 
fore DE will be to EBas A is to AF: this is univerſally true, what- 
ever be the diſtance of the interſection F from the line AB, Let us now 
ſuppoſe the point of interſection F to move off along the fixed line AF 
ad infinitum, and let the line BF be ſuppoſed to turn upon the fixed 
point B, ſo as always to paſs through the moveable point F, and ſuppo- 
ſing the figure ACE B to continue as before, it is now evident that the 
line AB being finite will be infinitely leſs than the line AF which 
is infinite: but DE is to EB as AB to AF, and therefore in this caſe, 
the line DE is infinitely leſs than the finite line EB; therefore the line 
DE is leſs than can poſſibly be expreſſed in any finite terms, be they 
ever ſo ſmall. Since then the ſides BD and BE of the triangle BDE 
are finite lines, and the baſe DE is infinitely ſmall, the angle DBE 
muſt be leſs than any finite angle whatever, as eaſily follows from the 
2 5th of the firſt Tas 4 of the Elements: but the angle DBE is the dif- 
ference of the two angles AB D and ABE; therefore the angle AB D, 
as far as it can be expreſſed in finite terms, is equal to the angle ABE: 
but the two angles AB E and BAC are equal to two right ones, becauſe 
by the ſuppoſition AC and BE are parallel; therefore the two angles 
ABD and BAC, as far as they can be expreſſed in finite terms, are e- 
qual to two right ones, and the lines AC and B D ought to be taken 
for parallel lines. Q. E. D. e 

Hence it follows, that all that can be demonſtrated concerning two 
lines AC and BD, with an infinitely ſmall allowance upon account of 
their concurrence at an infinite diſtance, will be ſtrictly and accurately 
| | 22.2 true 
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true of them without any allowance at all, when they become actually 
parallel. And thus may the properties of concurrent lines be carried on 
through this medium to parallels, an example whereof we have in the 
following pro blen. i 

| 3 PROBLEM 22, 


335. To divide @ given triangle in any proportion by a line paſſing through” 
à given point. | S OE, 


CASE 1 (Fg. 33.) 
PREPARATION. 


Let ABC be the triangle to be divided, and let D be the given point, 


and without the triangle, through which the dividing line is to paſs. 


Now it is evident from a bare contemplation of the figures (33, 34, &c,) 

that in what ſituation ſoever the point D appears (either without the tri- 
angle, or in one of it's ſides,) there can be but one angle of the 4 8 

ABC, to which a line drawn from D ſhall paſs through the triangle, 
either before it arrives at that angle, or afterwards when produced be- 

yond it: let C be that angle, which we ſhall therefore call The principal 
angle, and let the line DC, when drawn, paſs through the triangle be- 
fore it arrives at the angle C, cutting the oppoſite fide AB in E: divide 
alſo the fide AB in F, ſo that the ſegments AF and FB may have 
the ſame proportion one to the other as the two parts into which the 
triangle ABC is to be divided, and join CF. Then it is plain that the 
two parts ſought muſt be the ſame in quantity with the two parts ACF 
and BC, ſince by the firſt of the ſixth book of the Elements, the tri- 
angle ACF is to the triangle B CF as AF is to FB: therefore if the 
line CF when produced paſſes through D, the buſineſs is done, and the 
two parts ſought will be the two triangles ACF and BCF. But if the 
line CF does not paſs through D, as the line CE doth, then AE muſt 


either be greater or leſs than AF: let AE be greater than AF, and 


the triangle ACE will be greater than the triangle ACF, and conſe- 
quently the other triangle BCE will be leſs than the triangle BCF: 
whence it follows, that to draw a line from D, fo as to divide the tri- 
angle AC B into two parts equal to the parts ACF and B CCF, the divi- 
ding line muſt decline from the line D C towards A, cutting off on the 
ſide of Aa triangle equal to the triangle ACF, and conſequently on 
the fide of B a trapezium equal to the triangle BCF; and fo AB and 
AC will be the two ſides cut by the dividing line. After the ſame man- 
ner it may be demonſtrated that if AE be leſs than AF, the dividing line 
mult decline from DC towards B, cutting off on the ſide of B a tri- 
angle equal to the triangle BCF, and conſequently on the fide of A 

| | — a tra- 
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a trapezium equal to the N ACF; in which caſe AB and BC will 
be the two ſides cut by the dividing line. Let the former caſe obtain 
here, that is, let the ſides AB and AC be cut by the dividing line, and 
for that reaſon be called the principal fides : draw DG parallel to AB, 

the ſide oppoſite to the principal angle, and meeting the other principal 
fide CA produced in G, and the preparation will now be over, provi- 
ded the problem is to be ſolved geometrically, But if the lines that are 
given, are given in numbers, and it be propoſed to ſolve the problem 
arithmetically, the line AE, in order to know whether it be greater or 
leſs than AF, muſt be computed by the help of the ſimilar triangles 


CGD and CAE, where CG is to GD a CAisto AB: but CA is gi- 


ven, becauſe the triangle A BE is given, and CG and GD are given, 
becauſe the ſituation 2 D with reſpect to the triangle is given; 
therefore the line AE is alſo given. 


This preparation being made, the buſineſs of this problem vill be to 


find a point as K in the line AC, through which and the point D a 
line as DH K being drawn, ſhall cut off a * as AHK equal to 


6 
SOLUT I O N, 


Call ACa, AF b, 4G c, DG d, and AK x; and fince the triangle 
AHK is to be equal to the triangle ACF, they will have their ſides 
about the common angle A reciprocally proportionable the 15th of 
the ſixth book of the Elements; that is, AX a fide of the former tris 
angle will be to AC a fide of the latter, as AF the other ſide of the lat- 


ter is back again, to AH the other fide of the former; or according to 


b b 
our notation, x will be to @ as þ is to =; therefore AH _ Again 


by ſimilar triangles, GK will be to GD as AK to AH, that i 1s, & 


dx 


dx 
will be to d as x is to M4 ; therefore 4 H = = Thus we have 
5 
two values of AH, to wit, 2 and -——, which therefore muſt be e- 


Xe 
dx ab 


as 0 . . n — 3 
qual to one another, and give us the following equation, Farah, Jr 


dxx Petr 1 
multiply both ſides by x, and you will have e; again, multi- 


ply by x 0, and you will have dxx==abx-+abe, and dxx—abx 


ab abc 
= abc, and x x. — xx: to contract theſe expreſſions, make 


ab 


2 2 2 2 5 


e n= —y— —— U—ä4ẽ On — — — 


2 
* 
% 
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726 and =. that is, make Do to AF as AC to e, and DG to 


AF as AG to f, and the equation will now ſtand thus, xx -er af; 


whence we ſhall have AK or x=j#==/jee+af: but of theſe two 


roots or values of AK, one, to wit ze - Zee , is negative; for if 
Jiee be equal to ze, then Viee af will be greater than ze, and this 
value of AK will be negative; that is, the point K found according to 
this value, will lie in the line CA produced beyond A, and conſequent- 


ly on a contrary fide of A with reſpect to the point C; and though the | 


Ine DK, when drawn and produced through D till it cuts the fide AB, 
will cut off an area equal in quantity to the area propoſed, yet lying 
without the triangle, it will not be the area propoſed ; therefore there is 


but one value of AK that will folve the problem, to wit, 24+/'*e--aof. 
Let g be the hypotenuſe of a right-angled triangle, one of whole legs is 
ze, and the other is \/af, and you will have A K equal to ze gg. Join 
DA, and parallel to it draw FL meeting the fide AC in L, and the 
triangles DGA and FAL will be ſimilar; for the angles DGA and 
FAL are equal, this laſt as being an external angle, and the former as 


being the internal and oppoſite angle on the fame fide; and the angles 


DAG and FLA will alſo be equal for the fame reaſon; therefore DG 


is to AF as AG is to AL; but DG is to AF as AG is to f by the - 


conſtruction ; therefore f= AL, and \/af is a mean proportional be- 


| tween AC and AL; whence we have the following conſtruction of the 


roblem. ; | 
Suppoſing all things as in the foregoing preparation, make DG to AF 
as AJC is to e, and joining DA, draw FL parallel to it, and find g the 
hypotenuſe of a right-angled triangle one of whoſe legs is ze, and the o- 
ther is a mean proportional between AC and AL. This done, if AK 
be taken equal to c ＋ g, and ſet off from A towards C, you will have 
the point , through which and the point D the line D HX being drawn 


ſhall cut off the triangle AHK equal to the triangle ACF, and conſe- 


quently the trapezium BHK C equal to the triangle BCF: and thus 
the triangle ABC will be divided in the proportion required by a line 
as HK, paſſing through the given Hoe . 5 

This might alſo be demonſtrated ſynthetically: but there are a great 
many other caſes belonging to this problem, as the reader will preſently 
ſee ; and to give ſynthetical demonſtrations of them all, would be endlek 
and tedious, I ſhall now therefore proceed to thoſe other caſes, 
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e CaAsH 2. (Fig. 34) % e 
Let us then in the next place ſuppoſe the given point D to be in the 


ſide AB, and a more ſimple conſtruction will ariſe; for then the line 


DG will coincide with the line DA, and the point G with the point A, 
in which caſe the line AG or c will vaniſh : therefore in this caſe, the 
quantity 7 or /, and the quantity = or 4 f will vaniſh, and the alge- 
braic canon for finding AK wo now be reduced to this, vis, AK 
Lie le Liege : therefore when the point D les 

in the fide A B, the point K will be found only by drawing FK paral 
lel to DC; for in this caſe AD will be to UB 


SR > ty 
AK will be equal to FB =. 2, E. F. 


. 


CASE 3. (Ng. 35. 


Let us now imagine the point D to paſs-through the fide AB into 


the triangle, and all diſtinction of principal angles now ceaſing, any two 


ſides may be made principal ſides, and the calculation will eaſily deter- 


mine whether the 9 be juft or not. But it will not be difficult 
for the artiſt himſelf to judge what lines are moſt * r for his purpoſe, 
as alſo which part to make the triangle, and which the trapezium, only 


by laying a ruler upon every angle, and upon the point D, and obſerv- 


ing in what proportion it cuts the oppoſite fides, This (I fay) will not 


be difficult, eſpecially if he takes along with him the following confidera- | 


tion, which is in a manner felf-evident, to wit, that if a ruler, as'DK 
be made to turn upon a fixed point D within a triangle, the area cut 


off by it, whether it be a triangle or a trapezium, will always increaſe 


on that fide from which the longer part of the ruler is made to move. 
Thus if the part DK be longer than DH, the area of the triangle AHK 
will increaſe, if the ruler be made fo to turn upon the point D as that 
the point K ſhall recede further and further from the point A, though 
at the ſame time the point H approaches nearer.to it. 

This premiſed, let AB and AC be the two ſides cut by the line 
HDK as before; and drawing DG parallel to one of them, ſuppoſe to 
AB, cutting the other ſide AC in the point G, join DA, and draw FL 


parallel to it, cutting the fide CA produced in L: and then it is plain 


that the point L having now changed ſides with reſpect to the point A, 
the line AL or F muſt” be reputed negative: the ſame is alſo further 
evident from the point G's having changed ſides with reſpect to the fame 

— — — point 


as AC to AK, and 


2 * 
f Ry I 1 AS SF. K. 


. F * 
7 9 N 
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point A, upon which account the line AG or c will be negative; whence 
al follows that 7 or 7, and 55 or af will be negative. Hence the al- 
gebraic canon for the reſolution of this caſe will ſtand thus: 


> hs AK or xe te-. | 
I fay == becauſe now both the values of AK will be affirmative, ſince 
e- is leſs than e. The conſtruction therefore derived from this 
canon is as follows. HO 
Let g be one leg of a right-angled triangle, whoſe other leg is a mean 
proportional between AC and AL conſidered as affirmative, and whoſe 
* is ze; then — off, from A towards C the line AK e- 
qual to eg, you will have the point K, through which the line K DH 
being drawn, will cut off the triangle AHK equal to the triangle ACF. 
From this conſtruction it follows, that if the values of A be poſſible, 
the mean proportional between AC and AL muſt not be greater than 
2; for that would be to ſuppoſe a right-angled triangle having one of 
the legs greater than the hypotenuſe, which is abſurd, But notwith- 
ſtanding the foregoing conſtruction, I muſt take notice to the reader, 
that there is a private article in this problem which neither was, nor could 
be included in the equation from which the foregoing canon and con- 
ſtruction were derived; which is this. It is ſuppoſed in the problem that 
the line HK lies wholly within the triangle AB C, whereas that condi- 
tion was not taken notice of in the equation: the equation was onl 
founded upon this; that the area of the triangle AHK muſt be equal to 
that of the triangle ACF; which may happen even when AK comes out 
greater than AC, or AH greater than AB, though in neither of theſe 
caſes will the line H& lie wholly within the triangle. In order there- 
fore to judge, without the formality of a conſtruction, whether the va- 
lues of AK, and conſequently of AH, be poſſible or not; and if poſſi- 
ble, whether they will lie within proper limits, that is, whether AK 
will be leſs than AC, and AH be leſs than AB, take the following 
ſymptoms. | i 
- _ it. If the product ab be not leſs than the product 4cd, the values 6 
* AK vill be foffible, otheraſe not; and if the products be equal, the two 
2 values of AK. will unite into one, as is uſual in ſuch caſes. 5 
: 2dly. Tf the tws values of AK be poſſible, and a be leſs than e — f, on- 
by one of thoſe values will be leſi than AC. 
_ 3dly. Fa be greater than e—f, then both the values of AK will be leſs 
than AC, or neither of them, according as a is greater or leſs than ze. 
, Theſe rules being without much difficulty deduced from the canon a- 


bove laid down, to wit, that AK is equal to je ge, I ſhall leave 


the 


- > — @ — 
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the inveſtigation of them to the ingenious reader, rather than be thought 
to inſiſt too long upon them. I ſhall only add, that after a proper — 

of AK is found, the line AH will eaſily be obtained, either by draw- 
ng the line KDH, or arithmetically by the proportion given in the re- 
ſolution of the firſt caſe of this problem, to wit, that AK is to AC as 

AP to AH: and if, as AK is leſs than AC, AH be found leſs than AB, 
the problem will be reſolved by making AB and AC principal ſides; if 
not, other ſides AB and BC, or AC and BC muſt be tried. 8 


Ck SE 4. (Fig. 36.) 


Let us now carry the point D into the angle C; and then the points 
C, D and K being united into one, if we make alſo the point ¶ to co- 
incide with the point F, the triangle AHK will be equal to the triangle 
AFC, and fo the problem in this caſe will be reſolved. But this is not 
all : my main deſign in this problem was to ſhew how from a canon ap- 
propriated to the firſt caſe only, all the other caſes may be reſolved, and 
to inſtruct the learner how to conduct himſelf through ſuchlike tranſi- 
tions. Therefore we do nothing, unleſs we demonſtrate from the canon 
itſelf, that in this caſe AK is equal to AC, how evident ſoever it may 
be from other principles. Now in order to do this, we are to take no- 
tice that in this caſe, AG or c is equal to AC or a, and that DG or d 
is equal to nothing, as muſt always be the caſe where D lies in the 


| b 
line AC, or in AC produced : therefore in this caſe, 7 or e, and © or 


f muſt both be infinitely great, ſince their numerators are finite quanti- 
ties, and their common denominator is infinitely ſmall. It is plain alſo 
that theſe two quantities e and F will be to each other in a proportion 
of equality, ſince the two quantities a and c are fo, "SS 
Theſe things being obſerved, the canon belonging to the third caſe 


as it was derived from the firſt, ſtood thus: AK=!e= Vie—af, 


Ss 
unity, it having been already ſhewn that e is to F in a ratio of equality: 


4 


pay 


ee aef 55 
or it may ſtand thus; AE. But here is equal to 


ſubſtituting therefore unity inſtead of , the canon for the ſolution of 

the fourth caſe will be this: | 

| AAKS ae. | 

But this quantity 1 — ge is equal to exe a, and therefore muſt be 

infinite, ſince the factors are ſo; therefore Vi, — ae mult alſo be infi- 
nite, 


term 3s to the fourth as 7 is to 
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nite, and !2+ a- muſt be much more ſo: therefore in this 
fourth caſe, one of the values of AK muſt be infinite, and fo can have no 
place in the reſolution; but the other value, to wit 3e — eiae 
may be finite for ought we know to the contrary : for though the ſum 
of two infinite quantities muſt neceſſarily be infinite, yet their difference 


may be finite. This therefore is what now remains to be enquired in- 


to; and for our better ſucceſs herein, we muſt firſt extract the root of 
:f—=ae, as follows: rs | 


Of E aa 204 
ee —e (-e. (] wn —— — 
„„ £ "REY ooh 


FANS on ma 7 7 ** * | 
aa 24 of E 
_ FORE "> I . 
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e 
8 | aa 20 EE os. 
Here then we ſee that Vie -e = e, —a——— — &c ad infini- 


tum. Now whoever conſiders this infinite ſeries with any degree of at- 


tention, may eaſily ſee that it is of ſuch a nature, that every ſubſequent 


term is infinitely leſs than that which goes immediately before it: for 


the firſt term c is infinitely great, and the ſecond term @ is a finite quan- 
tity ; therefore the ſecond term is infinitely leſs than the firſt, Again, 


. . „ ad RW . 
the ſecond term is @, and the third is — ; therefore the ſecond term is 
: | . » a* „ a 
to the third as 4 is to , or as 1 is to — 


— Or as e is to 2: therefore the 


third term is infinitely leſs than the ſecond. In like manner the third 


* TE - 2 RET | IF 
„or as e to 22: therefore the faurth 


term 
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term is infinitely leſs than the third; and fo on ad infinitum.. Whence 
it follows, that every term of this ſeries, how ſmall ſoever it may be, will 
be infinitely greater than all thoſe that follow. it put together : as if —x 
be the ſum of all the terms that follow the ſecond —a, that ſecond 
term a will be infinitely greater than — K, that is, an infinitely grea 

ter negative, or (which is the ſame thing) the quantity —x — x will be 


infinitely ſmall. Upon this this ſuppoſition we ſhall have He —age=!2—a 


— x; therefore 1e A ae -e or AK='—1p+a-x=a+x=a=AC, 
ſo far as it can | be expreſſed i in finite terms. 


CASE 5. (Fig. 99 


Suppoſe now. the point D to paſs again out of the triangle dwough 
the angle C; but let the line DC, when produced, paſs into the triangle, 
ſo as to cut the line AB in E, and let AB and AC be determined prin- 
eipal ſides, after the fame manner as in the firſt caſe of this problem: 
draw DG parallel to AB, and meeting in G the fide AC produced be- 
yond C; and the point G having changed ſides with reſpect to the point 


D, the line DG or d will now be oy and therefore the line 7 


or e will alſo be negative; but the ay, 7 or f ** be affirmative, as in 
the firſt caſe; for the line c was negative before, and N continues te 


be ſo; and if the line be negative too, the ne. 7 - will have the 
ſame an when e and d are both negative, as if they had been both affir- 


mative. So the canon for this caſe will be as follows : 


. AK=—te+y/i*+af. : 

Join AD, and draw FL rallel to it, meeting the line AC or AC 
produced in Ty and let g be the pe of a right- angled triangle, one 
of whoſe legs is ze, and the other a mean proportional between AC and 
AL: then if from A towards C be ſet off the line AK equal to g 1c, 
the line DKH, when drawn, will ſolve the problem. 


CASE 6. (Hg. 38.) 


Laſtly, ERA the angle C draw any line at pleaſure within the trian- 
gle, as CE, cutting AB in E, and ſuppoſing the line EC to be infi- 
nitely continued beyond C, let us imagine the point D to move off to an 
infinite diſtance in the line EC produced; and by the foregoing lemma 
hy ne HK will at laſt become parallel to E C, theſe lines being now 
Aaaa — 


LY 

f 

A . 
7 
5 
k 

; 

j 

4 : 
4 

| 

4 

; 


EC,; therefore the line AL or F wil 


tand thus: 


chat infinitely great and infinitely ſmall quantities are not ſo very 
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ſuppoſed not to meet but at an infinite diſtance. Therefore the forego- 
ing problem will now be changed into this, ig, To &vide a given tri- 
angle as ABC in any given proportion, ſuppoſe in the proportion of AF 15 


FB, by a line as HK drawn parallel to any other line as CE, given in 


Poſtibn. To effect this it muſt be obſeryed, that the line FL, which 
was always ſuppoſed parallel to AD, will now be parallel to EC, ſince 


by the lemma above-cited, any finite 12 of the line AD is parallel to 

be finite and affirmative: but as 
the line D G or d is now infinitely great, the quantity 7 or e will be 
evaneſcent or nothing, having it's denominator infinitely greater than the 
numerator: therefore to adapt the canon of the firſt caſe to this, the 
quantities ze and jc. muſt be ſtruck out of the canon, and then it will 


55 Ax Va W a 4 
Therefore if AK be taken a mean proportional between AC and AL, 
the line K H drawn parallel to CE will folve the problem. L. E. F. 


Ad iſcourſe concerning 1 nfinites of both kinds, on occaſion 
of the foregoing problem. 


336. By the reſolution of the foregoing problem it plainly appears, - 
Ormi- 

dable in mathematical computations as they are generally taken to be, 
provided they be managed with judgement and diſcretion: nay ſo far are 
they from embarraſſing problems, that they frequently render their reſo- 
lution and conſtruction more eaſy and ſimple wherever they are con- 
cerned: and the reaſon is plain; fr in all compariſon of finite quantities 
one with another, infinitely ſmall ones are juſtly neglected, which, had 
they been finite, muſt have been taken notice of, and ſo have occaſioned 
more perplexity in the compariſon. And as to infinitely great quantities, 
theſe are cither thrown out of the queſtion, as being improper for a fi- 


: nite ſolution, or elſe they paſs off by being converted into infinitely ſmall 
quantities. Thus the conſtruction of the ad, 4th and 6th caſes of the 


foregoing problem became eaſier than the reſt, only on account of ha- 

ving infinitely ſmall quantities concerned in them : thus the infinite value 

of the quantity AK in the 4th caſe was thrown out of the queſtion, as 

not being wanted, and the infinite quantities e and f paſſed off in the in- 
a oi 3 7 ; ; 

finitely mall ones —, — Ge. 


The 
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The true ſtate of the caſe is this. So long as we reaſon upon wrong 
ſuppoſitions, we muſt never expect to arrive at truth; but the nearer our 
ſuppoſitions are to truth, the nearer will be the concluſion; and if theſe 


ſuppoſitions be infinitely near the truth, the errors in the concluſion will 


be infinitely ſmall, which being at laſt thrown out of the account, the 
concluſion will be the fame as if we had proceeded upon principles ac- 

curately true. This is the true riſe of infinitely mall quantities in all 

mathematical computations, and the true reaſon for rejecting them when 
the operation is over. But it may be reaſonably demanded, how do we 

know that theſe infinitely ſmall errors in the concluſion ariſe from like 
errors in the premiſſes? And the anſwer is, becauſe theſe two ſorts of 
errors have ſo mutual a dependence one upon another, that one cannot 
be made to vaniſh, but the other will neceſſarily vaniſh with it. If it 
be further demanded, what the wrong ſuppoſitions are from which theſe 
infinitely ſmall errors ſpring, I anſwer in the firſt place, the ſuppoſing 
magnitudes to have quantity which in reality have none at all, but have 
entirely loſt it, either by running into infinity on the one hand, or into 
nothing on the other. Thus in the reſolution of the 4th caſe of the fore- 

going problem, had we ſuppoſed in the reſolution, as we did in the caſe 

itſelf when it was firſt propoſed, that the point D actually coincided with 
the angular point C, (ſee Fig. 36,) the line DG or d would not only 
comparatively, but 2 have been equal to nothing; that is, it 
would have been no line at all, nor could any uſe have been made of it: 

therefore by allowing the line 4 to have ſome quantity, though infinitely. 
ſmall, or leſs than any that can he aſſigned, we tacitly ſuppoſed the point 
D not to be actually in the angular point C, but infinitely near it, 
Hence aroſe the infinite quantities e and f, which therefore muſt not be 
ſuppoſed to be infinite or unbounded, as the word in the ſtricteſt ſenſe 
imports, but they muſt be looked upon as terminated lines, whoſe ter- 
mini or extremes are at a greater than any aflignable diſtance ane from 
another : and theſe quantities being juſtly expunged at laſt in the infinite- 


| „ | . 
ly ſmall quantities —, = &c, we came to the ſame concluſion as if 


the ſuppoſition upon which it was founded had been accurately true, 


2 


9 


I faid that the quantities —, . Ec were juſtly expunged, not only on 


account of their being infinitely ſmall, but alſo for the following reaſon: 


: 12 55 | aa 
The line e in the reſolution was equal to 2 and therefore ＋ Was equal 


a 7 2 ad* 
to 75 and for the ſame regia, _ was equal to =: ſuppoſs no vd, 


. | the 
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the error in the ſuppoſition to vaniſh, and the infinitely ſmall errors 

ad „ . 1 0 ; * ” . o LEN 1 . 11 
5 - A Sc will neceſſarily vaniſh with it. It is not to be denied, but 


that I might, in tenderneſs to the reader, have given the ſolution of this 
caſe a much eaſier turn; but to ſay the truth, I had a mind to ſhew 
him at once all he had to fear from theſe imaginary monſters, which (if he 
lays afide all unjuſt prejudices, and treats them as he ought)-I can ſafely | 
affure him he will find to be friends, and not enemies. But to proceed: 

A quantity after it is reduced to nothing, ceaſes to be a quantity; and 
if © hath no quantity, neither can it's reciprocal , or any magnitude 
expreſſed by it, be faid to have any: but the reciprocal of nothing 
ſignifies a magnitude infinitely. great in the ſtricteſt ſenſe of the word, 
ſince as to it's infinity, no other can go beyond it: therefore a magni- 
tude that is infinitely great in the ſtricteſt ſenſe of the word, can no more 
be ſaid to have quantity than abſolute nothing can; and to compare ſuch 
magnitudes in reſpect of their quantity, which actually have none, is 
contrary to the definition both of ratios and the object of proportion: 
nay I know not whether the greateſt part, if not all the difficulties that 
are ſaid to attend the idea of infinity, and our inability to comprehend 
it, ought not rather to be charged upon the abſurdity of comparing 
things together which in their own natures are incapable of all compari- 
ſon. It is ſaid indeed that infinite parallelepipeds ſtanding perpendicu- 
larly upon finite baſes, and upon the ſame plane, are in proportion as 
their baſes; which is true: but this is not comparing magnitudes in re- 
ſpect of the quantity they have not, but in reſpect of the quantity they 
have; one of theſe 1 may be ſaid to be broader or thicker 
than another, though not higher. Thus if 1 be any quantity whereof 
the multiples 27 and 3r are taken, 27 may be ſaid to be to 37 as 2 to 3, 
whether 7 be finite or infinite, or infinitely ſmall ; nay though »- ſhould 
ſignify an impoſſible quantity, as / — 1, /—2, Ge; but then the 
quantity of this proportion does not depend upon the quantity , but 

upon the coefficients 2 and 3. But I muſt here take take notice how-- 
| ever, that if 1 be actually infinite, I mean in the ſtricteſt ſenſe of the 
word, by 27 and 37 muſt then be meant, not quantities twice or thrice 
as big as 7, in the ſame reſpect wherein it is infinite, but r twice or 
thrice taken, which is no way abſurd; for if it be poſſible for any one 
mfinite quantity to exiſt that is not every way infinite, it will be as poſ- 
ſib le for others to exiſt of the fame kind, independently of the former: 
a parallelepiped that is infinitely extended only as to it's length, and that 
both forwards and backwards, may however receive any addition, or be 
increaſed or diminiſhed in any proportion in reſpect of it's finite dimen- 
_ ticns, but not in reſpec to it's infinite extent; and this is all the propor- 

| ton 
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tion I can conceive infinite quantities capable of, See Philoſophical Tran- 
ſactions, No. 195. | | 
But if we contract a little the ſenſe of the word, and by infinite =y 
tities underſtand, not ſuch as are abſolutely boundleſs, but whoſe bounds 
are at a greater than any aſſignable diſtance one from another; and if, 
agreeably hereto, by an infinitely ſmall quantity we underſtand, not ab- 
ſolute nothing, or a quantity whoſe bounds are coincident, but ſuch a 
one whoſe bounds are nearer to each other than any aſſignable diſtance ; 
I muſt confeſs I do not ſee then why addition, ſubtraction, multiplica- 
tion, diviſion, e tp extraction of roots, figure, motion &c, ſhould 
not be as applicable to this ſort of quantities as to finite ones, and in the 
fame ſenſe; nor can I ſee any abſurdity in this notion, ſince every quan- 
tity that is infinite in an abſolute ſenſe muſt neceſſarily include one that 
is infinite in this ſenſe, Let us aſſume any where a point, to which 
as to a center all others may be referred ; and in this infinite expanſe 
of ſpace or matter, (for ſomething muſt be infinite,) I think it cannot 
be denied but that there actually exiſt parts of ſpace, and conſequently 
other points at a greater than any aſſignable diſtance from the point af. 
ſumed; and if ſo, then the diſtance between any one of theſe points and the 
point aſſumed, will be a line whoſe extremes are nevertheleſs at a greater 
than any aſſignable diſtance one from another. After the ſame manner, by 
aſſuming lines or planes inſtead of points, may be demonſtrated the actual 
exiſtence of planes and ſolids whoſe fermiui are at a greater than any aſ- 
ſignable diſtance from each other. F ˙ ei 
Whilſt I am upon this ſubject, it will perhaps be expected I ſhould 
ſay ſomething concerning the ultimate ratios of quantities increaſing and 
decreaſing in infinitum, fo frequent in Newton's Philoſophy, whereof he 
was the firſt eſtabliſher. That great man made uſe of this doctrine in 
moſt of thoſe noble diſcoveries wherewith he has cbliged the learned 
. world; this way bcing much ſhorter than that which the ancients took 
in demonſtrating the truth of their propoſitions by ſhewing the abſurdity | 
of the contrary, and more geometrical than the method of Indiviſibles ſo 


much cultivated by Cavallerius, Torricellius and others, 8 
In order then to give the learner a proper idea of theſe ratios, we muſt 
firſt obſerve, that there are two ways whereby a quantity may paſs into 
nothing ; either in time, when a quantity paſſes from it's preſent ſtate ſuc- 
ceſſively through all leſſer degrees of magnitude into nothing, which the 
Mathematicians call vaniſhing ; or in an inſtant, when a quantity paſſes at 
once from a finite ſtate into a ſtate of nothingneſs. As if a heavy bod 
be thrown directly upwards with a certain degree of velocity, if it . 
till by the continual force of it's gravity acting the contrary way, it has 
loſt all it's motion, this motion may be ſaid to be loſt in time: rae 
| uring 
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during it's aſcent, it happens to ſtrike upon an obſtacle above it, the 
motion at the time of the ſhock may be ſaid to be loſt in an inſtant ; 
eſpecially. if both the body and the obſtacle be ſuppoſed infinitely firm or 
hard. And the fame ways that motion may be deſtroyed, it may be 
produced; for motion may be faid either to be generated in time, as 
when a heavy body falls from reſt, or to be communicated in an inſtant, 
as by the force of percuſſion. 1 50 
: N. B. By an inſtant is meant a point of time, and not a moment, or 
any ſmall part of it. 1 | | 

Now to apply this diſtinction to our preſent purpoſe, let us ſuppoſe 
two variable quantities A and B to fink by degrees from their preſent 
Rate into nothing, ſo as to vaniſh both together; it is poſſible notwith- 
ſtanding, that the ratio of A to B may all this while continue the ſame, 
or it may be conſtantly increaſing, or conſtantly diminiſhing: but this is 
certain, that the very inſtant theſe þ A and B loſe their being, 


their ratio muſt do ſo too, though perhaps another way; for where there 


are no quantities, there can be no ratio, Let us then ſuppoſe (what is 
often the caſe) that at the very inſtant the quantities A and B vaniſh in- 
to nothing, their ratio paſſes at once from a finite ſtate into nothing: 
this finite ratio, in the laſt inſtant of it's exiſtence, is what is called the 
ultimate ratio of the evaneſcent quantities A and B. On the other hand 
if we ſuppoſe the quantities 4 and B to be generated from nothing, that 
is, to grow from nothing by degrees into a finite ſtate ; and if at the 
firſt inſtant of their exiſtence we ſuppoſe their ratio to ſtart into being 
the other way, that is, at once from nothing into a finite ſtate, this fi- 
nite ratio in the firſt inſtant of it's exiſtence is called the firſt ratio of the 
naſcent quantities A and B. Laſtly, if we ſuppoſe the variable quanti- 
ties A and B to paſs from their preſent ſtate. ſucceſſively through all 
greater degrees of magnitude into infinity, theſe quantities may loſe their 
ratio this way as well as the other; and if the ratio breaks off whilſt it 
is in a finite ſtate, it is in that ſtate ſaid to be the ultimate ratio of the 
quantities A and B increaſing ad infinitum, | LY 
N. B. By a finite ratio is meant the ratio that any one finite quantity 
may have to another. | F 
One ſingle example will be ſufficient to illuſtrate the whole, which 
take as follows. Let x be any variable quantity, and make 4* x ＋ 3 x 
==A, and 2xx+x==B; then will A and B alſo be variable quantities, 
as depending upon &; when x vaniſhes, A and B will both vaniſh, and 
when x is infinite, they will both be infinite: let it then be required to 
determine the ultimate ratio of A to B, whether they vaniſh into no- 
thing or increaſe ad infinitum. 


Before. 


lo 
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Before I give a direct anſwer to this queſtion, give me leave to obſerve 
that the quantities A and B, whilſt they have any being, will be in a 
leſs ratio than that of 3 to 1, and in a greater than that of 2 to 1, which 
I thus demonſtrate: 6xx +3 x is to 2xx+x as 3 to 1; (this is evi- 
dent from the products of the extremes and means, which are equal :) 
but 4xx+ 3x is a leſs quantity than 6xx-+3 x ; therefore 4 xx + 4x 
is to 2 Xũ * +x in a leſs ratio than that of 3 to 1: but 4qxx+3x== 4, 


and 2xx-+ x==B ex hypotbeſi; therefore A is to B in a leſs ratio than 


that of 3 to 1. 2, E. D. . 

Again, 4x * ＋ 2x is to 2xx-+x as 2 to 1; but 4xx+3x is a 
greater quantity than 4X X ＋ 2x; therefore 4xx+3x is to 2xx+x 
(that is, A is to B) in a greater ratio than that of 2 to 1. Q, E. D. 

But to come to the point: ſince A=4xx+ 3x, and B=2xx-+x, 
A will be to Bas 4xx 43x is to 2xx+x ; divide the two laſt quan- 
tities by x, and you will have A to B as 4x ＋3 is to 2x-+1 ; there 
fore it is eaſy to ſee, that the leſs the quantities 4 and B are, that is, 


the nearer x is to nothing, the nearer will the ratio of 4x ＋ 3 to 2x1 


| approach to the ratio of 3 to 1: when x is leſs than any aſſignable quan- 
tity, the ratio of 4x ＋ 3 to 2 & ＋ 1, or the ratio of A to B, will ap- 
proach nearer to the ratio of 3 to 1 than by any aſſignable difference; and 


when x vaniſhes, and conſequently 4x and 2x vaniſh with it, the ratio 


of A to B will terminate in the ratio of 3 to : therefore the ultimate 
ratio of the evaneſcent quantities A and B will be that of 3 to 1. Q, EJ. 
The ratio of 3 to 1 continues to be a ratio after the quantities A and 
B are vaniſhed, but it cyaſes then to be the ratio of A to B. 
Again, ſince A is to B as 4* ＋ 3 is to 2x1, (as was ſhewn be- 
fore,) divide the two laſt quantities again by x, and you will have A to 


B as 4 +> is to 2 + — This is univerſal; but it eaſy to ſee that the 
greater the quantities A and B are, that is, the nearer the quantity x ap- 
proaches to infinity, the leſs will be the quantities - and - „and the 


nearer will the ratio of 4+ p to 2 += approach to the ratio of 4 to 2 


or 2 to 1. Let be greater than any aſſignable quantity, and the quan- 


ties L and — will then be leſs than any that can be aſſigned; and the 


* 


ratio of 472 to 2+ = or of A to B, will approach nearer to the ta- 


tio of 2 to 1 than by any aſſignable difference: therefore when x is in- 
finite, 
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finite, and the quantities - and — are intirely vaniſhed, the ratio of A 
to B will terminate in the ratio of 2 to 1. Thus then we have found 
two limits between which the ratio of A to B will always conſiſt, to 
awhich it may, one way or other, approach nearer than any aſſignable 
diſtance, beyond which it cannot paſs, and at which it can never arrive, 
till the quantities whereof it is the ratio loſe their being, either in no- 
thing or infinity : and as often as any limits of this kind are finite ratios, 
it muſt be the buſineſs of Mathematics to find them out. 
At the beginning of my diſcourſe upon this ſubje& I took notice, tha 
infinitely ſmall errors were ſometimes unavoidable in computations found- 
ed upon wrong ſuppoſitions, and of theſe wrong ſuppoſitions I inſtanced 
in one only; but there are ſeveral others of the fame ſtamp which Ma- 
- thematicians are ſometimes obliged to make, and which at preſent I 
- ſhall but juſt point at, having (I fear) been too prolix already: as when 
ve ſuppoſe curve lines to conſiſt of an infinite number of infinitely ſmall 
Nreight ones, or curvilinear areas to conſiſt of an infinite number of in- 
finitely narrow parallelograms ; when we ſuppoſe the curve ſurfaces of 
ſolids to be made up of an infinite number of infinitely narrow plain an- 
nuli, or their contents of an infinite number of infinitely thin Jaming ; 
when we take the infinitely ſmall increments of quantities that do not 
flow, uniformly, for their fluxions ; when, in mechanical Philoſophy, 
we ſuppoſe a continued force to be made-up of an infinite number of 
infinitely ſmall impulſes acting at infinitely ſmall intervals of time, and fo 
forth: theſe ſuppoſitions (I fay) are rather infinitely near the truth than 
accurately true ; and therefore in our reaſoning upon them we muſt not 
be ſurprized if we ſometimes fall into infinitely ſmall errors, which muſt 
however be quaſhed before we can arrive at ſuch a concluſion as accu- 
rate reaſoning would naturally have led us to. th LT 
Mathematicians, and more eſpecially thoſe who beſt underſtand this 
ſubje&, are, generally ſpeaking, reſerved enough upon it, and chuſe ra- 
ther to be deficient than redundant in their expreſſions upon theſe occa- 
ſions; not from any diffidence in their own principles, but knowing very 
well how liable matters of this nature are to be drawn into diſputes by 
ſuch as he upon the catch, and make it their chief buſineſs to oppoſe 
| thoſe truths which they themſelves could never have diſcovered, nor 
perhaps will ever be able to underſtand. For my own part, it was not 
without a great deal of reluctance that I prevailed upon myſelf to fay 
what I have done upon this head, conſidering how eaſily I might have 
avoided it: but knowing, by daily experience, how ſtrong a curioſity 
young Gentlemen have to pry into theſe notions, (perhaps more than they 
 avght, unleſs they were better acquainted with all the other parts of ma- 
| | 8 thematical 
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thematical knowledge,) and profeſſing to write this treatiſe in favour of 
young beginners, who perhaps might not have it in their power to ſup- 
ply my defects, I thought it my duty to ſpeak out upon this occaſion, 
rather than leave them in worſe hands: and if in fo doing, particularly 
in my diſtinction betwixt abſolute and comparative infinity, I have any 
way miſrepreſented the ſenſe of the Mathematicians, I ſhall be very ready 
and willing to retract my error whenever I ſhall be apprized of it. 


DErFINIT ION s. (Fig. 39, 40.) 


337. Let APB be a line given in poſition, and let PM be an indeter- 

minate line making any given angle APM with the line AP : let this in- 

determinate line PM be ſuppoſed to move along the line AB in a poſition al- 

ways parallel to itſelf, ſo that all the PMs may of «ray to one another ; 

and at the ſame time that the line PM 1s carried along the line AB, let 

the point M be alſo ſuppoſed to move along the line PM, ſo as by this com- 

pound motion to deſeribe ſome ſtreight or curve line : laſtly, let there be a 

conſtant relation between the lines AP and PM, and let this relation be 

expreſſed by an equation involving thoſe lines, or any powers of them multi- a 

pled or divided by known quantities: then is the ſtrei ght or curve line de- * A 
ſcribed by the point M ſaid to be the locus of that equation; the indetermi- 

nate line PM is called an ordinate; and the indeterminate line AP, com- 

prehended between P, the foot of the ordinate, and the point A, which is 

always ſuppoſed to be a fixed point, is called the abſciſſe of the ordinate PM. 

As for example, (Fig. 39,) call the abſciſſe AP, x, and the ordinate 

PM, y, and let p and q be any determinate lines, and let the conſtant - 


relation between x and y be expreſſed by this equation y= 5 I fay then 


that the locus of this equation will be a ſtreight line, which I thus de- 
8 „ n 
Upon the line AP (produced if need he) ſet off from A towards P, 
the line AB equal to p, and draw BC equal to 9, and parallel to PM, 
and on the fame fide of AP; then will the right line AC when 
drawn, be the locus of the foregoing equation. For if from any point 
as M in this line AC, be drawn MP parallel to BC, and if AP be 
called x, and PM y, the ſimilar triangles ABC and APM will give 


AB GD to BC (4) as AP (x) is to PM (y) 8 | 


Again, (Fig. 40,) ſuppoſing the angle APM to be always a righ 
one, and ſuppoſing 7 to be any given line, AP equal to x and PM e- . 
qual to y as before, let the relation between x and y be expreſſed by this 
equation, ) r- xx: I fay then that the locus of this equation will 
| B b b b be 
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be the circuntference of a circle whoſe center is A, and whoſe ra- 
dius is equal to the line r. For if we ſuppoſe ſuch a circle to be deſcri- 
bed, and if from any point of it, as M, we draw the line MP perpen- 
dicular to AP, and join AM, we ſhall have AP P M*== AM", that 
is, xx+yy==rr ; whence yy==rr—xx, N. E. D. 


A LE MN A. (Fig.4r.) 


338. Sufpoſing all things as in the laſt article, let the angle AP M be 
always a right one, let p, q and r be given lines, and let the relation be- 
tween x and y be expre 54 by this equation, xx —2px+pp+yy—2qy 
+qq==rr. Upon the line AP (produced if need be) and from A towards 
P, ſet off AB equal to p, and perpendicular to it draw BC equal to q. 
on the ſame fide of AB with the line PM : T fay then that the locus of t. 


foregoing equation xx — 2px +pp-+ yy —2qy-+ qq==rr will be the 


circumference of a circle whoſe center is C and whoſe radius is r. 
For in the firſt place, x*—- 2px-+p* is the ſquare of x—þ or of p—-x, 


according as AP is greater or leſs than AB; that is, x*— 2px-+p* will 
be the ſquare of BP, whatever be the ſituation of the point P with re- 
thee to the point B; or if CD be drawn parallel to AP and meeting 


the line PM (produced if need be) in D, xx — 2px+pp will be equal 
to the ſquare of CD. Again, yy—29qy+99 is the ſquare of y— or 


of g=—y, according as PM is greater or leſs than PD, that is, y—290 


+99 is the ſquare of DM: ſubſtitute therefore in the foregoing equa- 
tion CD inſtead of x*— 2px , and DM inſtead of * —2qgy+#, 
and you will have CD. D rr: but by the 47th of the firit book 


of the Elements, CD*+ DM*=CM:; therefore CM*=rr, and 


CM r: therefore the point M muſt be ſomewhere and may be any 
where in the circumference of a circle whoſe center is C and whoſe ra- 
dius is equal to the line r. Q. E. D. | 25 | 

N. B. 1ſt, If we have +2px inſtead of —2px in the foregoing 
equation, the line AB (=p) muſt be ſet off the contrary way to AP; 
and if we have ＋ 2 9 inſtead of — 2 9, the line BC (=9) muſt be ta- 
ken contrary to PM. 

2dly, If the equation be x*+ y*== 29y t , , that is, if the quan- 
tity p be wanting, it muſt be ſuppoſed equal to o; in which caſe (Fig. 42) 
the point B will coincide with the point A, and the center C muſt be 


found by drawing AC (g perpendicular to AP, and on the fame 


fide with the line P.M or contrarywiſe, according as —2qy or ＋ 2 9 
is found in the equation, Again, if q be wanting, the point C (Fig. 43) 
will coincide with the point B, that is, the center C will be ſomewhere 
in the line AP, if need be produced; and it will be found by ſetting 

Se | off 
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off AC (p) either from A towards P or the contrary way, accord-. 
ing as —2px or 2px is found in the equation. 


3dly, If the equation be x*== 2px+p*+y*= 2gy +5 =—r, the 


radius of the circle will be ; and as this is an impoſſible quantity, 
it ſhews there is no ſuch line as MP that can have ſuch relation to 
AP as is expreſſed in the equation. But if the equation be x* == 2px 
+# +} =2qy a, the radius of the circle will be o, that is, 
the circle will now be contracted into one point C which before was it's 
center. - e | | 
4thly, If the line AP be indefinitely produced both ways, it will paſs 
chan the circle or not, according as the radius 1 is greater or leſs 
3 e e eee 
ly, If either of the quantities p' or , or both be wanting in the 
75 they muſt be applied. bs if the equation be x*== 2px-y* 
=2q4y ===5*, by compleating the imperfect ſquares x*== 2px and 
* 29, we ſhall ſhall have x*==2px-+p*+y*==2q9+4=p*+q*==5) ; 
make pH- Her, and r will be the radius of the circle. 


PROBLEM 23. (Fig. 44.) 


339. IT is required, having given two points A and B, Yo find a third, 
as M, to which the lines AM and BM being drawn ſhall be in a 
given ratio. | gy 


SOLUTION. 


Let AM betoBMasato4; and becauſe we ſhall have occaſion in 
the proceſs for a third proportional to the two quantities @ and 6, let 
this third proportional be called c; let @ be greater than 5, and conſe. 
quently þ greater than c, that is, of the two points A and B, let that be 
marked with A which is moſt remote from the point M: join AB, and 
call it d, and draw M perpendicular to it; and there will be three ca- 
ſes of this problem; for the point P may either fall between A and B, 
or upon B, or beyond it: let us ſuppoſe the firſt caſe, to wit, that P 
falls between A and B, and ſee whether a ſolution of this caſe will not 

take in all the reſt. | | 
Call then AP x, MP y, BP d—x, and you will have AM. 

+, BM'=x—2dx+d'+y* ; and therefore AM. will be to BM as 
K ＋ ** is to * - dx ,: but AM is to BM as à to þ by the ſup. 
poſition ; therefore AM is to BM as * is to &: whence we have the 
following proportion, x . is to x*—2dx+4#+5p* as 4. to ; multi- 
ly extremes and means, and you will have aaxx—2aadx+aadd-+aayy 
—bbxx—+bbyy ; tranſpoſe bbxx-+bbyy, and you will have aaxx—bbxx 
—2aadx4-aadd+aavy—bbyy==o ; m_ oY aa—bb, and you will have 
B b 2 ä ay 
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—_—2Edx+&d : n ES LYN uf 
fn Pp FY =0z tranſpoſe ., and you will have 
2% ¼˙ ù T“ OS 


L- but a, b and c are continual proportio- 


nals by the ſuppoſition, and therefore þ*=ac and a - A ac: 
ſabſtitute therefore a*—ac inſtead of 4 0 in the foregoing equation, 
and reduce (as far as poſſible) the fractions to lower terms, and the equa- 


tion will ſtand thus; 8 4 . Now as this equa- 


tion includes two unknown quantities & and y, it cannot determine ei- 
ther of them, but- only ſhews the relation they have one to the other : 
therefore this problem admits of an infinite number of ſolutions; that is, 
there are an infinite number of points, as M, to which the lines AM 
and BM being drawn, the former will be to the latter as 2 to þ; and by 
the laſt article it further appears, that the locus of all theſe points NT 
uation anſwers to the quantity p in the equation of the laſt article, and 
i the quantity q in that equation is here equal to nothing; therefore by the 
ſecond obſervation foregoing, the center of the circle will be ſomewhere 
in the line AB produced beyond B, and the diſtance of this center from 
the point 4 will be . I faid that the center will be in the line 
3 8 5 3 
Ah produced, becauſe the diſtance — is greater than = or d or AB, 
We are in the next place to enquire into the length of the radius; 
and to do this we are to take notice, that the quantity pp in the fore- 
os Berg ie OS 8 
going equation, that is, . is wanting; this therefore being added 


6 


will be the circumference of a circle | for the quantity 


3 | N | 4  2adx ad. a* d 
: 1 Hs of Ml 
to bak ſides, the equation will be 12 == FL Bs mewn, ＋ _— 
— . multiply both the numerator and denominator of this laſt frac- 


. 


ad . : 6 3 bh”. 
tion — —— into a—c, that it may have the fame denominator with 


the other that is joined with it, and the fraction will then be — hae oh ; 
| | 44 
add this fraction to the other on the ſame ſide, that is, to the fraction 
| TY 2 d 


25 es 
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ich and the ſum will be * - or We ſince * =ac; and the 
4 —0 42— 0 a—C 5 EY 
4 2 | . * 
equation will now ſtand thus, x x — — = Æ there- 
5 „ % „ 
fore = is the quantity which anſwers to 7* in the equation of the 


laſt article; therefore r or the radius ſought equals = : whence we 
have the following conſtruction, | ; 
Produce the line AB to E, ſo that AE may be equal to — and 


then if upon the center E, and with a radius equal to ——, a circle be 


deſcribed, the circumference of this circle will be the locus required. 

This conſtruction flows immediately from the equation, and from 
this may be derived a more ſimple one thus. 

In the line BA take BA, BC, BD continual proportionals, ſo that 
BA may be to BC, or BC to BD as à to b: then producing the line 
AB beyond B as far as is neceſſary, take alſo AD, AB, AE continual: 
proportionals ; and from E towards A ſet off EF of ſuch a length, that 
AE may be to EF as AB to BC: I ſay then, that if upon the cen- 
ter E and with the radius EF be deſcribed a circle as FMG, cutting 
the line AE produced in G, the circumference of this circle ſhall be the 
| focus of the point M. 1 | F514 

This — 2 (I fay) is a natural conſequence of the foregoing 
analyſis : for ſince we are at liberty to take a and 6b as we pleaſe, pro- 
vided they be to one another in the ratio propoſed, if we make a= 4 


AB, we ſhall have BC, BD c, AD=a—c, AE 
bd do oY 


EP=7 becauſe AB is to EF as a to b, or as 5—— is to = 


A ſynthetical demonſtration of the foregoing conſtruction take as 
follows. | 

We are to demonſtrate, that if from the two points A and B two lines 
be drawn to any point as M in the circumference of the circle above de- 
ſcribed, the diſtance AM will be to the diſtance MB as à to b, or as 
AR wo 36. . 1 

Let the line AM (produced if need be) cut the circle in ſome other point 
as H, and draw EH. Now ſince by the conſtruction A E is to EF as AB 
to BC, we have AE. to E F* as AB* to BC: but BA, BC, BD are _ 

| nua 
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nual . rope portionals by the conſtruction; whence BC'=ABxBD; ue 
is to EF as AB is to ABN B D, or as AB to BD: but if A E be 
to 10 KE. as AB to BD, it follows then by art. Tombs inverſion, that AE. 
is to AE%—EF* as AB is to AB—BD: — rtion the laſt term, 
to wit AB—BD, equals AD, and the ſecond wt to wit AE'—EF, 


equals AE EF AE+EF=AFx AG= AMx AH, by an ealy 
corollary from the 36th of the third book of the Elements: therefore 
AE* is to AMs AH as AB to AD, or as AE to AB by the con- 
ſtruction, or as AE to ABxAE: therefore A E. is to AMx AH as 
AE is to ABx AE; therefore the rectangle AM x AH is equal to the 

rectangle AB x AE: therefore by the 16th of the ſixth book of the E- 
lements, AM is to AB as AE is to AH; therefore by the 6th of the 
ſixth book of the Elements, the triangles AMB and AE H are fimi- | 


lar; therefore AM is to MB as AE to EH, or as AE to E F, or as 
AB to BC. 2. E. D. | 
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If the point M be fituate any where in a ſtreight line biſeQing the line 
AB at right angles, the diſtances MA and MB will every where be e- 
qual, and conſequently the quantities a and ô exhibiting the proportion 
of thoſe diſtances will alſo be equal: whence e converſo, if the quantities 
a and 6, exhibiting the proportion of the diſtances MA. and M B bee ual, 
| then thoſe diſtances MA and MB will always be equal, and the hows 
of the point M will be a ſtreight line biſecting the line AB at right an- 

ples This is ſelf-evident; but a more inquiſitive reader may perhaps 

curious to know how this caſe can be derived from the foregoing ge. 
neral conſtruction, which is thus: the nature of the circle FM is ſuch, 
that wherever the point M is taken, AM will be to BM as a to b; 
make M coincide with F, and you will have AM==AF, and BM=BF. 
and therefore AP is to BP as @ to b; but in this caſe, a=6b; therefore 
AF=BEF; therefore in this caſe the circle FM cuts the line AB; in the 
middle, and at right angles by the 16th of the third book of the Ele- 


ments. Again, if a=6, we ſhall have 4 bb, and PI of that is, 2 


2 , or the radius of the circle F M will 


be. infinite: but a finite part, as FM, of an infinite circumference differs 
nothing from a ſtreight line; therefore in this caſe, FM the locus of the 
point M is a ftreight line biſeQing the line AB at right angles. 9.E.O. 

To a meer Geometrician all enquiries of this nature will no otherwiſe 
be looked upon than as aaa trifling ; but J, who write as a Phi- 


loſopher, 


=, 6 whence 
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loſopher, and (I hope) to Philoſophers, cannot think myſelf ill employed 
or my reader ill entertained, whilſt we are contemplating the nature o 
truth, and obſerving by what various ſhifts the conſiſtency of things is 
maintained and preſerved. _ — 4 


2 


SCHOLIUM 2. (Fig. 46.) 


Upon the ſolution of the foregoing problem depends that of the fol- 
lowing. Let A, B and C be the centers of the baſes of three columns 
ſtanding upon the plane ABC, whoſe diameters let be a, 6 and c reſpec- 
tively: It is required to find a point, as M, in the plane of the triangle 
ABC, from whence theſe columns being viewed ſhall have their appa- 
rent diameters all eqnal. | 775 . 
I.)hhe apparent diameter of a round object viewed at a diſtance, is the 
angle at the eye under which the true diameter is ſeen, and which is ſub- 
tended by it: whence, reaſoning as in art. 304, it will follow that the 
apparent diameter of any round object viewed at a diſtance will be as it's 
true diameter directly, and as it's diſtance from the eye reciprocally: 
therefore the apparent diameter of the column A, ſeen from the point 
M, will be to the apparent diameter of the column B, ſeen from the 


ſame point, as 37a is to EO but this problem requires that theſe ap- 
parent diameters be equal; therefore the quantity 77 muſt be equal to 


dhe quantity 5753, or to ſpeak more properly, MA muſt be to MB as 


a to b: therefore if, according to the laſt problem, the circumference 
of a circle be deſcribed, the diſtance of every point whereof from A ſhall 
be to the diſtance of the fame point from B as a to b, the point M muſt 
be ſomewhere in the circumference of this circle : in like manner, if the 
circumference of a circle be deſcribed, the diſtance of every point where- 
of from B ſhall be to the diſtance of the fame point from C as 6 to c, 
the point M will be ſomewhere in the circumference of this circle alſo: 
therefore if theſe two circles interſect or touch each other, the point of 
view M will be in the points of interſection, or in the point of contact; 
otherwiſe the ſolution will be impoſſible. 5 

If the diameters a, þ and c be all equal, the point M (Fig. 47) will be 
in a perpendicular paſſing through the middle of AB, by the firſt ſcho- 
lium, and alſo in a perpendicular paſſing through the middle of BC, by 
the ſame ſcholium ; and therefore it will be in the interſection of theſe 
two perpendiculars, that is, by the th propoſition of the fourth book 
of the Elements, the point M will be in center of a circle am 

throu 


368 Or GEOMETRICAL PLACES. Book viii, 


through the three points A, B and C, as it ought. And here it is plain 
there will be but one point of view: for had theſe hei been circles in- 
5 terſecting each other in two points, chere would have been two points 
of view; ” bat as in this caſe, the circles transform themſelves into ſtreight 
lines, there can be. but one interſe&ion, or one point of view ; for the 


other muſt 1 now be ſuppoſed to have gone off to an Age diſtance, 8 


F w 11-6 — 


Fl $cnoLIUM 3. 5 

; bp the three laſt articles the learner will be ani 0 to N to a 
af ſome ſort of idea of what is meant by the hci geometrici, and of 
their uſe in the reſolution and conſtruction of geometrical problems; but 
it will be impoſſible for him to conceive thoroughly of theſe matters 
without a thorough knowledge of the Conic Sections, thoſe lines being 
the loci generally made uſe of in the conſtruction of all 1 above 
the degree of quadratics : I ſhall therefore recommend to ruſal the 
late Marquiſs de L Hoſpital's treatiſe of Conic Sections, which, though 
a poſthumous piece, is nevertheleſs very correct, except in a D laces; 
ſome whereof, I cannot but think, have been too ſeverely animadvert- 
ed upon of late; eſpecially if it be conſidered how eaſily they are cor- 
rected, and tour ol all doubt would have been corrected, had the au- 
thor lived to put his laſt hand to this work. This treatiſe is, as I take 
it, by much the plaineſt, eaſieſt, and beſt of it's kind I ever met with, 
for communicating a great deal of knowledge in a very little time ; and 
it is upon this ſcore chiefly that I venture to recommend it. In the 
four laſt books of this _ we have a clear and full account of the hei 
ometrici, their conſtruction and uſe, illuſtrated with a ſufficient num- 

Fir of of 3 examples. In ſhort, *the whole def en of this excellent 
formance 1s, in babes reſpect, fo very well laid, and carried on with 

F much facility Pre icuity and judgement, that it would be an inex- 
cuſable vanity 15 me ſo much as to imagine I could add any thing to ſo 
finiſhed à piece. I ſhall therefore cans, myſelf with having juſt given 


_ the aner a taſty of theſe matters, and ſhall now proceed to viher ſub- 
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another way: and though they have no immediate relation 
| to Algebra, yet as there are not many of them, and as they 
are a fort of ſupplement to Euclid's Geometry, I have been prevailed 
upon to inſert them here, for the fake of thoſe who cannot read Archi- 
medes, and for the eaſe of thoſe 'who can. Moreover, as Euclid's doc- 
trine of ſolids is ſomewhat hard of digeſtion as it 1s delivered in the Ele- 
ments, I have not ſcrupled to transfer ſome of the chief properties of 
cones and pyramids into this book, and to demonſtrate them after a more 
eaſy and ſimple manner, And laſtly, as the menſuration of the circle is 
abſolutely neceſſary to the menſuration of the cylinder, cone and ſphere, 

I ſhall, before I enter upon the reſt, explain what Archimedes has deli- 
vered upon that head. | | 

A LEMMA. 


340 40. FIM in a right-angled triangle one of the acute angles be ir hw, N 


or a third part of a right one, the oppoſite fide will be equal to half the hy- 


potenuſe. (Fig. 48.) 
La ABC be a =. cry . triangle, right-angled at B, and let the 


he hypo af AC. 


For producing CB beyond B to D, fo that BD may be equal to BC, 
and drawing AD, the two triangles ABC and ABD will be ſimilar 


and equal ; Therefore the angle CAD will be 60 degrees, and the lines 


AC and AD will be equal ; therefore the other two angles at C and D 


will be 60 degrees each, and the triangle ACD will be equilateral ; 
therefore the line BC, Which is the half of CD, will alſo be the rs of _ 
V E. D. | 


ne LEMMA. (Pig. ans ca). 


3 34 1. Let ABC be a right-angled triangle, ri ght-angled at B; and jup- 
Poſing tao ſimi lar and equilateral polygons, one to be circum m;cribed about a 
ERS | circle, 


4 ANY of the following articles concerning the n if hw 
and cylinder are taken out of Archimedes, but demodiirated 


1 e BAC be zo degrees; I * then that the oppoſite fide B C will be 
half t 


— 
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circle, and the other to be inſcribed in it, let the angle BAC be equal to 
half the angle at the center ſubtended by a fide of either polygon : T ſay then 
that AB will be fo BC as the diameter of the circle to the fide of the cir- 
cumſcribed polygon ; and that AC will be to BC as the diameter of the 
circle is to the fide of the fribed polygon. 
Let D be the center of the circle, let EFG be a fide of the circum- - 
ſcribed polygon, touching the circle in the point E, and let H IK be the 
fide of a like polygon inſcribed, and let HK and EG be ſuppoſed pa- 
rallel, ſo as to 4 — the ſame angle at the center. Draw the lines 
DHE, DIF, DKG; then will the three triangles ABC, DEF and 


DE be ſimilar, having the angles at B, F and J right, and the angle 


BAC being equal to the angle EDF by the ſuppoſition ; therefore AB 
will be to BC as DF to EF, or as 2 DF to EG, that is, as the dia- 


meter of the circle is to the ſide of the circumſcribed polygon ; and AC 


will be to BC as DH to HI, or as 2DH to HK, that is, as the 
diameter of the circle is to the fide of the inſcribed polygon. Q, E. D. 
Tf the angle BAC be a 48th part of a right one, AB will be to BC as. 


the diameter of any circle is to t. a regular Ve of 96 Ades cir- 
/ 


cumſeribed about it, and AC will be to BC as the diameter 1s to the 
of a like polygon inſcribed. For if the line HIK be the fide of an inſcri- 


bed regular polygon of 96 ſides, the arc H FX will be a g6th part of 


the whole circumference, or a 24th part of a quadrant, and the arc HF 


a 48th part of a quadrant ; whence the angle EDF or H DI will be 
a 48th part of a right angle. . 


A THEOREM, 


342. The circumference of every circle is ſomewhat more than three dia- 

r ' 

Let AB be the fide of a regular hexagon inſcribed in a circle whoſe. 
center is C, and draw AC and BC; then will the angle at C in the tri- 
angle ABC be 60 degrees, as containing a 6th part of the whole cir- 
cumference ; therefore ſince AC and BC are equal, the other two an- 
gles at A and B will be 60 degrees each; therefore the triangle 4 BC 
will be equiangular, and conſequently equilateral ; therefore A B will be 
equal to AC, and 6AB to 6 AC; but CA is equal to the perimeter of 
the inſcribed hexagon, and 6 AC is equal to three diameters; therefore 
the perimeter of a regular hexagon inſcribed in a circle is equal to three 
times the diameter of that circle: whence it follows that the circumfe- 
rence of the circle itſelf will be ſomewhat more than three diameters, 
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343. If the diameter of @ circle be called 1, the circumference will bs 
5 10 „„ ITO : 
ſomewhat leſs than 3 705 and ſomewhat greater than 3 77. 


The demonſtration of the firſt part. (Fig. 5 2.) 


Let ABC be a right angle, in which inſcribe the lines AC, AD, AE, 
AF, AG in the manner following : make the angle BAC a third part 
of a right one, BAD a 6th part, BAE a 12th part, BAF a 24th part, 
and BAG a 48th part: then will AC be double of BC by the 34oth 
article, and AB will be to BG as the diameter of any circle is to the 
fide of a regular polygon of g6 fides circumſcribed about it by the 
3411t article. Moreover as the line AD biſects the angle BAC, we ſhall 
have as AB to AC ſo BD to DC by the third of the ſixth book of the 
Elements; and by art. 330, AB+ AC is to AB as BC is to BD; 
and by permutation, AB+AC is to BG as AB is to BD: therefore 
if BC be divided into any number of equal parts, how many ſoever of 
theſe parts are contained in the ſum of the lines AB and AC, the fame 
number of like parts of B D will be contained in the line AB alone; 
as if BC be divided into 10000 equal parts, and the ſum AB+ AC 
contains 37320 of thoſe parts, then if the line B D be divided into 
10000 equal parts, the line AB alone will contain 37320 of them, 
After the ſame manner it may be demonſtrated, that whatever parts of 
BD are contained in the ſum of the lines AB, AD, the fame number 
of like parts of BE will be contained in AB alone, and fo on : whence 
we have the following proceſs. | 
| 1ſt, Let BC be divided into 10000 equal parts, or (which is the 
ſame thing) let BC be called 10000; then will AC be 20000, and 
' conſequently AB will be greater than 17320, and AB+ AC will be 
greater than 37320. 5 

2dly. Therefore if BD = 10000, AB will be greater than 37320, 
AD greater than 38636, and AB+AD greater than 75956. 
zaüdꝛly. Therefore if B E 10000, AB will be greater than 75956, 
AE greater than 76611, and AB+ AL greater than 152 $07: 
4thly. Therefore if B F= 10000, AB will be greater than 1 52567, 

AP greater than 1 52 894, and AB-+ AP greater than 305461, 
:thly. Therefore if BG= 10000, AB will be greater than 305461 ; 
therefore e converſo, if AB be ſuppoſed equal to 30 5461, BG will be 
leſs than 10000: but it was ſhewn before that AB is to BG as the 
diameter of any circle is to the ſide of a regular polygon of 96 ſides cir- 
CLASSES cumſcribed 
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cumſcribed about that circle ; therefore if the diameter of any circle be 
called 305461, the fide of ſuch a polygon will be leſs than 10000, and 


the whole perimeter leſs than 960000; therefore the perimeter of ſuch - 


a polygon will be leſs than the product of the diameter multiplied into 
2 5 or = ; for 30 5461 x == 960020 =: therefore if the diameter 
of any circle be called 1, the perimeter of a regular polygon of 96 ſides 
circumſcribed about it will be leſs than 3 = ; but the circumference of 
every circle is leſs than the perimeter of any polygon circumſcribed about 
it ; therefore the circumference of the circle will ſtill be leſs than 3=- 
Ee. E. D. 5 We. 
The demonſtration of the ſecond part. (Fig. 53.) 


Let ACDEFGB be a ſemicircle whoſe diameter is AB, and in this 
ſemicircle let the lines AC, AD, AE, AF, AG be inſcribed in the man- 
ner following : make the angle BAC a third part of a right one, BAD 
a ſixth part, BAE a 12th part, BAF a 24th part, and BAG a 48th 
part, and join BC, BD, BE, BF, BG; then will AB be double of BC, 
and AB will be to BG as the diameter of any circle is to the fide of a 
regular polygon of 96 ſides inſcribed. Let AD cut BC in H; and by 
the demonſtration of the firſt part of this theorem, AC+AB will be 
to CB as AC to to CH, ſince by the conſtruction the line AH biſects 
the angle BAC: but the triangles ACH and ADB are ſimilar, ha- 


IO 
70 


ving the angles at C and D right, as being in a ſemicircle, and the angle 


CAH being equal to the angle DAB ; therefore AC will be to HC as 
AD to BD: but it was before demonſtrated, that as AC is to HC fo 
is AB+ AC to BC; therefore as AB+AC is to BC fo is AD to 
BD; and whatever parts of BC are contained in the ſum of the lines 
AB, AC, the fame number of like parts of B D will be contained in 
the line AD alone: whence the following procefs. . 
1ft, Let BC=10000; then will AB D 20000, AC will be leſs 
than 17321, and ABA will be leſs than 37321. 
2dly. Therefore if BD==10000, AD will be leſs than 37321, AB 
will be lefs than 38638, and AB+AD will be leſs than 75959, 
© 3dly. Therefore if BE 10000, AE will be leſs than 75959, AB 
will be leſs than76615, and AB+ AE will be leſs than 152574. 
Athly. Therefore if BF = 10000, AF will be leſs than 152574, 
AB will be leſs than 152902, and AB+ AF will be leſs than 30 5470. 
Sthly. Therefore if BG=10000, AG will be leſs than 30 5470, 
3 | | 3 
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and AB will be leſs than 305640; therefore e converſb, if AB be equal 
to 305640, BG will be greater than 10000: but AB is to BG as the 
diameter of any circle is to the fide of a regular polygon of 96 ſides in- 
ſcribed in it ; therefore if the diameter of any circle be 305640, the 
fide of ſuch an inſcribed polygon will be greater than 10000, and it's 
perimeter greater than 960000; therefore the perimeter of ſuch a poly- 
gon will be greater than the product of the 1 multiplied into 
10 33 5 
3 71 or — ; for 305040 7 959968 571 therefore if the dia- 


meter off a circle be called 1, the perimeter of a regular hexagon of 96 


ſides inſcribed in it will be greater than 3 1 but the circumference of 
every circle is greater than the perimeter of any inſcribed polygon; 
therefore the circumference of this circle will be greater ſtill than 3 


hus then if the diameter of a circle be called 1, the circumference 


3 . Or ER 18 10 
muſt lie between theſe two very narrow limits, to wit 3 — and 3 —: 


| the whole difference of theſe limits is but = , and therefore by this 


method, the circumference of a circle is determined to a 497th part of 
the diameter. . Ir 


| 7 « WY 
Tr 


The moſt compendious way of obtaining the numbers in 
the laſt article. . 


344. If any one has a mind to examine the foregoing calculations, it 
may not be amiſs to let him know, that the hypotenuſes of the triangles 
ABD, ABE, ABF and ABG (Fig. 52, 53) may be computed 
without either ſquaring the greater leg, or extracting the more conſi- 
derable part of the ſquare root. As if AD, (Fg. 52, the hypotenuſe 
of the triangle ABD in the firſt part be required, having given AB 
37320 and BD 10000, the method I uſe is as follows. 

1ſt, Whatever the hypotenuſe AD may be, this is certain, that the 
greater leg AB will be equal to a conſiderable part of it; and therefore 
if AD be to be found by a ſeries, as is uſual in extracting the ſquare 
root, it will be proper to make AB the firſt term; and hence it is that 
I call 37320=AB my firſt root. Again, as the ſquare of AD. is to 
exceed the ſquare of AB by the ſquare of BD, that is, by t00000000 ; 
this number I call my firſt reſolvend, and then doubling my firſt root, 


the 
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the product 74640 I call my firſt diviſor, and fo am prepared for the 


following operation. | es 
 2dly, Thus prepared, I divide my firſt reſolvend by my firſt diviſor, 
and the firſt figure of the quotient (for I am concerned for no more at 
preſent) I find to be 1, which, as it comes out of the place of thouſands, 


{ignifies 1000; this number therefore 1000 I add to my firſt root, and 
ſo have 38320 for a more correct or ſecond root. The ſame number 
1000 I add alſo to my firſt diviſor, and then as Ap. the ſum 7 5640 
by 1000, the number that was added, I ſubtract the product 7 5640000 
from my firſt reſolvend, and there remains 24360000 ; this I call my. 


| ſecond reſolvend, and the double of my ſecond root, to wit 76640, I 


call my ſecond diviſor, and ſo proceed to the next operation. + 
z3dly, Now I divide my ſecond reſolvend by my ſecond diviſor, and 
the firſt figure of the quotient is 3, which, as it comes out of the place 
of hundreds, ſignifies 300; therefore I add 300 to my ſecond root, and 
ſo have 38620 for my third root: the ſame number 300 I alſo add to 
my ſecond diviſor, and the ſum 76940 J multiply by 300, and the pro- 
duct is 23082000, which being ſubtracted from my ſecond reſolvend, 
leaves me 1278000 for a third reſolvend, and the double of my third 
root, to wit 77240, I have for my third diviſor. 8 | 
4thly, I divide my third reſolvend by my third diviſor, and the firſt 
figure of the quotient is 1, which ſignifies 10; therefore I add 10 to my 
third root, and ſo have a fourth root 38630: moreover adding 10 to 
my third diviſor, the ſum is 77250, which being multiplied by 10, and 
abrracted from the third reſolvend, leaves 
50 5 500 for the fourth reſolvend, and the double of my fourth root, to 
wit 77260, makes a fourth diviſor. ”- 
thly and laſtly, I divide my fourth reſolvend by my fourth diviſor, 
4 the neareſt quotient too little is 6; therefore I add 6 to my fourth 


root, and fo have a fifth root, to wit, 38636, which is the neareſt root 


leſs than the true that can be expreſſed in whole numbers: therefore the 
hypotenuſe AD is greater than 38636. 


The reaſon of theſe operations will not be difficult to any one who 


thoroughly underſtands the foundation of the common method of ex- 
tracting the ſquare roat, 


Van Ceulen's numbers expreſſing the circumference of a circle 
| whoſe diameter is 1. 


345. This method of Archimedes is capable of being purſued to any 


degree of exactneſs required: nay Ludolf Van Ceulen has computed the 


circumference of a circle to no fewer than 36 places, upon a ſuppoſition 


Art. 345, 346. Why the circle cannot be ſquared geometrically, 37 5 
that the diameter is unity. His numbers expreſſing this circumference are 
3 -1415 9265 3539 7932 3846 2043 3832 7950 288. 
But fince the invention of fluxions by it's great author Sir 1/aac Newton, 
he (Sir Jſaac) has from this method drawn ſerieſes almoſt infinitely more 
expeditious than the hiſections of Archimedes or Van Ceulen, whereby 
the circumference of a circle may be computed to 12 or 13 places in lit- 
tle more than half an hour's time, as Doctor Halley fro bis OWN ex- 
perience aſſures us. „ | | We. 
Note, that Metius's proportion of the diameter of a circle to the cir- 
cumference is as 113 to 355, the moſt accurate of any in ſuch ſmall 
numbers. (See Schol. 1. in art. 179.) : 
8 * . 


Why the circle cannot be ſquared geometrically. 


46. If, having given the diameter or ſemidiameter of any circle, a 
right line could be found exactly equal to the circumference, whether 
| ſuch a line could be expreſſed by numbers or not, the circle might be 
ſquared as well as any right lined figure whatever, that is, a ſquare 

might be conſtructed whoſe area would be equal to that of the circle, 
which I thus demonſtrate. FE, 
Let 27 repreſent the diameter of any circle, and 2c the circumference ; 
then will 7c, the product of the radius into the ſemicircumference be 
it's area, by cor. 4 in art. 311, Let now x be the ſide of a ſquare whoſe 
area is equal to that of the circle, and we ſhall have xx e; whence 
x will be a mean proportional between 7 and c, and may be found by 
the 13th of the ſixth book of the Elements. But it is impoſſible upon 
Euclid's poſtulata, having given the diameter or ſemidiameter of any cir- 
cle to find a right line exactly equal to the circumference ; and there- 
fore the circle cannot be ſquared upon the ſame foundation on which we 
are taught to ſquare all right-lined figures; and hence it is that we ſay, 
the circle cannot be ſquared geometrically. But as the three poſtulata 
of Euclid, how ſimple ſoever they may appear in theory, are never a 
one of them capable of being perfectly executed, but that errors muſt 
neceſſarily ariſe in drawing and E lines, in taking the diſtances 
of points, &c; and as from theſe errors others muſt neceſſarily ariſe in 
fubſequent operations ; and laſtly, as the circumference of a circle may 
be had from the diameter in numbers, to any aſſignable degree of exact- 
neſs, it follows that in practice, a circle is as capable of being ſquared 
as any other figure whatever that is not a ſquare. 


Corullaries 
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Corollaries drawn from art. 34 3. 


347. From che 343d article may be deduced ſeveral corollaries, ſome 
of the moſt uſeful whereof are inſerted here as follows. | 
iſt. The diameter of every circle is to the circumference as 7 to 22 
nearly: for 1 is to 3c or —a 7 10 22. 8 5 
2d. If d be the diameter of am circle, it's area will be 17 : for as 

| d 


2 


7 to 22, ſo is d the diameter = the cifcumference; and if 


the radius be multiplied into 5 the ſemicircumference, the product 
— — will be the area, by corollary 4 in art. 311. 
zd. Hence ve have a ready way, having the diameter of any circle gi- 
ven to find it's area, and vice verſa, without the mediation of the circumfe- 
rence, by ſaying, as 14 is to 11, ſ is the ſquare of the given diameter to 
the area fought. But if the area be given, in order to find the diameter, 
the proportion muſt be reverſed, by ſaying as 11 is 10 14, ſo 1s the given 
area to a fourth, which fourth number will be the ſquare of the diameter, 
and it's ſquare root the diameter itſelf. 4p ; 
4th. Arguing as in the two laſt corollaries, F the diameter of a circle 
be te the circumference as a to b, then the ſquare of the diameter of any cir- 
cle will be to it's area as 4a to b; and vice verſa, the area will be to the 
fquare of the diameter as Þ to 4a. 
th. The circumferences of all circles are as their diameters or ſemidia- 
meters, and their areas as the ſquares of the diameters or ſemidiameters. For 


if d and e be the diameters of two circles, their circumferences will be 
224 _ 22e 22d. 220 a CEE: 
oF and 73 and — is to — (dropping the common denominator 7, 


and the common for 22) as d toe. Again, the area of the circle 


whoſe diameter is d is — = 


PM 


as in the ſecond corollary ; and for the fame 


| - Fes ' OY e 
reaſon, the area of the other circle whoſe diameter is e is —— | mo ——= 3 
n | 


—— 


1840 — 7 dd to ee ; therefore the circumferences of all circles are as 


their diameters, and their areas as the ſquares of their diameters, 2 | 


Art. 347, 348. and applied to the ſolution of problems, $77 
ſince the halves of all quantities are as the wholes, and the ſquares of 
the halves as the. ſquares of the wholes, it follows alſo that the circum- 
ferences of circles are as their ſemidiamoters, and their areas as the an 
of the ſemidiameters. 

6th. F there be three circles fuch, that the ſum of the ſquares of the * 
midiameters of two of them is equal to the ſquare of the ſemidiameter of the 
third; I ſay then that the areas of the two firſt circles put together will be 
equal to the area of the third. For let a, b, c repreſent the ſemidiameters 
of the three circles, and let a* + ==: ſince then the ſemidiameter of 
the firſt circle is a, the diameter will be 24, and the ſquare of the dia- 


a* a* 
meter 442; but as 14 is to 11 ſo is 44a to 55 7 therefore the 
area of the firſt cirele will be = 7 * the third oy; ; and for the 


fame reaſon; the areas ; of the other two circles will be pi 3 3s : E. 


b 
but —— ex hypothefi ; therefore 20 226 2 


7 7 
N. B. This laſt corollary is not demonſtrated in the 3 iſt of the bath 


book of the Elements, as ſome may imagine, that demonſtration not 
reaching further than right. lined figures. 


The len 5 eaſy problems may ſerve to ſhew ſome uſes of the fore- 
going corollarie | 


PROBLEM I, 


3 48. To find the proportion between the diameter of any circle and the 
fide of an equal ſquare. 

Call this diameter 1, and by the ſecond corollary in the foregoing ar- 

ticle, the area of this circle will be 1 nearly; and the ſide of a ſquare 


I 
whoſe area 1s 155 will be V : therefore the diameter of any circle is 


to the ſide of an equal ſquare as 1 to VR. But becauſe this fraction 


11 | | | ; 
= though it ſerves well enough for common purpoſes, is not accu- 


rately true, and becauſe it's ſquare ropt cannot be accurately expreſſed 
in numbers neither, to reduce the error (for there muſt be an error) to 
a more ſimple point, let c be the circumference of a circle whoſe dia- 
meter is 1; and the area of ſuch a circle, that is, the product of the 
D d d d radius 


578 Tu FOREGOING COROLLARIES APPLIED Book viii. 


Opt 2163 DES eee $14 4 eee Hg £4 00 
radius into the ſemicircumference will be * =; and the fide of 


an equal ſquare will be Vo : but according to Yan Ceulen, c= 
3 141 5926 536, 1d 78 5398 1634, and V. 88623 3 therefore 
the diameter of a circle is to the fide of an equal ſquare as x to. 88623, 
or as 100000 is to 88623 : ſuppoſe the proportion to be that of 100000 
to 8862 5, which makes but an error of 2 in the fifth place, and then 
multiplying both terms by 8, the JING will be that of 800000 to 
909000, or of 800 to 709; therefore As Boo is to 70g, fo is the diame- 
ter of any circle to the fide of an equal ſquare, nearly true to five places. 

N. B. If the diameter of a circle be 9 yards, the ſide of an equal 

uare found as above, will not err an hundredth part of an inch. 


PROBLEM 2, 

349. To find-the ſemidiameter of a circle that will comprehend within 
it's circumference the quantity of an acre of land. 
An acre of land contains 4840 ſquare yards, and therefore this muſt 
be the area of our circle. Say then as 11 to 14 ſo 4840 to 6160; and 
this laſt number will be the ſquare of the diameter, by the third corol- 
lary in art. 347 ; whence the diameter itſelf will be 78.480 yards, and 
the ſemidiameter 39.243 yards, that is 39 yards 8 inches nearly. 


PROBLEM Zz. 


350. Let a firing of a given length be diſpoſed into the form of a circle: 
It is required to Far the area of this circle, 5 
Let c be the length of the ſtring, and conſequently the circumference 


of the circle made by it, and the diameter of the circle will be 255 the 


ſemidiameter ot and the area fo Suppoſe now this ſtring to be diſ- 
poſed into the form of a ſquare, and the fide of this ſquare would be 


; , and it's area _ and the area of the ſquare would be to the area of 


— 


the circle as 76 is to 772 that is, as = is to +, or as 11 to 14: there- 

fore As 11 7s to 14, fo is the area comprehended by the firing when in form 
of a ſquare, to the area comprehended by the ſame ſtring when in form of 
a circle. Q. E. I. | 


N. B. 


Art. 350, 351, 352. TO THE SOLUTION OF PROBLEMS. | 579 
N. B. By the anſwer here given it appears, that if e be the circum- 


ference of any circle, it's area will be _ and conſequently that As 


88 is to 7, ſo is the ſquare of the circumference of any circle to it's area nearly, 
PRoBLEM 4. 


351. I is required to divide @ given circle into any number of equal 
ts by means of concentric circles drawn within it. (Fig. 54.) © 
Let A be the center, and AF be the ſemidiameter of the circle given, 
| and let it be required to divide the area of this circle into five equal parts 
by means of four concentric circles deſcribed within the former, and 
cutting the line AF in the points B, C, D, E, that is, let the area of 
the circle AB, and the areas of the annuli BC, CD, DE, and EF be 
ſuppoſed all equal; then the circle AB will be; of the whole, the cir- 
cle AC, the circle 4 D; &c ; and the area of the circle AF will be 
to the area of the circle AB as 5 to 1: but the area of the circle AF 
is to the area of the circle A B as the ſquare of the ſemidiameter AF is 
to the ſquare of the ſemidiameter AB, by cor. 5 in art. 347 ; therefore 
AF. is to AB* as 5; to 1 : but AF. is given by the ſuppoſition ; there- 
fore AB., and conſequently A B the ſemidiameter of the inmoſt circle 
is given. In like manner AF is to AC as 5 to 2; whence AC the 
ſemidiameter of the next concentric circle is given; and fo of the reſt, 


9. E. I 


PROBLEM 5. 


352. Whoever makes a tour round the earth muſt neceſſarily take a lar- 
ger compaſs with his head than with his feet: The queſtion is, ho 
much larger? 

Let A (Fig. 55.) repreſent the center of the earth, AB it's ſemidia- 
meter, BC the traveller's height, AC the the ſemidiameter of the circle 
deſcribed by his head: let alſo 5 repreſent the circumference of the cir- 
cle whoſe ſemidiameter is AB, and c the circumference of the circle 
| whoſe ſemidiameter is AC, and c—6b will be the difference we are now 
enquiring into, which may be thus determined. 3 

By the fifth corollary in art. 347, AC is to AB as c is to b; and by 
diviſion of proportion, BC is to AB as c- is to 6; and alternately, 

BCis to c—b as AB is to 5. Let d be the circumference of a circle 
. whoſe ſemidiameter is BC, and BC will be to d alſo as AB to 6b; there- 
fore BC is to d as BC is to c-; therefore c—b==4; that is, The 
traveller's head will paſs through more fag than his feet by the circumfpe- 
rence of a circle whoje ſemidiameter is 47 length : as if the man 8 6 

D 2 ect 
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feet high, his head will travel further than his heels by 37 feet 8; in- 
ches nearly, and that WR the ene AB be greater or leß, 
or nothing at all. e 


PrRoaLEM 6, 


353. It is required, having given the depth had the 8 of the 
5 aſe of any cylindrical veſſel, to find it's content in ale gallons. | 


Here it mult be obſerved, that i in the menſuration of a ſolid, all it's 


dimenſions muſt be taken in the ſame kind of meafure : as if any one di- 
menſion be taken in inches, the reſt muſt be taken ſo too, and then the 
number repreſenting the content of any ſolid will be the number of « cu- 
bic inches to which that ſolid is equivalent. 

Let then be the given altitude of the cylindrical veſſel to be mea- 
ſured, d the diameter of it's baſe, and by the ſecond corollary 1 in art. 347, 


114d - will gre number of are inches equal to the baſe, and this 


14 
dd 
area multiplied i into the altitude a, will give - ſs a number of cubic 


inches equal to the ſolid content of the 5 5 282 cubic inches con- 
ſtitute an ale gallon ; and therefore if - nb A e ſolid content of the 


; 1 add 
veſſel, be divided by 282, the quotient, to wit __ , will be the 


number of gallons therein contained. Inſtead of 3948 put 3949, which 
will make no conſiderable difference in fo great a denominator, and the 


Sudden II add 
3949 


will be reduced to £66 : whence the following canon. 


359 
Having taken both the depth, and the diameter of the baſe in inches, mul- 
tiply the Sees a of the diameter into the depth of the veſſel, and the Pro 
act divided by 3 59 will give the number of gallons required. 


N. B. This ſubſtitution of 3949 inſtead of 3948 corrects about 5 


of the error that would otherwiſe have been committed in ſu 8 g 
the ſquare of the diameter of the baſe to be to it's area as 14 to 11. 


PROBLEM 7. 


354. To meaſure a fruſtum of a cone, whoſe perpendicular altitude * 
the diameters of the two baſes are given. 


(dividing both the numerator and denominato: by 11) 


N. B. 


Art. 3 54. CONES AND PYRAMIDS, 381 


N. B. By a fruſtum of a cone I mean a cone having it's top cut off 
by a plane parallel to the baſe. e | F a 
Let the iſoſceles triangle ABC (Fig, 56) repreſent the ſection of a 
cone made through it's axis AD, and let EF be any line parallel to the 
baſe BC, cutting AB in E, AC in F, and the axis AD in d; then 
will the trapezium BEFC be the ſection of a fruſtum of this cone whoſe 
perpendicular altitude is Dd, Call BC, the diameter of the greater baſe, 
93; EF, the diameter of the leſſer baſe, /; and Dg, the height of the 
fruſtum, h: call alſo AD, the unknown altitude of the whole cone, x; 
and conſequently Ad, the altitude of the cone to be cut off, x—b; and 
from the ſimilar triangles ABC, AEF we have this proportion; AD is to 
Ad as BC is to EF, that is, according to our notation, x is to x — h as 
g to I; whence by multiplying extremes and means we have gx—gb 
Alx, and x, or the altitude of the cone, equal to — In like man- 
ner if from the value of x we ſubtract h, the altitude of the fruſtum, 
we ſhall find Ad, or the height of the cone to be cut off, equal to 
=; Now the ſolid content of every cone is found by multiplying 
the baſe into a third part of it's altitude ; therefore ſince the baſe of the 


cone ABC'is — af and it's altitude 7 — it's ſolid content will be 


83 1 e | | 
1 bg * 5 : in like manner the ſolid content of the cone AEF will 
3 5 5 
— 7 X + : ſubtract the latter cone from the former, and there 


| | | | | | 
will remain the ſolid content of the fruſtum BEFC 1 to © 
; e " 3 5 equa 55 
Li x — : but the fraction * may be reduced to an integer by di- 
viding the numerator by the denominator, and the quotient will be 
gg+g14+11; therefore the ſolid content of the fruſtum BE FC will now 


Xs h | | 1 | 
be expreſſed thus, gg +g1/-+11 x * 14. Whence we have the follow- 


ing canon: 
4ů¹ the ſquares and the rectangle of the two given diameters together; 
multiply the ſum into a third part of the given altitude, and the product 
will be the fruſtum of a pyramid of the ſame height having ſquare baſes 
aohoſe fides are equal to the two diameters given; and as 14 1s to 11 % will 
this fruſtum be to the fruſtum ſought, Q. E. I. | 
| N. B. 
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N. B. 1. Since a cone differs nothing from a fruſtum of a cone 
whoſe leſſer baſe is equal to nothing, if / be made equal to nothing in 
the foregoing canon, it ought to give the ſolid content of a cone whoſe 
height is h, and the diameter of whoſe baſe is g: and fo it will; for 

h g Wi 
then Ff FEI. xf bee n 
A2dly. Since a cylinder may be conſidered as a fruſtum of a cone whoſe 
baſes ire equal, if / be — equal to g in the foregoing canon, it ought 
to give the ſolid content of a cylinder whoſe height is þ, and the diame- 


ter of whoſe baſe | is g: and fo we find it will; for 18 


3 > age 5 AG 

14 in this caſe becomes 68 4 : 1488. 

3dly. If the leſſer baſe of the fruſtum be ſuppoſed, to be increaſed till 
it becomes equal to the greater; and if, on the other hand, the greater 
baſe be ſuppoſed to be diminiſhed till it becomes equal to that which was 
the leſſer baſe before, the ſolid content of the fruſtum will be the fame 
as at the firſt; and therefore if the foregoing canon be guſt, it ought 
not to be altered by changing the quantities g and / one for the other : 
which is true; for gg + gil by this means only becomes Agg. 
which is the ſame quantity. 
In ſolving this laſt problem it is taken for Sratited that every cone is 
the third part of a cylinder having the fame baſe and height ; which may 
fafely be done, fince Euclid has demonſtrated it in the 1oth of the twelfth 
book of the Elements: but becauſe Euclid's doctrine of ſolids is not ſo 
eaſy to the imaginations of young beginners, I ſhall (in another place) 


give another demonſtration of this propoſition, independently of any thing 
that has here been ſaid. 


A LEMMA. (Fig. 57.) 


355. Let ABC be any curvilinear ſpace comprehended between two fireight 
lines AB and AC at right angles to each other, and a curve as BC concave 
towards AB; and from any two points D and E in the line AB let the 
lines DF and EG be drawn parallel to the baſe AC, and terminating in 
the curve at the points F and G, and compleat the parallels gram DEGH : 
then it is plain that the curwi linear face DEGF will be greater than the 
parallelegram, DEGH. But what I here propoſe to demonſirate is, that 
if the line EG be ſuppoſed to move towards DF in a poſition akvays paral- 
le] to itſelf, and at laſt to coincide with DF, the nearer EG approaches to 
DF, the nearer will the ratio of the curvi linear ſpace DEGF to the pa- 
rallel gram DEGH approach towards a ratio of e and that it will 
at 1 terminate in a ratio 4 equality when EG coincides wi tb DF. 


For 
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For compleating the parallel GHFK, the parallelogram DEKF 
will be to the eee DEGH upon the fine baſe, as DF is to 
EG ; therefore the curvilinear ſpace DEGF will be to the parallelogram 
DEGH in a leſs ratio than that of DF to EG; that is, though that 
ſpace be greater than this parallelogram, yet the ratio of the former to 
the latter is a leſs ratio than that of DF to EG: but the nearer the line 
EG approaches toward DF, the nearer will the ratio of DF to EG ap- 
navy irs a ratio of equality, and it will at laſt become a ratio of 
equality when EG coincides with DF; therefore à fortiori, the ultimate 
ratio of the curvilinear ſpace DEGF to the parallelogram DEGH will be 
a ratio of equality. 5 K 5 | 
Hlence it follows, that if we ſuppoſe the line AB to be divided into a cer- 
tain number of parts, ſuch as DE, and theſe parts to be made the baſes of 
ſo many inſcribed paralleligrams, ſuch as is the parallelogram DG, the more 
there are of theſe parallelograms, the nearer will the ſum of all the curvi- 
linear ſpaces DEGF, that is the whole curvilinear pace ABC, approach 
towards the ſum of all the inſcribed parallelograms ; and if we ſuppoſe the 
baſes of theſe parallelograms to be diminiſhed, and ſo their number to be aug- 

mented ad infinitum, they will make up the whole curvilinear ſpace ABC; 
fo that the ſpace ABC vill be to the ſum of all the inſtribed parallelograms 
ultimately in a ratio of equality, For ſetting aſide the parts infinitely near 
the point of interſection B, which will be of no conſequence in the 
account, let the parallelogram DEGH be that which, of all the reſt, 
differs moſt from it's correſpondent curvilinear ſpace DEG; and the 
_ conſequence will be that the curvilinear ſpace ABC will be to the ſum 
of all the inſcribed parallelograms in a leſs ratio than that of the ſpace 
DEGF to the ſpace DEGH : but even this ratio becomes at laſt a ratio 
of equality, when DE is infinitely ſmall, by this lemma: whence it fol- 
lows @ fortiori, that the ultimate ratio of the curvilinear ſpace ABC to 
the ſum of all the inſcribed parallelograms will be a ratio of equality. 
I thought myſelf obliged to demonſtrate this propoſition, becauſe I 
have known it objected, that though the difference between any particu- 
lar parallelogram and it's correſpondent curvilinear ſpace be allowed to 
be infinitely ſmall when the common baſe is fo, yet how do we know but 
that an infinite number of theſe differences may amount to a finite quan- 
tity? and if fo, then the whole curvilinear ſpace cannot be faid to be to 
the ſum of all the inſcribed parallelograms in a ratio of equality. To 
this I anſwer, that it muſt be the buſineſs of Geometry to determine 
whether an infinite number of theſe infinitely ſmall differences amount 
to a finite quantity or not; and by the demonſtration here given it ap- 
pears that they do not, but that the ſum of all theſe differences actually 
diminiſhes as their number increaſes, and at laſt comes to nothing when 
their number 1s infinite, | A LEMMA, 
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56. Suppoſing the line AB ſtill to keep it's place, let us imagine the 
— fog © 2 to turn hoof A ſo as oy ele or generate a 5 d whoſe 
axis is AB, and the ſemidiameter of whoſe baſe is AC, and the inſcribed 

 parallelograms <will at the ſame time by their common motion deſcribe ſo many 
thin cylindric laminæ, which taken all together, vill be leſs than the ſolid 
generated by the Jpace ABC; but the more they are in number, the nearer 
they will approach to it, and their circular edges will at laſt terminate in 
the curve ſurface of the ſolid when their number is infinite, . 
For compleating the parallelogram GH FK as before, the lamina ge- 
nerated by the parallelogram DX will be to the lamina generated by the 
parallelogram DG as the ſquare of DF is to the ſquare of EG, all cir- 
cles being as the ſquares of their ſemidiameters ; therefore the lamina ge- 
nerated by the curvilinear ſpace DEGF will be to the lamina generated 
by the parallelogram DG in a leſs ratio than that of DF* to EG-: but 
when D and E coincide, DF will be equal to EG, and the ſquare of 
DF to the ſquare of EG; therefore in this caſe, every particular cylin- 
dric lamina will be the fame with a correſpondent lamina of the folid ; 
and componendo, all the cylindric /amine will conſtitute the ſolid itſelf. 
This may alſo be further evident by applying the demonſtration in the 
laſt lemma to this caſe. Therefore we need not ſcruple to ſuppoſe round 
ſolids, generated after the ſame manner as this is, to be made up of an 
infinite number of infinitely thin cylindric lamine : Nay even the cone it- 
ſelf may be confidered as being ſo conſtituted: for if we ſuppoſe BC to be a 
 frraght line inſtead of a curve, the reaſoning of the laſt article and this 
will equally ſucceed ; in which caſe, the ſbace ABC will be a triangle, 
and the figure generated a cone. | 
If a fold be made up of a finite number of priſmatic or cylindric laminæ, 
decreafing in their diameters as they are further and further diſtant from 
the baſe, the ſurface of ſuch a ſolid muſt neceſſarily aſcend by fleps : but the 
thinner theſe elementary laminæ are, (ſuppofing their thinneſs to be compen- 
ated by a greater number, the narrower and the ſhallower theſe fleps will 


be, ſo as to terminate at laſt in a regular ſurface when their number is 
infinite. 


A THEOREM. 


357 5, All iſeſceles cones of equal heights are as their baſes ; that is, the 
fold content 4 any one 4 cone is to the fold content of any other 
3 equal height, as the baſe of the former cone is to the baſe of 
The -tatter, 


Note, 
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Note, that by an iſoſceles cone I mean a cone whoſe baſe is a circle, and 
hoſe vertex 1s every where equally diſtant from the circumference of the 
baſe ; and by an iſoſceles pyramid is meant a en having a regular poly- 
gon for if s baſe, and whoſe vertex is equally diſtant from all the angles of 
that pogo : laſtly by iſoſceles priſms and cylinders are meant ſuch as have 
equal and regular polygons and circles for their baſes, and are [6 conſtituted, 
_ a right line joining the centers of their two baſes is perpendicular to 
them. x | 
Let ABC (Fig. 58) be a right-angled triangle at B, and producing - 
the baſe BC out to D, join AD; let alſo the line EFG be drawn any 
where within the triangle parallel to the baſe BCD, fo as to cut AB 
in E, AC in F, and AD in G: then will EF be to BCas EG is to 
BD, ſince both are as AE to AB by ſimilar triangles ; therefore if 
they be taken alternately, E F will be to EGas BC to BD, and EF. 
to EG* as BC* to BD*. This being allowed, let the triangle AB D be 
ſuppoſed to turn round the fixed fide AB, fo as to generate a cone whoſe 
axis is AB ; then will the triangle ABC generate another cone havin 
the ſame common altitude AB, Let both theſe cones be conſidered as 
conſtituted of an infinite number of infinitely thin cylindric laminæ, and 
let EF repreſent indifferently the ſemidiameter of any one of theſe /a- 
mine belonging to the cone ABC; then will EG be the ſemidiameter 
of a correſpondent lamina belonging to the cone AB D; and the lamina 
whoſe ſemidiameter is EF will be to the lamina whoſe ſemidiameter is 
ECG, having the ſame thickneſs, as E F* is to EG, or (according to 
what is already demonſtrated) as BC. is to BD*; that is, every particu- 
lar Iamina of the cone ABC will be to a like lamina of the cone AB D 
as the baſe of the former cone is to the baſe of the latter; therefore com- 
ponendo, the whole cone ABC will be to the whole cone ABD as the 
baſe of the former is to the baſe of the latter: but the planes ABC and 
ABD may be ſo conſtituted as to generate any two iſoſceles cones what- 
ever that have equal heights; therefore if the heights of two iſoſceles 
cones be equal, theſe cones will be to each other as their baſes. Q, E. D. 


A THEOREM. 
358. Every iſeſceles pyramid is equal to an ifoſceles cone of an equal baſe 
and height. | 
Let P repreſent any iſoſceles pyramid, and C an iſoſceles cone of an 
equal baſe and height: I ſay then that the pyramid P will be equal to 
the cone C. | 
To demonſtrate this, imagine the pyramid P to have a cone, as c, in- 
ſcribed in it, fo as to touch every ſide of the pyramid in ſo many lines of 
contact, and imagine the circumſcribing pyramid, and conſequently the in- 
| E e e e | {cribel 
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ſcribed cone, ta be conſtituted of an infinite number of infinitely thin la- 
mine ; and every lamina of the circumſcribing pyramid will be to a cor- 
reſpondent lamina of the inſcribed cone as the baſe of the pyramid is to 


the baſe of the cone. For the plane of every lamina that conſtitutes the 


pyramid will be a polygon ſimilar to the baſe, and the plane of every 
correſpondent /amina that conſtitutes the inſcribed cone will be a circle 
inſcribed in ſuch a polygon : therefore componendo, all the Jamine con- 


ſtituting the pyramid P will be to all thoſe that conſtitute the cone c, 


that is, the whole pyramid P will be to the whole cone c as the baſe of 
P is to the baſe of c: but the cone c is to the cone C of an equal height, 
as the baſe of c is to the baſe of C. Since then P is to c as the baſe of 
P is to the baſe of c, and c is to C as the baſe of c is to the baſe of C, 
it follows ex @quo that P is to C as the baſe of P is to the baſe of C: 
but the baſe of P is equal to the baſe of C by the ſuppoſition; therefore 
the pyramid P is equal to the cone C, having an equal baſe and altitude. 
oY a OO. | 
COROLLARY 


Hence it follows, that whether cones be compared with Cones, or Cones 
with pyramids, or pyramids with pyramids, all ſuch as have equal heights 
will be to one another as their baſes. For cones are ſo by the laſt article, 
and pyramids are equal to cones having equal baſes and heights by this: 
I mean iſoſceles pyramids and iſoſceles cones. 0 


SCHOLIUM. 


As the folid content of a priſm or cylinder of a given perpendicular alti- 


rude depends upon the quantity, and not upon the figure of the baſe, fo by the 


demonſtration of this propofitton it appears, that the ſolid content of an iſoſ- 


celes pyramid or cone of a given perpendicular altitude depends upon the quan- 
tity, and not _ e b La the baſe : let the perpendicular altitude 
and the area of the baſe be ſame, and the quantity of the ſolid will 
continue the fame, whether that baſe be in the form of a triangle, or a 


ſquare, or a polygon, or a circle. Other pyramids and cones will be 


_ conſidered in another place. 
ALZ MMA. 


359. If from the center of any cube ftreight lines be imagined to be drawn 


to all it's angles, the cube will by this means be diſtinguiſhed into as many 
equal iſoſceles pyramids as it has ſides, to wit 6, whoſe baſes will be in the 

Ades of the cube, and whoſe common vertex will be in the center. 
For if from a point above any right-lined plain figure, lines be drawn 
to all it's angles, and then the interſtices of theſe lines be imagined r 
7 8 filled 


"XA 
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filled up with triangular planes, the ſolid figure thus incloſed will be a 
pyramid ; therefore by the lines above deſcribed, the cube will be diſtin- 
guiſhed into as many pyramids as it hath ſides. And that theſe pyrami 
will be all equal and iſoſceles, is evident: for firſt, their baſes will be 
all equal from the nature of the cube ; and in the next place, their heights 
will be all equal from the nature of the center, which is ſappoſed to be. 
equally diſtant from all the fides of the cube; and laſtly, as this center 
muſt alſo be equally diſtant from all it's angles, it follows that theſe py- 
ramids muſt be all iſoſceles pyramids. L. E. D. 


* 


COROLLARY. 
Hence every one of theſe pyramids will be the fixth part of the whole cube, 
A THEOREM. Red 


360. Every iſoſceles pyramid or cone is a third part of an iſoſceles priſm 

d or Here * equal baſe, and an SE e het fg | 

Let a be the perpendicular altitude of any iſoſceles pyramid or cone, 
and let þ be the area of it's baſe, both taken according to the directions 
given in art. 353 : imagine alſo a cube whoſe fide, that is the ſide of 
whoſe ſquare baſe, is 24; then will 4. be the area of the baſe, and 84 
the ſolid content of this cube: and if from the center of the cube lines 
be imagined to be drawn ta the four angles of the baſe, they will be the 
outlines of an iſoſceles pyramid whoſe baſe is the ſame with the baſe of 
the cube, to wit, 44*, and whoſe perpendicular altitude is a; whence 

i | 3 3 | 

the ſolid content of this pyramid will he £ or S, by the corollary in 
the laſt article: but as this pyramid has the fame height 2 with the py- 
ramid propoſed, theſe two pyramids will be to one another as their baſes, 
by the corollary in the laſt article but one: hence the ſolid content of 
the pyramid propoſed will eaſily be had by ſaying, as 4a. the baſe of 
the pyramid within the cube, is to 4 the baſe of the pyramid propoſed, 


„ : FREE 4 Ty 
fo is = the ſolid content of the former, to a fourth, to wit —, which 


w1ll be the folid content of the latter ; therefore the ſolid content of an 
iſoſceles pyramid or cone whoſe baſe is 5, and whoſe altitude is 4, is 


found to be = : but the ſolid content of an iſoſceles priſm or cylinder 


having an equal baſe and height is ab; therefore every iſoſceles pyramid 
or cone is a third part of an iſoſceles priſm or cylinder having an equal 


baſe and an equal perpendicular altitude. &, E. D. 
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Hence the ſolid content of an iſoſceles pyramid or cone is found by multi. 
flying the area of the baſe into a third part of the cular altitude, 
er elſe by multiplying the area of the baſe into the whole altitude, and then 
taking a third part of the produf. = . 

| EE COoROLLAR V * 


Hence alb it follows that all iſoſceles pyramids and cones. o equal Buſes 


ere to one another as their heights. 


A LE M M A. 


361. Va pyramid of any kind be cut by a plane parallel ts it's baſe, the 


quantity of the ſection, or (which 15.all ane) the: quantity of the baſe of the 
pyramid cut fl will always be the ſame, let the figure of the pyramid be 


ꝛobat it will, ſo long as the baſe and perpendicular altitude of the whole py- 


ramid, and the perpendicular altitude of the pyramid cut off continue the 
ame: in which caſe, the perpendicular diſtance of the plane of the ſection 
from the plane of the baſe will alſo be the ſame. (See Fig. 59.) 


Let A be the vertex of the pyramid, and let BE be any one. fide of 
the baſe ; let the lines FB and AC be cut by the plane of the ſection 
in the points D and E reſpectively, and let AFG be the perpendicular 
altitude of the whole pyramid, cutting the plane of the ſection in F, and 
the plane of the baſe in G, both produced if need be: join FD, FB, 
GB, GGC: then ſince the baſe of the pyramid cut off will always be 
ſimilar to the baſe of the. whole pyramid, whereof DE and BC are 
correſpondent ſides; and fince all fimilar plain figures are to each other 
as the ſquares of their correſpondent ſides by the 2oth of the ſixth book 
of the Elements, it follows that the baſe whoſe fide is DE will be to 
the baſe whoſe ſide is B C as DE to BC,, that is, by ſimilar triangles, 
as AD* is to A B*, or as AF. is to AG*, Since then as AG*® is to A F* 
fo is the baſe of the whole pyramid to the baſe of the pyramid cut off, 
fo long as the three firſt continue the fame, the. laſt muſt alſo continue 
the fame. 2. E. D. | 


\CoROLLARY. 


Since the number of ſides of the pyramid is not concerned in the demonſira- 
tion of this profofition, which will be equally true, be the number of ſides 
what it will, it muſt aljo be true of the cone, which is nothing elje but a 
pyramid of an infinite number of fides, let the ſhape of the cone be <what it 
will; that is, whether AG the perpendicular altitude of the cone paſſes 
through the center of the baſe or not. | 


A TH E o- 
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362. If a priſm or board of any kind be deferibed 5 6 the motion of a a 
Plain figure aſcenaing umformly in a horizontal pofition to any given 
berght, the quantity of the ſolid thus generated will be the 2. be- 
ther the deſcribing plane aſcends direttly or obliquely to the ſame height ; 
and conſequently 7 profes pr cylinders of what kind 2 that 4 1 


ual bajes and equal perpendicular bei fn are equal, whether they 
Fr upon thoſe baſes erect or reclining. 90 


For the better conceiving of this, let the deſcribing plane be made, 
not to aſcend all the way, but ſometimes to aſcend perpendicularly, and 
ſometimes to move laterally or edgeway; and that by turns : then it is 
plain that the quantity of ſolid ſpace, or rather the ſum of all the ſolid 
{paces thus deſcribed, will amount to no more than if the deſcribing plane 


| had aſcended all the way perpendicularly to the fame height. Let the 


times of theſe alternate motions wherein they are performed be diminiſh- 
ed and their number be increaſed ad infinitum, a they will terminate 
at laſt in an uniform oblique motion, and the ſolid generated by this mo- 


tion will he equal to a ſolid generated by a ee motion of the 
lame plane to-the. ſame. height. Q, E. B. 


N. B. What has here been demonſtrated concerning priſms and cylin- ; 
Ps: may be further illuſtrated by ſliding a pack of cards, or a pile of 
halfpence out of an erect into an oblique- poſture whereby it may eaſily 
be ſeen, that neither the baſe, nor the perpendicular altitude, nor the 
quantity of the ſolid can he affected by this change of poſture ; bat the 


finer, that is the thinner theſe. conſtituent /amince are, the nearer they 
will repreſent an oblique. ſolid. 


A Tur O NE N. 


3 63. All pyre mi ids ard cones of what kind ſeever that have equal baſes 


and equal perfendicular heights are equal. 

To evince this, let us imagine two plain figures (whether ſimilar or 
diffimilar to each other it matters not) to riſe together from the fame 
level, one directly, and the other obliquely, but both in a horizontal po- 
ſition, and always upon the ſame level; and let theſe planes be imagined 
not to retain all along their firſt magnitude (as was ſuppoſed in the laſt 
article) but to leſſen by degrees as they riſe, ſo as by their motion to 
deſcribe tapering figures, and at laſt to vaniſh each in a point: then it is 
eaſy to ſee, that if che tapering figures thus deſcribed be pyramids or cones 
having equal baſes and equal perpendicular heights, theſe deſcribing planes 
muſt not only be equal to each other at firſt, and vaniſh at equal heights, 


but 


9, E. D. 
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but they muſt leſſen ſo together as to be equal to each other at all other 


equal altitudes whatever: this is evident from the laſt article but one: 


r ²˙ ˙ — eſe ouip'y he Ggeal. 


A COROLLARY, 


Hence it fallenvs, that whatever we have demonſtrated concerning toſee- 
les pyramids, cones, priſms and cylinders with reſpect to their proportion one 
to another, will be equally true of all others, whatever ſoape or poſture 
they be in: as, that all pyramids and cones of the ſame height are to 
each other as their baſes, that all pyramids and A upon equal baſes are 
as their heights, and that every pyramid or cone is a third part of a priſm 


.E one aving an equal baſs, and an equal perpend! cular altitude. 


A LEM M A. (Hg. 60.) 


"364. L ABCD. be 0 fee whoſe le, ir AD, and-winſe diagma! 
is AC; and upon the center A, and with the radius AB, deſeribe the qua- 


 drant or quarter of a circle BAD: draw alſo the line EFGH or 5 


any where within the ſquare, parallel to the baſe AD, cutting the fide A 


11 E, the quadrant BD in F, the diagonal AC in G, _ the | 
fide CD in H, and join AF: I jay then that the ſquare of EF 2 
ſquare of E G put together will altvays be equal to — ſpar of EH. 


For the _ ABC and AEG are ſimilar, as having one angle at 
A in common, and the angles at B and E right; rare. EG will be 
to EA as BC is to BA; but BC is equal to BA, from the nature of a 
ſquare; therefore E G will be equal to EA, and EG* to EA,, and 
EF. ＋ EG to EF. EA AHEAD = EH, that is, EF* + EG* 


EH. 2. E. D. 


A THEOREM. 


365. bere is two thirds of a circumferibing cylinder, f is, 4 
r that will juſt contain it. 


For ſuppoſing all things as in the laſt article, (ſee Fig. Go,) let the 


ſquare ABCD be now ſuppoſed to turn rund it's fixed ſide AB, fo 


that the ſquare may generate a cylinder, the quadrant a hemiſphere, and 
the triangle ABC an inverted cone; and let this cylinder, and conſe- 
quently the cone and hemiſphere be conſidered as conſiſting of an infi- 

nite number of infinitely thin cylindric laminæ : then if EI repreſents 
the ſemidiameter of any one of theſe laminæ belonging to the cylinder, 
EG will be the ſemidiameter of ſo much of this /aming as lies within the 
cone, and EF the ſemidiameter of fo much as lies within the hemiſphere: 
and becauſe (by the laſt article) the ſquare of EF and the ſquare of 


EG 


Art. 365, 366. Or THE SPHER F, $91 


EG are both together equal to the ſquare of EH, it follows from co- 
rollary 6 in art, 347, that the two circles whoſe ſemidiameters are E F 
and EG are both together equal to the circle whoſe ſemidiameter is EH; 
which is as much as to ſay in other words, fince the line E H was taken 
indifferently, that every particular lamina of the cylinder is equal to two 
correſpondent laminæ at the fame height, whereof one belongs to the 
cone and the other to the hemiſphere ; therefore componendb, the whole 
cylinder is equal to the cone and hemiſphere put together : but the cone 
has been proved already to be a third part of the cylinder, as having the 
ſame baſe and height, (ſee art. 300 ;) therefore the hemiſphere muſt be 
the remaining two thirds of it ; that is, every hemiſphere is two thirds 
of a cylinder of the ſame baſe and height. Muy ; 

Let us now imagine two ſuch hemiſpheres, and two ſuch cylinders to 
be put together in one common baſe, and the. two hemiſpheres will con- 
ſtitute a ſphere, and the two cylinders a cylinder circumſcribed about 
that ſphere, and the ſphere will now be two thirds of the circumſcribing 
cylinder. L. E. D. „ „ 

A THEOREM, 


366. Every ſphere is equi! to a cone or pyramid whoſe baſe is the firs 
face of the ſphere and whoſe perpendicular altitude is it's ſemidiameter. 

To demonſtrate this, let a body terminated by plain ſides, regular or 
irregular, be ſo conſtituted as to admit of a ſphere to be inſcribed in it, 
touching every ſide in ſome point or other, as the cube and an infinite 
number of other bodies will; and from the center of the inſcribed ſphere 
imagine lines to be drawn to every angle of the circumſcribing body : 
then will this body be diſtinguiſhed into as many pyramids as it hath ſides, 
whoſe baſes will be the ſeveral ſides of the body, whoſe common vertex 
will be in the center of the ſphere, and whoſe perpendicular heights will 
be radii drawn to the ſeveral points of contact, and conſequently will 
de equal: for as when a circle is touched by right lines, all radii drawn 
to the ſeveral points of contact will be perpendicular to the reſpective 
tangent lines; ſo when a ſphere is touched by planes, all radii drawn 
to the ſeveral points of contact will be perpendicular to the reſpective 
tangent planes. 5 . 
Let then r be the radius of the ſphere, and let a, b, c, d repreſent the 
quantities or areas of the ſeveral fides of the circumſcribing body ; and 
the ſolid contents of the pyramids whereof that body is compoſed will be 
D = « = D and the ſum of all theſe pyramids, or the ſolid content 
r-+br+cr+dr 
of the body, will be CS mo 


- Let a+b-+c+d=s, that 


is, 


Gy 
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is, let 5 be the ere N 2 of the circumſcribing body, and it's ſol 0 


content will be —: but 7 1s the content of a pyramid whoſe baſe i is 9, 


and whoſe perpendicular altitude is 7; therefore every body circumſcribed 
about a ſphere is equal to a Had whoſe baſe is the ſurface of the body, 
and whoſe perpendicular a titude is the ſemidiameter of the inſcribed ' 
ſphere. 
* Let us now imagine the ſeveral angles of this circumſcribing body to 
be pared off cloſe by the ſurface of the ſphere, ſo as to create more ſides 
|| | N and more angles, and we ſhall ſtill have a body circumſcribed about the 
Wd | | - ſphere, though in another ſhape ; and therefore the proportion already 
Wi | advanced will be as true in N to this body as to the former: whence 
wy | | it follows, that if we ſuppoſe the angles of the circumſcribing body to be 
po off ad infiutum, that is, till it differs nothing from the inſcribed 
here, the propoſition will be as true of the ſphere itſelf as it was be- 
ore of the body circumſcribed about it, to wit, that e ſphere is equal 
to a cone or pyramid whoſe baſe is the ſurface of the ere, and whoſe 
PEI! altitude 1 is it's ſemidiameter, Q, E. D. 


8 2 
ä 2 - 


A THEOREM. | 
367. The furface- of every ſphere is equal to four great circles of the ſame 


12 note, that by a great 1 of a ſphere, «TJ mean any FT; ariſing 
from a feett on of a ſphere into two equal hemiſpheres by a plane paſſing 
 throughit's center, in contradiſtinction to a leſſer circle ariſing from a ſection 


of a ſphere into unequal parts: : or a great circle of a ſphere may be defined | 
to be à circle whoſe diameter is the ſame with that of the ſphere. 4 | 


Let 5 be the ſurface of any ſphere, d the diameter and 6 the area of 
| 
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a great circle of that ſphere ; then will 5 be the baſe of a circumſcribing 


cylinder, d it's altitude, __ bd it's ſolid content; therefore by the lait 
bd 
article but one, EP will be the ſolid content of the ſphere : but by the 


laſt article, this ſphere is equal to a cone or pyramid whoſe baſe is s 


3 yore —y—j— — — : — 
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the furface of the ſphere, and whoſe perpendicular altitude ! is, fo it's ſe⸗ 


— —— — — Ao - 
n 


8 will alſo repreſen 


| . the ſolid content of the ſphere : whence we have the following equation, 
1 r 
We ___ 0. 2. * ing reduced gives = 46. Q, E. D. 


| rom the three laſt articles may be deduced the following corollaries: 
Co RO r-. 


| ; d 9 
N midiameter, a third part whereof is ; therefore — 


r ar oe 


4 
— vec at 
e * * 
dine „ —„V — = — — — — 
2 — 


— . —0—0—0—dT—wꝙ2Nd SE CT 
X 1 0 NA « — — — 


—— — AAA CAL Ml es 
—_ 
— "__ 22-1 y 
5 2x * . 1 — ws — 8 — 
5 — — Wh. . — * 
— r "0 of 
— _ ö Ry 
8 > * 
. 
„ 
\ * 


r 
$a 


—_—— 


— 


Art. 368. OF THE SPHERE, 593 
| CoROLLARIE 8s, | 


368. 1ſt. As the diameter of a circle is to the circumference, that is, as 
Aer 22 nearly, Na is the ſquare of the diameter of any ſphere to it's ſurface, 
For ſuppoſing the diameter of a circle to be to the circumference as 1 to 
c, and putting d for the diameter of any ſphere, cd will be the circum- 
ference of a great circle of that ſphere, ſince as 1 is to c fo is d to cd; 


- 


multiply then _ the ſemicircumference, into 2 the radius, and you 


will have = the area of a great circle ; therefore four great circles, or 
the ſurface of the ſphere, will be cdd: but as 1 is toc ſo is dd to cdd; 
therefore &c. | 
2d. Whence it follows, that The ſurface of every ſphere is equal to the 
product of the circumference of a great circle multiphed into the diameter 
of the ſphere. For retaining the notation of the laſt article, cdd the 
ſurface of the ſphere is equal to cd the circumference of a great circle 
multiplied into dq the diameter. 5 
3d. The ſurface of every ſphere is equal to the convex ſurface of a circum- 
ſeribed cylinder. For if a concave cylinder without it's two baſes be 
ſlit, and then opened into a plane, the figure of that plane will be a pa- 
rallelogram, whoſe baſe will be that line which before was the circum- 
ference of the baſe of the cylinder, and whoſe height will be the fame 
with that of the cylinder ; therefore as the area of a parallelogram is 
found by multiplying the baſe into the height, the ſurface of every cylin- 
der muſt be found by multiplying the circumference of the baſe into the 
height of the cylinder: but the circumference of a eylinder circumſcri- 
bed about a ſphere is equal to the circumference of a great circle of the 
fphere, and the height of ſuch a cylinder is equal to the diameter of the 
ſphere ; therefore the convex ſurface of the cylinder will be equal to 
the circumference of a great circle of the ſphere multiplied into the dia- 
meter, which by the laſt corollary is the ſurface of the inſcribed ſphere. 
4th. The ſolid content of every ſphere is equal to the product of it's ſur- 
face multiplied into a third part of the radius, or the radius into a third 
part of the ſurface. This 1s evident from art, 306. 
5th. As fix times the diameter of a circle is to the circumference, that 
is, as 42 1s to 22 or 21 fo 11 nearly, ſo is the cube of the diameter cf any 
ſphere to it's ſolid content, For if we ſuppoſe the diameter of a circle to 
be to the circumference as 1 to c, the ſurface of a ſphere whoſe diame- 
ter is 4 will be cdd by the firſt corollary ; and this PR multiplied 
into a third part of the radius, or into a third part of » which is . 


PTE: gives 


„ # - * 
. 7 « — — 5 
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ca. 


| gives 1 the ſolid content of the ſphere: but as 6 is to c ſo 18 qi to 


EC al 5 . : „ E . * | . 
Fs therefore as fix times the diameter of a circle is to the circumference 


ſo is the cube of the diameter of any ſphere to it's ſolid content. 


6th. The fur faces of all ſpheres are as the ſquares, and the ſolid contents 
as the cubes of their diameters or ſemidiameters, For ſuppoſing the dia- 


meter of any circle to be to the circumference as 1 to c, and ſuppoſing 
d and e to be the diameters of two ſpheres, the ſurfaces will be cd. and 


. | | | 4 3 
ee* by the firſt corollary, and the folid contents will be -- and 6 by 
PAY 42 0 4 
the laſt: but c is to c as di is to e, * is to 7 ; and — is to 
on + 4+ 1 
F 48 is to es, or as 5 is to g. 


To ſhew the uſe of the properties of the ſphere above deſcribed, 1 


ſhall add the following problems. 


369. To find how many acres the furface of the whole earth contains. 
Let the diameter of a circle be to the circumference as d to c, and let 
7 
e be the circumference of the earth ; then will — 


de 5 
it's ſurface by the ſecond corollary in the laſt article. Now the cir- 


cumference of the earth is 131630573 Engliſh feet, or 24930 English 


miles nearly, allowing 5280 feet to a mile: therefore if we make e — 
24930, we ſhall have &=621504900. Now the numbers 7 and 22 


are ſcarce exact enough to expreſs the proportion of the diameter of a 
circle to the circumference in company with ſo large a number as *; let 


us therefore uſe that of 113 to 355, which we have elſewhere ſhewn 
(ſchol. 1 in art. 179) to be much more exact; that is, let {= 11} 


| "oþ 
and c 355, and — or the ſurface of the earth will be 197831137 


ſquare miles: but every ſquare mile contains 640 acres ; therefore if the 
foregoing number of ſquare miles be multiplied by 640, the product 


126611927680 will be the number of acres required. 


= N B. To be more exact in any computation than the data on which 
it is founded, can be to little or no purpoſe, 


P R O- 


be it's diameter, and 


9 5 
8 


Art. 370, 371. PROBLEMS RELATING TO THE SPHERE, 595 


P ROB L E M 1 


3 70 . What mu be the diameter of a concave gore that will 2 bold 

an Eng 4 gallon? 

By the fifth corollary in art. 368, as 11 is to 21 fo is the ſolid con- 
tent 4 any ſphere to cube of it's diameter: but the ſolid content of 
our ſphere is 282 cubic inches or an Engliſh I by the ſuppoſition ; 
therefore the cube of it's diameter will be 538 f, the cube root whereof 
8.135 will be the diameter itſelf, 

N. B. The extraction of the cube root is taught in moſt books of 
Arithmetic, and depends on the nature of a binomial, as doth the ex- 
traction of the ſquare root; and therefore whoever ſees che reaſon of the | 
latter, may (without much difficult y) reaſon himſelf into the former : but 
the extraction of the roots of all Graphs powers will beſt be performed 
by the help of logarithms, as will be ſhewn hereafter when we come 
to treat of the nature and properties of thoſe numbers, 


PROBLEM 3. 


371. To find the wei gb of a globe 9 of vater of an inch diameter when 
weighed in air, upon a ſuppoſition that a cubic foot of common rain 
water when weighed in air at a middle height A the barometer 
weighs juſt 76 pounds Troy. 

Note, that the pound Troy contains 12 ounces, every ounce 20 

pennyweights, and every pennyweight 24 grains. 
If a cubic foot, or 12x12x12 cubic inches weigh * ads the 


6 X I 2X20X2 
2 of a pound, or 2 + 
I2X12X12 © 12XI2X12 


grains, that is, (dividing both the numerator and denominator by 12x12 


weight of one cubic AR will be 


0 
x4) 2 grains. Let now the diameter of a circle be to the circumfe- 


rence as d to c; and by the fifth corollary in art. 368, as 64 is to c ſo is 
the cube of the diameter of any ſphere to it's ſolid content: but the 
cube of the diameter of a ſphere is the ſolid content of a cube whoſe ſide 
is equal to the diameter; therefore as 64 is to c ſo is the ſolid content of 

a cubic inch to the ſolid content of a globe of an inch diameter, and fo is 


6oc 
on the weight of a cubic inch of water, to 77 the weight of a 


afohe of water of a an inch diameter when weighed in air. Let d=113 


60 
and 2355, and we ſhall have _ 5 = 132 045, or 132 = : there- 


Ffff2 fore 
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fore a globe of water of an inch diameter when weighed in air, weighs 
5 00-1 * 

133 77 n. 


In this computation it is all along taken for granted that The weights 
of homogeneous bodies in air are in the ſame proportion one to another as in 
vacuo, and conſequently as their folid contents; which is true, though in 
the caſe of heterogeneous bodies, or rather bodies of different ſpecific 
gravities it be otherwiſe. But to put this matter beyond all diſpute, let 
a and þ be the weights of any two bodies A and B of the fame kind 
(ſuppoſe of water) when weighed in vacuo, and let water be 860 times 


as heavy as air; then will 1775 be the weight of ſo much air as is equal 


in bulk to the body A, and Lg the weight of ſo much air as is equal 
; O | | 


in bulk to the body B. Now it is demonſtrated in Hydroſtatics, that 
the weight of a body in air 1s not it's true weight, or weight it would 
have in vacuo, but the exceſs of it's true weight above the true weight of 
an equal bulk of air ; therefore the weight 0 the body A when weighed 


in air, will be — 805 ==, and for the fame reaſon the weight of B 


when weighed in air will be 32 » but 59 ito 2 4 is to 6; 
therefore the weights of homogeneous bodies in air will be in the ſame 
proportion one to another as their true weights in vacuo; but the weights 
of homogeneous bodies in vacuo are as their magnitudes or ſolid contents; 
and therefore their weights in air muſt be in the ſame proportion. 
| PROBLEM 4. 
372. To find the diameter of a globe by weighing it firſt in air, and 
then in water, without any regard to it's weight in vacuo, 
Let d be the diameter ſeught in inches and parts of an inch; let p be the 


unknown werght of the globe in vacuo, q it's known weight in air, and r 
it's known weight in water, the weight p being ſuppoſed, and the weights 


q and r being taken in grains: then from a principle in Hydroſtatics 
mentioned in the laſt article it is evident, that p—q will be the weight 


in vacuo of a globe of air whoſe diameter is d, and that p—r will be the 


weight in vacuo of a globe of water of the ſame diameter: ſubtract 
therefore the former weight from the latter, and the remainder q—7 
wall expreſs the weight of a globe of water whoſe diameter is 4 when 
weighed in air: but the weights of all homogeneous bodies in air are in 


the 


w — —— — — — — — — — ä—Q——Q—p— ͤ — — —— ——_ —— 


8 


EIS 


5 
FM 
2 
Plc. 
* 
"> 
= 
2% 
0 
ou 
8 v2 
5 
— 
bY 
N 
3 
2 
5 
"=o ip 
12 
£ 
. axed 
hs 
" 
p 
n 
1 
= 
. 
a1 
4 
x 4 
1 
JM 
<8 
2 
8 
_ 
88 
2 
"4 
., "= 
2 
_ = 
- 
_ 
68 
- = 
= 
- 
_ <', 
IM 
880 
8 RE, : 
- IP 
"428 
= 
5% 
- p 
— 
I 
N 
- 
* Y 
$55 x 
3 
IB 
WE - 
3 <4 * 
2 1 
8 
"= Pa 
_ 
6 St 
2 
or”. = 
by "ny 
= 
_. 
2 
—_— 
<< SY 3 
1 
7 "50 
7 pu 
4 3 
_— 
85 ") 
Wy” 
: a 
1 
* 
2 , 
: i 
"ER 
Ws 
— 
8 
a —_ 
T% 
GA 
"24 
q 
& 
4 


Art. 372. PROBLEMS RELATING TO THE SPHERE. 597 


the fame proportion as their ſolid contents by the laſt article; and the 
ſolid contents of all ſpheres are as the cubes of their diameters by the 
fixth corollary in art. 368: fince then the weight of a globe of water 


of an inch diameter was found in the laſt article to be 132 = or Th 
grains, we have the followi ng proportion ; As ** : = the weight in air 
of a globe of water whoſe diameter is 1 inch, is to q—r the weight in 
air of a globe of water whoſe diameter is d, ſo is 1 the cube of the dia- 
meter of the former globe to di the cube of the diameter of the latter; 
therefore d q—r x 7 N 5» and d the diameter ſought will be the cube 
root of the ſame quantity. Q. E. J. i Ha 
As for example; ſuppoſe a globe to weigh 1 56: grains in air, and 77 
in water; then will q equal 156 =, q—r==79 .25, and g—r 
A2 . 8974887, whoſe cube root. 84224 will be the diameter of 
the globe in decimal parts of an inch, See experiment 1 in the ſcholium 
to the 40th propoſition of the ſecond book of Newton's Principia. | 
The praxis in logarithms is very eaſy : for If from a third part of the 
logarithm of q—r be ſubtrafted the logarithm o .707 5636, the remainder 
aeull be the logarithm of the diameter fought. | es 
The chief excellency of this ſtatical method is, that it is not only 
much more exact than any other that can be made uſe of for this pur- 
' Poſe, but if the globe under conſideration be not a perfect ſphere, it gives 
a middle diameter, that is, ſuch a diameter as the ſame body would have 
if it was formed into a perfect ſphere : nay if the body propoſed be in 
form of a cube or of any other ſolid whatever, regular or irregular, this 
method finds the diameter of a globe of the ſame magnitude. 
By a like way of thinking may alſo be diſcevered a proportion for deter- 
mining the ſolid content of any body propoſed in cubic inches and parts of a 
cubic inch thus: let q be the weight of any body in air, and r it's werght 


. . : . . 6 O . . 7 * . 
in water, both taken in grains : then as 22 grains, the weight in air 


of a cubic inch of water, is to q—r the ei ght in air of a body of wa- 
ter equal in magnitude to the body propoſed, ſo is 1 the ſolid content of the 
Former, to q—r * at the ſolid content of the latter : thus the ald con- 
tent of the globe in the foregoing example is. 3 1283 of a cubic inch. 


if 
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If the globe whoſe diameter, or body whoſe ſolid content is required, be 
- lighter than water, let r be the force neceſſary to 3 it under water ; and 
then the weight of that body in water may be ſaid to be — r, in which caſe 
the gn of 's muſt be chan ned in the N above laid drown, that is, 
me muſt be uſed __ of q=r. 


O the: Spheroid. 


3. If 0 a ſphere be reſolved into an infinite number of infint tely thin 
„Mb amine, and then theſe laminæ, retaining their circular figure, be 


2 mncreaſed or all diminiſhed in the n they will conſtitute a 
*figure called a ſpheroid ; and it is ſaid to be prolate or oblong, according as 
25 conſtituent 1 are increaſed or diminiſhed. This a learner, who 


is unacquainted with the nature of the ellipſis, may (if he pleaſes) take 
for the definition of a ſpheroid. 


From the definition here given it follows 

3ſt, that Every ſpheroid is to a ſphere upon the ſame axis, as any one 
| lamina in the former is to a like lamina in * latter from whence it was 
1 or ag amy number f laminæ in the former is to the ſame number 


+ ae ke laminæ in the latter, that 1s, as any portion of the former compre- 
| d 


between two. parallel fangs perpenateular to it's axis, is to à like 
Portion of the latter. 


_ 2dly it follows, that Every ſpberoid, as well as every ** is two 
 thirdsof a circumſeribing cylinder. For though a ſpheroid be greater or 
leſs than a ſphere upon the ſame axis, the cylinder circumſcribed about 
the ſpheroid will be proportionably greater or leſs than the cylinder cir- 
cumſcribed about the ſphere : for having the ſame length, they. will be 
as their baſes ; therefore the ſpheroid will have the ſame proportion to a 
linder circumſcribed about it, as the ſphere hath to a cylinder circum- 
Kerbe about the ſphere. 


A LE M M A. 


374. The chord of any circular arc is a mean proportional ber een the 
ver ſed 2 of that arc and the diameter. 

Let ABC (Fig. 61) be a ſemicircle whoſe diameter is AC, and aſ- 
ſuming any arc as AB, draw the ſtreight line AB, which is it's chord; 
draw alſo BD perpendicular to the diameter AC in D, and the inter- 
cepted line AD is called the verſed ſine of the arc AB. What we are 
then to demonſtrate is, that the chord AB is a mean proportional be- 
tween the verſed fine AD and the whole diameter AC: and this is eaſily 
done by drawing the other chord BC; for then the triangle ABC will 
be right-angled at B, as being in a ſemicircle, and conſequently will be 
ſimilar to the right-angled triangle A DB; whence AD will be to AB 

as A B io AT AED. 
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PROBLEM 5. 


375. To find the folid content of a fruſtum of a hemiſphere or hemiſpberuid 
Ed ras # rare a fre ck e it's axis * any 
other leſſer circle parallel to it, having theſe two oppoſite baſes and the 
herght of the fruſtum given. kN n 

N. B. As A is ſometimes uſed for the ſquare of AD, or a ſquare 
whoſe ſide is AD, fo in our notation in this and ſome of the following 
articles, we ſhall not ſcruple to uſe © AD for the area of a circle — 4 
ſemidiameter is AD, 204 D for two ſuch circles, &c. 

Let ABC D (Fig. 60) be a ſquare whoſe baſe is AD and diagonal 
AC; and upon the center A and with the radius AB deſcribe the qua- 
drant BAD; draw alſo the line EFG H any where within the ſquare 
parallel to AD, cutting AB in E, the quadrant in F, the diagonal in 
G, and the oppoſite ſide CD in H. This done, imagine the whole fi- 
gure to turn round it's fixed fide AB: then will the ſquare generate a 
cylinder, the quadrant a hemiſphere, the triangle ABC an inverted cone, 
and the curvilinear ſpace AEF ſuch a fruſtum of an hemiſphere as we 
are to find the ſolid content of, having given AD and EF the ſemidia- 
meters of the two oppolite baſes, and AE the height of the fruſtum. 

In the 365th article by the help of this conſtruction it was demon- 
ſtrated, that the hemiſphere generated by the quadrant ABD and the 
cone generated by the triangle ABC were together equal to the cylinder 
generated by the ſquare ABCD; and the reaſons there given for ſuch 
an equality, equally prove that the fruſtum generated by the ſpace AEFD 
and the cone generated by the triangle AE G will both together be equal 
to the cylinder generated by the parallelogram AE H D: but the cone 


generated by the triangle AE G is equal to OEG «<= and the cylin- 
der generated by the parallelogram AE HD is equal to © ADx AE 
= 30 AD * 5 =20AD+0 E H x uo : therefore if F be put for 

the ſolid content of the fruſtum, we ſhall have the following equation, 


AE 5 AB: AE 5 
Frottee «hs tranſpoſe OEG 1 and 


5 —_— AE OS” 
then we ſhall have f=2 0 AD+oEH—oEGx—: but by the 


| : 3 | 
364th article, and the fixth corollary in the 347th, OE H OE F- 
OEG; therefore GEH - OEG SO EF: ſubſtitute © EF inſtead of 


©EH—DEG in the foregoing equation ( 2 DTOEH— EE 
* k . 


boo PROBLEMS RELATING To Book viii. 


=) and you will have f=2 0 AD+©E Fx AE \ this bs upon a 


ſuppoſition that the ſolid propoſed is a fruſtum of a hemiſphere. Let us 
now ſuppoſe the ſolid f to conſiſt of an infinite number of infinitely thin 
cylindric laminæ parallel to it's baſe, and then that theſe laminæ, retain- 
ing their circular figure, be all diminiſhed in ſome given proportion, ſup- 
poſe in the proportion of 7 to s; then it is plain that the ſolid F will de- 
generate into a fruſtum of an hemiſpheroid, and that it will be dimi- 
niſhed in the proportion of 7 to s; but then the quantity 20AD+oEF * 
* _ will alſo be diminiſhed in the fame proportion; and therefore ? 


will till be equal to 2 BTE. whence we have the fol- 

| lowing theorem for finding the ſolid content of the fruſtum propoſed, 
whether it be a fruſtum of a hemiſphere or hemiſpheroid. 4 
To tavice the area of the greater baſe add the area of the leſs ; multiply 


the ſum by a third part of the altitude of the fruſtum, and the product will 
be it's ſolid content. Q. E. I. : | 


PROBLEM 6, 
376. To find the convex ſurface of any ſegment of a ſphere whoſe baſe and 
beigbt are given. (Fig. 60.) „ : 
Retaining the conſtruction of the laſt article, and ſuppoſing what was 
there proved, if from the hemiſphere generated by the ſpace ABD be 
ſubtracted the fruſtum generated by the ſpace AE FD, there will remain 
a ſegment of the ſphere generated by the ſpace BEF; and if to this ſeg- 
ment again be added the cone generated by the triangle AE F, they will 
both together conſtitute a ſector of the ſphere generated by the ſpace 
ABF; and laſtly if the ſolid content of this ſpherical ſector be applied 
to or divided by a third part of the radius AD, the plane or quotient 
thence ariſing wy be equal to the convex ſurface generated by the arc 
BF, which is hete propoſed to be determined, For as every ſphere is 
_— to a cone whoſe baſe is it's ſurface and whoſe altitude is it's radius, 
(fee art. 366,) ſo (and for the fame reaſon) muſt every ſector of a ſphere 
equal to a cone whoſe baſe is the ſpherical part of it's ſurface, and 
whoſe altitude is the radius. Now the hemiſphere generated by the 
ſpace ABD being two thirds of a cylinder of the fame baſe and height, 
as was demonſtrated in art. 365, it's ſolid content will be expreſſed by 


AB EB 3 
20 = eb ADN; and the ſolid content 


of 
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of the fruſtum generated by the ſpace AE FD was 2 © AD x =+0EP 


* = ; ſubtract the latter from the former, and there will remain the 


ſegment generated by the ſpace B EF equal to 20 Able ERG, 


add to this the cone generated by the triangle AE E, whaſe content 18 
OE Fx = and you will have the ſpheric ſector generated by the ſpace 


5 . EB | 
ABP equal to 20% Let the diameter of a circle be to the 


circumference as 1 to c, and 2ADxc will be the circumference of a 
great circle, whoſe half AD xc multiplied into AD the radius, will give 
AD* xc for the area of a great circle; therefore OA D SAD xc, and 


20 ADx, or the content of the ſector, will be 2 4 D* 12 : 


but EB is the verſed fine of the arc BF; and therefore if we put 7 for 
the chard of chat arc, we ſhall have 2ADx E Bl by the laſt article 


but one; and the ſolid content of the ſector will now be Þ x c x 5 di- 
AD 


vide by A and you will have the ſurface generated by the arc B Fe- 


qual to lx: but as AD*xc was equal to © AD, fo will Ic be equal 
to Ol, that is, to a circle whoſe radius is the chord of the arc BF: 
therefore The ſurface of every ſegment sf a fphere is equal ts a circle whoſe 
radius is the diRance of the pale, or vertical point of the ſegment, from the 
circumference of it's baſe. i 

What has here been determined concerning the convex ſurface of a ſeg- 


ment of a ſphere agrees intirely with what was determined in art. 367 


concerning the ſurface of a whole ſphere. For if we ſuppoſe the arc BF 
to be a ſemicircle, it's chord will then be a diameter, and the ſurface 
generated by this arc will be the ſurface of the whole ſphere ; and there- 
fore the ſurface of this ſphere will be equal to a circle whoſe radius is 
the diameter of the ſphere, that is, 24D: but a circle whoſe radius is 
2 AD is quadruple of a circle whoſe radius is AD, becauſe all circles are 
as the ſquares of their ſemidiameters; therefore the ſurface of every ſphere 
is equal to four great circles of the fame, as was there demonſtrated. 
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PROBLEM F. 


To find the folid content of a caſh, when it is a portion of a 
A ; 2 2 — at each end by favo equal and im of ſr 
3 right angles with it's axis, having given the diameter at the head, 
| 493 bung, and the length of the ve _ (Fig. 60.) 
Meet fon ſtill the conſtruction of the 37 5th article, if two ſuch fru- 


ſtums as were there generated by the Wc of the ſpace AE FD a- 


- 


bout the axis AE be put together, by applying the greater baſe of one 
to the greater baſe of the other, they Vill orm ſuch a ſolid as is here de- 


ſcribed: but in the article above- quoted, the content of the fruſtum ge- 


derated by the ſpace AEFD was found to be DEE | 


therefore the content of the folid propoſed will be 2 0AD+ EF 


H- which ca will be one third part of the whole length of the 


3 3 
ſolid. Call the diamet er of the ſolid where it is greateſt, g, and where 
it is leaſt, J; that is, make g 24 D, and /=2 EF, and you will have 
AD =; *, and oEPF=Fx:» by the ſecond corollary i in art. 347; 


and the content of our ſolid according to this notation will be 2 g*- 88 - þ 


246 1 the ſolid degenerate from a portion of a ſphere 


| 
to a like portion of a | ſpheroid, and the quantity 2 * 28 E — * — 
will be diminiſhed in the fame proportion with the ſolid itſelf, and there- 
fore will {till be equal to it: Vs Ho we have the following theorem for 
meaſuring the 57% propoſed. | 
Jo twice the ſquare of the diameter at the bung add the /; ſquare of the fia- 
meter at the head ; multiply the ſum by a third part of the length of the 
caſh, and then ſay as 14 1s to 11 fo is this laſt product to the content required. 
NM. B. If the two circles whereby the veſſel is terminated at each end 
be unequal, the two fruſtums muſt be meaſured apart, and then added 
together. 

If the content of the veſſel be required i in ale gallons, the diameters 
$ and / muſt be taken in inches; as inſtead of uſing the proportion of 


X 


- muſt be divided by 359, and the 


14 to 11, the quantity 2g 2 Ex- 


quotient will be the number of oallons the veſſel will contain. See art. 
353" 
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BOOK IX. IN FOUR PARTS. 


F I. Of Powers and their Indexes; and of Newton's me- 
thod of evolving a Binomial. 


II. Of Logarithms, their uſe, and the | beſt methods of 


computing them. TO 
III. Of Mewron's invention of Diviſors. 
IV. Of the Arithmetic of Surd Quantities, 


| Ak T I 
0 f powers and their indexes. 
378. H E indexes of powers have been already conſidered, fo 


far as they ſerve for a ſort of ſhort hand writing in Alge- 

bra; but the incomparable Newton has very much enlarged 

- our views with reſpect to theſe indexes or exponents, in- 

ſomuch that it is by their means chiefly, that ſo many excellent, uſeful 

and comprehenſive theorems have been diſcovered both in Algebra and 

Geometry, and more particularly in the doctrine of Fluxions, This ſort 

of notation therefore I ſhall now endeavour further to explain, in my 
obſervations upon the following ſmall table. 


Powers without their indexes. 


I I NN 3 
| Powers with their indexes, 
1 . *. 1 . *. Fe 1 2, . 8 


G g 3 3 2 This 
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This table conſiſts of two rows, whereof the upper is a ſeries of pow- 
ers expreſſed without their indexes, the common root or fundamental 
q_ being K; the lower expreſſes the ſame powers by the help of 


ir indexes, 


OBSERVATIONS, 


479. 1ſt. By this table it appears that. every ſubſequent poter is the 
quotient of the next before it divided by the common root x, and that every 
ſubſequent index is generated by ſiibtracting unity from the next before it. 
Thus x* divided by x gives x, x divided by x gives 1, 1 divided by x 
2 1 . I . 

ves >, — divided by x gives A Sc: thus again, 2—I==I, I—I=0, 
C—1I=—I, —I—J]=2 &c, Since then each row exhibits a regu- 
lar ſeries, it follows that the negative indexes have the fame right to ex- 
preſs the powers they belong to as the affirmative ones, and that x 


repreſents _ upon the ſame foundation that x repreſents xx. 


2dly. Therefore whatever number is the index of any power, it's negative 
| woill be the index of the reciprocal of that power, or of unity divided by 


that power, Thus if 2 be the index of xx, —2 will be the index of 5 


if 1 be the index of x, — 1 will be the index of = and fo of the reſt, 


zdly. In all caſes whatever, the addition of indexes anfivers to the mul- 
tiplication of the poꝛvers to which they belong; that is, if any tao powers 
of the ſame quantity be multiplied together, the index of the multiplicator ad- 


ded to the index of the multiplicand will give the index of the product. Thus 


x* multiplied into x? gives x-, as xxxxxx gives xxxxx : thus x*xx—3 gives 


1 n „CC 
Xi, AS XXX —— gives =: thus x—*xx—3 gives xi, as —x—— gives 
| XXX X | & xxx = 


I 


i | g | I | . 
L.: thus K* gives , as xxx — gives 1: thus xxx gives , 
1 XX 


as xxxx I gives XXX. 


Achly. In like manner the ſubtraction of indexes anſwers t9 the divifion 
of powers ; that is, if any power of any quantity be divided by a power of 


the ſame quantity, the index of the divifor ſubtracted from the index of the 
diviuend leaves the index of the quotient. Thus x? divided by x* quotes x", 
as xxx divided by xx quotes x: thus x* divided by , quotes &, as xx 


x I * 2 3 
divided by —. quotes xxxxx :; thus x—* divided by x quotes &, 


as 


2" 
78 be 
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XXXX%X 


as 5 divided by xxx quotes thus x divided by x gives x", 


as — divided by = gives x: thus K* divided by * gives , as T di- 


. 1333 | ATTY 42 | Tr 
vided by >- gives xx: laſtly, x* divided by x- gives , as xx divided 
NS. If the inde f £2 lied by "I 

thly. If the index of a er be multiplied by 2, 3, 4 &c, the pro- 
4 will Ale index of the „ 7 ta cube, rs Ae G f that pak - 
and therefore if the index of any power be divided by 2, 3, 4 &c, the 
quotient will be the index of the ſquare root, cube root, ſquare-ſquare root 

Fc of that power. Thus the ſquare of x* is x., it's cube &, it's ſquare- 
ſquare x: thus again, the ſquare root of & is x*, it's cube root x., it's 


ſquare- ſquare root x &c: thus the ſquare root of x or x* is &,, it's cube 
root x, it's ſquare-ſquare root x* &c : thus the ſquare root of L or 
| : = 


* is &, it's cube root 3, it's ſquare-ſquare root x- Gc: thus 
2 | ; | 1 70 815 
i ſignifies the cube root of x*, x* the ſquare-ſquare root of * And 


univerſally, x * that root of &“ whoſe index is n; as if *=x", 
then y is ſaid to be that root of x” whoſe index is , and muſt be ex- 


preſſed by x* ; and therefore if in any caſe =, it will be a good 


inference to ſay that y is equal to x® , or that x is equal to *. 
6thly. Powers are reducible to more ſimple powers, as often as their 
fractional indexes are reducible to more ſimple fractions. Thus the {quare- 


ſquare root of X is the fame with the ſquare root of x, becauſe x*—x*, 

+ . 7thly. If the index of any power be an improper fraction, and that fra- 
Eien be reduced into a whole number and a fraction, the powwer will here- 
by be reſolved into two factors, whereof one will have the <whole number for 
it's index, and the other the fractional part. Thus i=2+:, and there- 


fore & &i; that is, the ſquare root of x* is equal to xx multiplied 
into the ſquare root of x. 5 

Sthly. Surd powers may be reduced to the ſame root by a reduction of their 
fractional indexes to the ſame denomination, and that, whether they be pow- 


ers of the ſame quantity or not. Thus x* and 5 are the ſame as x* and 


*; that is, the ſquare root of x, and the cube root of y are the ſame as 
the fixth root of * and the ſixth root of y*: and thus may ſurds of 


- | different 
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different roots be compared together without any extraction of thoſe 
roots. As for inſtance; if any one ſhould-aſk me, which of theſe two 
quantities is the greater, the nee root of 2 or the cube root of 37 I 


Thould anſwer, che cube root of 33 for the ſquare root of 2 or 23, or 
25, ib equal to 85; but the cube root of 3, or 3", or 355 Is equal to gf, 8 


and of i is greater than 85. | 
thly. That the addition and ſubtradtion of indexes anſwers 60 the = 
ripbcatin and diviſion of the powers to which they belong, holds equal, y true 


in frattiondl indexes, as in integral ones. Thus . g, and Xx ws 
which I thus demonſtrate. Let Yr ; ; then by the fifth obſervation 


we ſhall have ul, * 5 or & "OE - => or *, and v Ns: but vy 

is equal to y* by the third obſervation; therefore K. multiplied into x? 
gives . Alter the fame manner, fince , it may be demonſtra- 
ted that * divided by xi will give ; for * divided by 1 gives y, which 


"WW equal to *; and the demonſtrations will be the ſame in all other caſes. 


-Of Newton's theorem for the evolution of a binomial, or 
rather the powers of a binomial, into ſerigſes finite or 
infinite, as the nature of ſuch power will admit. 


380. This theorem is ſo very uſeful in almoſt all the parts of Mathe- 
matics, and more eſpecially in the ſublimer parts of Geometry, that I 
hope I ſhall be excuſed if I inſiſt ſomewhat the longer upon it. 


I I+x  fignifes that fower of the binomial 1 +x Thoſe inder f is m. Thus 


1-Fx==r, for the fame reaſon that I: thus ICEx lx, for the 

fame reaſon that x*=x: and if a continual multiplication , be made 
I, beginning with the firſt multiplicand Ii x, we ſhall form other 

| powers of ihe binomial 1-+x, as follows: 


= =T. 

TEX =1-+ . 
a **. i 

E Zu- xi. 

D =I A* xXx ＋ 4x*+, . 

I+x* =1-- 5x-+10xx-+10x%+ FX x 5 
4 1+x*=1--6x+1 xx EO I N- EO. N. B. 


Art, 380, 381, EVOLVING AB INOMIAL, bop 


Se. | „ | 
unciæ of the power to which the ſeries belongs. Thus 1+x = 14+ 6x + 
I 5xX+20%x3-+1 5x*%+6x5+1x*, and the numeral coefficients 1, 6, 15, 
20, 15, 6, 1 are called the unciæ of the ſixth power. 

381. Having thus by continual multiplication obtained the ſixth pow- 
er of the binomial 1 + x, conſiſting of a competent number of terms to 
form an induction from, let us in the next place inquire what relation 
theſe terms have one to another (if they have any viſible one,) or how 
they may be formed one from another, that ſo (if poſſible) we may be 
able per ſaltum, without the help of intermediate powers, to form a ſe- 

ries exhibiting any given power whatever of the binomial root 1 ＋ x. 
Io do this, I am to acquaint the reader that a great many ſerieſes of 
almoſt all kinds, are formed by a continual addition, or a continual mul- 
tiplication of the terms of other ſerieſes more ſimple than thoſe genera- 
ted by them; and therefore whenever a ſeries is propoſed, the law or 
geneſis whereof is not immediately perceived, it will not be amiſs to in- 
quire by what continual additions or multiplications it's terms are pro- 
ics the additions are eaſily known by ſubtracting every term from 
the next following, and the multiplications (which 1s our caſe at preſent) 
by dividing every term by the term next before it: thus the ſeries 14-0 
cd Sc is generated by a continual multiphcation of the terms 
„ og 1 4 1 
7: 24 362 Se for 1 x — gives a, and ax . gives 6, an Xx gives 
Sc. Now if we apply this to the ſeries exhibiting the ſixth power of 
the binomial 1x, to wit, 1+6x-+1 5x*+204%+1 5x%t6x%+ I, we 
ſhall find the terms of this ſeries to be produced by a continual multipli- 
cation of the following terms; 1ſt . 2dly ; — or — zdly 55 or 


| 2 
i athly I 5 K 5 5 Ms 1 I Tx 


: or ——, laſtly ==. or —<- ; io that the 
20X 15 * 828 G5 6 * 
ſeries whoſe terms continually multiplied give the ſixth power of the 
TT ͤ 0 0 TE BR HIES e et 
binomial 1x, is ＋ 2 1 —— * 7: the regularity of 
this ſeries is apparent enough at firſt fight, the coefficients of the nume- 
rators conſtantly decreaſing, and the denominators conſtantly increafing 
by unity; inſomuch that none can doubt the obtaining of a like regu- 
larity in all the other powers; at leaſt if he does, he may confirm this 
induction by trying as many other powers as he ſhall think fit; where 
he will always find that if ' be the index of any power, the fractions 
by whoſe continual multiplicatin all the terms of that power after hs 
[ 


: 2 ee ns a 


F * 


term = Ax, G the third term —— 
"this wil be given in the following article, © 


* 1 
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4 M— „»„—2 1—3 Ms 
firſt are een will be r x, Tr I 7 
W 2 2, x Cc. But from the formation of theſe powers one from another 


a continual multiplication into 1 E it is eaſy to ſee, that unity or 
„ will always be N eur 8 gl power; | ptr If we make 


this fr term 1=A, —Ax=B, | — B 3 


3 * 
E. px wp, - "= os 1 hevs'* Fes 


A+B+C+D+E+F+0 &c x or more elegantly (according to 
"Newton's manner of expreſſng ſuch frriefes) thus, I+x =1+ - —Ax 


* BA 1 on * — * - spr Kc, 


e the capital ian A, B, C &c repreſent the terms of the ſeries | 
0 my riſe ; that is, A repreſents the firſt "oy I, B fignifies the ſecond 


Bx &c. Examples of 


1 


Example 70 the foregoing theorem. 
382, ft, Let it be med to raiſe at once the. bloom i-+-xto 


MH = [ 6 m—2 
==, , Ge; 


7 e IRA 7 
therefore Ex =1+1Ax4Bx+:0x+1Dx+1Ex+;Fx+!Gx. 


| Having thus laid out the ſeries, by expreſſing — 2 ,—= : = 


the ſeventh power. Here = =, 


Ge in 


| numbers, the terms muſt next be computed _ ;z 1ſt 1=A, 2dly . 


xfx = B, zdly *Bx==Sx7xx=21xx=C, 4thly C = 
N21 % 35 D, zthl Dei ===, 6thly 3 . 


3135 2218 5 ythly Er * 21 9 , Sthly; 222 


x7%"=x"==H ; a I ms =1+7x-+ 21K ＋ 3 58% + 35x%+ 21x" 
| -. | 


2d. I+x==1+Ax+!Bx+*Cx+;Dx+:Ex+3: Fx ＋ GX ＋! 
n I +8x+285+ 56x%+70x*-+ $6xi+ 28 x*+ * &. 


_ 
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Za. I i=I1bix—Ax+tx—Bx+ix—Cx+ix—Dx+:x 
Ex, where the fign + ſignifies no more than that the ſubſequent 
terms are to be added to the foregoing, whether they be affirmative or 


negative: or it might be expreſſed thus; I =1—Ax—tBx—; 
Cx—:Dx—:Ex., The terms may be computed thus; 1ſt 1 A, 
2dly —LAx —ix 1x=—,x=B, 3dly —tBx==—tx— g 


+10xx==C, 4thly - Cx -M IOX - lo =D, ;thly ——Dx=—: 
X—1 0x#z=+5x*%= E, 6thly —Ex=—x g=—x*= F; there 


ternately affirmative and negative. 
a I =1=—4x+6x—4x! L. 
From the two laſt examples it appears, that if any power of the bino- 


mial 14x be obtained, and then the figns of all thoſe terms wherein 
the odd powers of x are concerned be changed, you will have the jams 


power of the binomial 1—x, Thus I =1+5x+10x*+ 10+ 
5x*+x* ; change the ſigns of the terms + 5x, +109", “, 


and you will have 1 OD a 5x+10x*—10x*+ 5x*—x5, as before. 
The reaſon of this is plain; for if x be negative, every odd power of » 
will alſo be negative, whereas every even power will be affirmative as 
much as if x itſelf was affirmative : thus —xx—x==+x*, and x 
———, and —x—x==+x, and X - -, CSC. 
383. If any power of a binomial be to be multiplied by any given 
number as n, this may be effected two ways; to wit, either by nulti- 
plying every term whereof that power conſiſts by n, or elſe by multi- 
plying only the firſt term, which will always be known, by n, and then 
(calling that product A) deriving all the other terms from it as before. 
As for example; T3 x04 may either be expreſſed thus, n—4nx+6rx* 
—4nxi+nx*; or thus, n—tAx—iBx—Cx— Dx: for the terms of this 
latter ſeries, when computed, will be found the fame with thoſe of the 
former: thus the firſt term will be === 4, the ſecond will be — Ax 
ne - Hu, and ſo of the reſt, 


384. By the help of this laſt article we may expreſs by a ſeries any 
given power of any binomial whatever, as pq, by conſidering the bi- 
nomial h as tbe pruduct of too factors, to. coit, 1 ＋ 5 and p: for 


if p+g=1+ : „b, we ſhall have PP! +; ; but the firſt © 
| | | | : 
Hhhh term 


—— 2 


" — 2 : 4 CT ³˙ . 
8 2 — . > * * „ 4 4 : 7 „ * pn — Ko * 
v - IIS © WIL» — ALY .T n —— Ott) ge 2 — n L ? 2 2 = Ry 
2 OY : r nad 2 X 0 . . _ — « " a K ä , p * - 5 — — 
8 — wy — ne 2 5 wy > 5 A 1 ESE; 8 e „ee 34 . * 3 8 py *. N * 
—— — Is r — —— © — . — ANC —— —— 2 — ' _ 9 2 —— 2 8 a 
1 n ward = 4c PIE —＋ of . Ware e 13 * — 4 * A * 2 : 4 
- 
— 
E * 


2 
— — 
— ̃ — 
r 
n 32 — _ gens <a; 


oh, or OE. 


” 
” * . 
— . 
— 


2 => 2 1 5 n — 
ä 9 r <a 1. — a= — Mono 2 - 5 = "OR — "DB 8 
— ju T7 - — 9 - — 4 
> * * . tk * 2 — 


2 for x, and you will have 2 =þ"+= 


2 
7 
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mer 1 when thrown into a ſeries will be 1 multiply then 
this firſt term 1 into p.; make the product p = A, as in the laſt 


article, and derive all 


other terms from A as above directed, putting 


7 r 
3 2 By 


1 Cq | 
&c. This F ++; 7 e r 
＋ : put x inſtead of 2, and you will have ave Pf [ =p+3p+3/+t 
which is, and ought to be the fame with 1+; 5 ; it is only beginning 


at the other end of the ſeries. And this is the reaſon that In expanding 


the binomial p+Fq , the unciæ of any two terms equally diftant from 
the extremes are the 
385. From what has been here: laid doun it may be obſerved, that 
Fm, the rmdex of the power to which the binomial I x is to be raiſed, 
integral and affirmative, the ſeries exhibiting that power will at laſt 


break off, and jo confiſt but of a finite number of terms, otherwiſe the fe- 


ries will run on ad infinitum : for if m be integral and affirmative, - 
eſſion of numerators m, m— 1, m—2, M—3 &c mult, if conti- 


* 
nued, paſs through m -m or o, w which will make one of the terms . 
A, B, C, D, E, F, G &c equal to nothing; and if any one of theſe terms 


be equal to nothing, it will neceffarily deſtroy all thoſe that follow it, 


and fo the ſeries will be interrupted. As for inſtance, the ſeries exhibi- | 


ting the third power of 1 ＋ x will, if regularly continued, ſtand thus, 
II Ax ＋ : Bx Cx : Dæ—1Ex 5 Fx &c; but of this ſeries 
the term E, which is equal to 2 Dx, will be nothing ; and if E be no- 


thing, then F, which is equal to —: Ex will alſo be nothing; and if 
F be nothing, then 6, which is equal to —; F will alſo be equal to 


nothing; ſo that the firſt four terms will be real, and then the ſeries 


will break off, If be negative, m— 1 will be more negative, and 


m2 ſtill more negative; ſo that in this caſe the progreſſion , m— 1, 
m—2 Tc cannot paſs through nothing ; and therefore the ſeries A, B, 


C, D &c muſt be infinite, I mean as to the number of terms. If m: de 


not integral, but a fraction, as if M g, we ſhall have m—1=5, m—2 
=, M—3=, M—=—, M— 9 Ge; therefore in this caſe the 

ogreſſion m, m—1, —2, 1—3 &c ma be faid to paſs by nothing, 
Fat not through it; and therefore here a1 the ſeries rk be infinite. 


But of theſe infinite ſerieſes more will be ſaid in the following articles. 


386. 


m Aq 1 — 139 »—2 


+ x 
"JE 


* 
1 


Art. 386, 387. xEvoLvING A BINOMIAL. Wo 
386. 4s +1 is the index of the fimple power of LX, % —1 will be. 
the index of — for it has been ſhewn already that whatever num- 


ber is the index of any power, it's negative will be the index of the re- 
ciprocal of that power, or of unity divided by it, Let it then be requi- 
1 


red to throw the fraction 


PFs into an infinite ſeries : here 
m 8—1 F 1 — 2 3 45 
in this caſe every coefficient will be —1 ; and ſo we ſhall have Ir 
=l—Ax— Bx—Cx—Dx—Ex—Px &c ad infimtum, =I—x+x*—x* 


＋* - E &c ad infiuitum. In like manner we have I=x = 


I X CN N CX N c ad infinitum. 
387. Again, let it be required to throw the fraction F 5 7 
ries, Here we may conſider fz as Ap multiplied into 5. or 4: 
Ap multiplied into . but the firſt term of . when thrown 
into a ſeries, is p—=* or 7 ; fee art. 384: multiply this firſt term 1 inta 
the common multiplicator Ap, and the product A will be the firſt term 
| Ag 59 C7 D 5 
of the ſeries: whence 274. * 7 7 * 7 Se ad inf 
Ap , Ap 4 1 
nitum, = A+ 5 + + — 5 Sc, which is an infinite ſeries 
whoſe terms are in continual geometrical proportion, the common ratio 
being that of p to ; that is, every term being to the next following 
as þ to q; therefore the leſs the quantity q is in compariſon of the other 
quantity p, the leſs will every ſucceeding term be in compariſon of the 
next before it, and the faſter will the ſeries converge, that is, the nearer 
will any number of terms taken from the beginning of the ſeries, ap- 
| A 
proach towards the original fraction þ 2 7 provided that there be taken 


into a fe- 


" 
always the ſame number of terms: whence it follows again, that The Jeſs 

q is in compariſon of p, the fewer terms need be taken to repreſent the =_ 
ab bole ſeries to the ſame degree of exacFneſs ; and this is not only true in DN 

the preſent caſe, but in the caſe of all other ſerieſes arifing frum a binomial 


rs Hhhh2 The 


2 
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The feries, that it may converge, muſt, ahoays take it's riſe from the 
— of the binomial. As if p be greater than q in i binomial 
Pætæg, the ſeries muſt always be begun with the quantity p: for let 
+9 be thrown into a ſeries, and we ſhall have p+q = =p ++ 


CPs 
— 7 1 &c, as in art. 384. Let q be ſuppoſed equal 


to nothing, or at leaſt infinitely ſmall in compariſon of p; and then it is 


eaſy to ſee, that every ſucceeding term of this ſeries will be infinitely 


leis than that next before it, that therefore all the terms after the firſt 
may de looked upon as evaneſcent, and conſequently that the whole ſe- 
ries will be nw imaged, in the firſt term, as it ought to be: for if 


8 then Þ+9 7 therefore if q be nearly equal to nothing, a few 
bh the initial terms So the ſeries will be nearly equal to the whole, and 


in caſes where the utmoſt exatinels 1 is not TY, may be taken for 
-the whole, 


A | 

ut to return; ſince the fraction 7 2 7 Was found equal to the infi- 
Ap Ap 4 | 

nite ſeries A +2, * + = +5f c when q is leſs than p, the 

'terms of which ſeries decreaſe in continual proportion, (whereof more 

will be faid in the next article,) it follows e converſo, that A ſerves of 


quantities decreaſing in a continual geometrical proportion, ſuch as A+ 


V + = Ge, will, though infinitely continued, be but equal to a 2 


nite quantity; which finite quantity may be had by multiplying A, the firſt 


and greateſt term of the ſeries, into p, the antecedent of the common ratio, 


and then dividing the produci by p—q, the exceſs of the antecedent above 
the conſequent : of this take an example or two in numbers. | 


F” 
Let p, Hl, and A=1 ; then will 2 ==2, and the ſeries will 


'be 1 +1+:+34+-3&c; and therefore e conver/o, this ſeries I++; 
4-1+23 &c, though infinitely continued, will be but equal to 2, which 
1-thus further confirm. The firſt term 1 equals 2—1 or 2— 

therefore 1 3 therefore 1 +: ＋ 182 — or 
2.—;3; therefore 1 +1 +? 1+j=2—j4 of 2—3; therefore 1+ 
i++ 4 22 — 15 Sc. Whence it appears that this ſeries can 
never exceed the number 2, or even reach it unleſs an infinite num- 
ber of additions could be made. Let p = 10, 9==1, and A= t, and 


_ ve 
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4 8 I 2 Bi 
we ſhall have the infinite ſeries 1+ 10 ＋ 160 * 188 CRETE &c w— 


10 1 


— or 1 ＋ ; and this will be further confirmed by reducing the frac- 


tion ; into decimals which decimals will be .11111 &c ad inſinitum. 
If the fraction F be thrown into a ſeries, the ſeries will be A— 


7 7 — 74 — 2 Cc ad inſinitum. Let p==2, qz=1, and 
Al, as in the firſt inſtance, and we ſhall have fl, =2, and the 


ſeries will be 1 —t+:—;++ Cc: whence e conver/o, the infinite ſe- 
ries 1—i+i—j+ 3 Cc will be equal to the fraction 3, which I thus 


further confirm. The firſt term t equals -;; therefore 1—4=i—; ; 


therefore 1—;+;z=;+x,; therefore 1 —;-+;—;=j;— 4; therefore 


1 —1+L—j+3=+4 c. 


n * 8 . * 1 25 — E 2 
Let it be required to throw this fraction Dre into 
„55 ee ee, eee 


_ >, T5 — Cc: whence I + Xx =I—{Ax—: BX - Cx 
3 Dx — Ex Cc =1—2x+3x*—4x*+ 5 bx. Sc ad inſinitum. | 


3 88, As all powers of a binomial whoſe exponents are integral and 
affurmative may be obtained by continual l on, fo all thoſe whoſe 
exponents are integral and negative may be had by continual divi- 

6 ws uy ; e 

was in the laſt article but one, accord- 


7 0 nu Ir or 
on. Thus 1 ＋ 3 


ing to Newton's theorem, 1—x H - E.. +x* &c; and the 


ſame will be the quotient if the fraction g be thrown into an infi- 


nite ſeries by an actual diviſion of 1 by 1 + according to the common 
rules of diviſion, ſupplying the deficient places of the dividend with ſtars, 
as was done in art. 14: if this quotient be again divided by 1-+x, we 


I —2 , 


| — —ů— — 1 ; — — | 
ſhall have e Es Of 1+x =I—2x-+ 3x*— 4x" gx 0x5 


&c, as in the laſt article; and ſo on. | 3 N 
But here a queſtion may ariſe which perhaps would puzzle even an 
ingenious reader (that is not very converſant in theſe affairs) to anſwer 


ECB oCeS aig roo. 


rer 
> 


— — 
2 2 — 
—2 — — 
—— mo 


not: for if 1 be divided by 1-+x, the 


— — — — wn 
p . — — ——_ — ——— 
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to his own ſatisfaction: it is this; fince theſe ſerieſes are obtained by divi- 
fion, how. comes it to paſs that, though infinitely continued, they do not 
always exhibit the true quotient? as in many caſes it 1s certain they do 
quotient will be 1—x+-x*—x* 
-+x+ &c as above. Let us now ſuppoſe x equal to 1, and the true quo- 
tient of 1 divided by 1+x is certainly :; but the ſeries which ſhould ex- 
hibit this quotient will, in this caſe, be 1—1+1—1+1—1 Cc ad mpi- 
nitum, whereof if an even number of terms be taken, the ſum will be 
©, if an odd number, the ſum will be 1; fo that the quotient exhibited 
by this ſeries will always be too much or too little, and never can be 

ual to f. Is; | TINT. 
7170 this T anſwer ; if a diviſion of 1 by I be made for one terni 
in the quotient only, the quotient will be 1, and the remainder will be 
; if the diviſion be carried on to two terms only, the quotient will 
be 1—x, and the remainder ＋ xx; if to three terms, the quotient will 
be i- Ax, and the remainder — *; if to four terms, the quotient 
will be 1—x+xx—x, and the remainder + x*, and fo on ad inſinitum 


Nov if x be leſs than 1, xx will be leſs than x, and fo on, in which 


cafe the remainders will leſſen upon our hands; and if the diviſion be 
infinitely continued, the remainders will become evaneſcent quantities, 
in which caſe the dividend will be juſt exhauſted, and the feries 1—x—+x* 
&c will be the true quotient. If x be equal to 1, every power of x, as 
, x* &c, will be equal to 1; and therefore in this caſe the remainder 
will always be +1 or —1 even though the diviſion be continued ad in- 
ſinitum; but wherever there is a remainder, the quotient will not be ex- 
act, but will always be too little or too much, according as the remain- 
der is affirmative or negative; therefore in this caſe the ſeries 1—x—+x* - 
Ec, even though infinitely continued, will not exhibit the true quotient. 
If x be greater than 1, xx will be greater than x, and x* greater than 
xx, and ſo on; therefore in this caſe the remainders will be fo far from 
leſſening, that ny will grow conſtantly greater and greater ; and if the 
diviſion be infinitely continued, the remainders will be infinitely great ; 
and therefore the Vries Ir &c, if infinitely continued, will be in- 
finitely wide of the true quotient: theſe are what we call diverging 
ſerieſes: but if & be greater than 1, and the diviſion be begun by x in- 
ſtead of 1, according to the directions given in the laſt article, the ſeries 
will converge to the true quotient faſter or flower according as the ex- 
ceſs of x above 1 is greater or leſs, for in this caſe, the quotient of 1 


divided by x! will be - —=+S _—_ + Ec ad infinitum. 


In common diviſion it is uſual, where there is a remainder at laſt, to 
correct the quotient by a ſu pplemental fraction whoſe numerator is the 
| — | | remainder 


Art. 388, 389. EVOLVING A BINOMIAL, 61 5 
remainder and whoſe denominator is the diviſor: if the ſame be done 


here, the quotient will always be exact, at what end ſoever of the di- 
viſor the diviſion commences, or wherever it breaks off; thus if x be 


x 5 
divided by 1 ＋ K, the quotient will be - = ; gp or 1—* 
* E 


wer er or 1224 390 ra ages and fo on; that is, if T7 the quo- 


tient will be 1, or 1— or 1—1-H4, or 1I—I-+1—} : and fo on; all 
which give one and the ſame fraction 5. 

389. Let it now be required to extract the ſquare root of 14-x by 
Newton's theorem, as before was done the common way; ſee art. 19 


caſe 1. Now /1+x, according to Newton's expreſſion, is ++ ; 
mn m—1 M2 —3 1—4 Mm; , 1 this at. 5 


therefore —, , — —, 
1 2 3 5 
equal to 5, —, —1, — 1, — 8, —4 &c which is a regular ſeries of 
fractions "hott numerators decreaſe and denominators increaſe by 2 ; fo 
that 1 TEN I: BCD. Sc Ie Lats, * 
Fe, as in the caſe above quoted. This may eaſily be tried by multi- 
lication, as in the ſame caſe: for if this root when multiplied into it- 
ſelf produces I+x, it will be a ſufficient proof that the root was truly 


aſſigned. 
If x be ſuppoſed greater than 1, we muſt then have begun the com- 


putation with x, and the firſt term of the ſeries would have been 1 


or 1— 


or x, and Jo we ſhould have had x + & N LE Ny 4 75 
, or l : 3+ 0 


| 1 | 25 ; I — 
If it be required to IEP this fraction FE = OC 1—XX * into an 
| 3 


— 


infinite A it will ſtand thus; 1 —xx *=1+LAxx+ Bur- LiCxx 
+;Dxx+! * Sc i eee * 0 Sc. 


Laſtly, let it be required to throw this any I 1 into an * 


mn — 1 m— 
nite ſeries: here inſtead of , "ax Me” „Sc we muſt uſe = _ 
F M84 monk 
Ye gr Sc; 5 2 7 Se; therefore Ir: 
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+ +9 es Bi ed wo Cx _ — Ds &; ; where the ſigns 


+ only Sify that theſe enn are to be added together according to the 
rules of 1 whether they happen to be affirmative or negative. If 


the index „. be left undetermined, and but a few terms of the ſeries be 


dee it will then be as well to write it . 1 721 N 


22 m nm— n — 22 


_ x—— x &c. 
2N * a 2N 37 


I might wk demonſtrated this theorem for finding the” unciæ of an 
expanded binomial various other ways ; but I ſuppoſe by this time the 


reader has enough of it, at leaſt till he ſees it's uſe: therefore ] ſhall pro- 


cred. in Lana next ward to apply it to the Gs i of nal 


2 = % 
Dn — — N F : —_— 9 * m—__ 
% A : 


FAT 1” 
Of hes hms, their uſe, and the beft method of FOR FIT 


them. 


1. 


The 9 of kerne, and — drawn from it. 


390. 
over againſt the natural ones, uſually from 1 to 100000, 


and ſo contrived that their addi tron anſwers te the multipli- 
cation of the natural numbers to which they belong; that is, 
70 tuo numbers be multiplied together, and fo produce a third, their 2 
gari — being added together will Conſt; tute the logarithm of that third. 

Thus 0.3010300, the common logarithm of 2, added to 

0 47712 13, the logarithm of 3, gives 
0.7781513, the logarithm of 6, becauſe 6 is the product of 2 
and 3 multiplied together. 

From this definition it follows firſt, That i in any ſyſtem er table of loga- 
rithms whatever, the logarithm of unity or 1 will be webs ng : for as 1 nei- 
ther increaſes nor diminiſhes the number multiplied by it, ſo neither 
will it's logarithm either increaſe or diminiſh the logarithm to which it 
is added; and therefore the logarithm of 1 muſt be nothing. 


2dly. 


OGARITHMS are à ſet of en, numbers placed 


* 
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2dly. For a like reaſon, the logarithm of a proper fraction will ahoays 
be . for ſuch eren * di AF ah de dr mber multiplied 
by it, and therefore it's logarithm will always diminiſh the logarithm. to 
which it is added. | | i 
 3dly. This property of logarithms, whereby they are defined as above, 
affords us no ſmall compendium in multiplication : 2 whenever one num- 
ber is to be multiplied by another, it is but taking out their logarithms, 
and adding them together, and their ſum will be a third logarithm whoſe 
natural number being taken out of the tables will be the product required. 
4thly. The ſubtraction of logarithms anſwers to the diviſion of the natu. 
ral numbers to which they belong; that is, whenever one number is to be 
divided by another, it is but ſubtracting the logarithm of the diviſor from 
the logarithm of the dividend, and the remainder will be the logarithm 
of the quotient ; and thus by the help of logarithms may the operation 
of diviſion be performed by meer ſubtraction as that of multiplication 
Was by addition. Hence, as every fraction is nothing elſe but the quotient 
of the numerator divided by the denominator, it's logarithm will Fa found 
by ſubtratting the logarithm of the denominator from the logarithm of the 
numerator. To demanſtrate this, to wit, that the logarithm of the dis 
viſor ſubtracted from the logarithm of the dividend will leave the loga- 
rithm of the quotient, let the number A be divided by the number B, 
and let the quotient he the number C, and let the logarithms of the num- 
bers A, B and C be a, b and c reſpectively ; I fay then that a—b will 


be equal to c: for ſince by the ſuppoſition r, we ſhall have >. 


BG, and @=b+c by the definition; whence a—b==c. 
Fthly. As every fourth proportional is found by multiplying the ſecund and 
third numbers together, and dividing the producs by the fart, jo the loga- 
rithm of every ſuch fourth proportional will be found by adding the logarithms 
of the ſecond and third numbers together, and ſubtracting from the fum the 
logarithm of the firſt. This renders all operations by the rule of propor- 
tion very compendious and eaſy ; eſpecially after the practitioner has 
pretty well inured himſelf to take out of the table logarithins to his num- 
ders, and numbers to his logarithms ; but this compendium is chiefly 
uſeful in Trigonometry, both plain and ſpherical, where every thing he 
wants is put down ready to his hands, 85 
6thly. F A be any number whoſe logarithm is a, then the logarithm of 


A* <oill be 2a, that of A, za Cc, that of J. A, that of = a Sc. 


And untverſally, the logari thm of A® will be axm, and that, whether the 
index m be integral or fractional, affirmative or negative: on the other hang, 
"I 44 ö | if 


* 
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if q be the hgarithm of any power of A, as of A”, then uy will be the lo- 


garithm of A. The reaſon of all this is plain; for as A. is the product 
of A multiplied into itſelf, ſo it's logarithm will be the logarithm of A 
added to itſelf or. doubled, that is 24; and ſo of the higher powers. A- 

gain, as - is the quotient of unity divided by A, it's logarithm will be 


found by ſubtracting a, the logarithm of A, from o, the logarithm of 
1, which gives —a; and fo of the lower powers. Laſtly, as /A, 
when multiplied into itſelf, produces A, fo it's logarithm, when added 
to itſelf, ought to make 4; therefore the logarithm of A will be za; 
and fo of all the other fractional powers. Here then again we have ano- 
ther inſtance of the very great uſefulneſs of a good table of logarithms, 
to wit, in railing a number to any given power, or in extracting any gi- 
'ven root out of it, all which is performed with equal facility, only by 
-multiplying it's logarithm by the index of the given power, or dividing 
it by the index of the given root; as doubling it for the ſquare, tripling 
it for the cube c; halving it for the ſquare root, triſecting it for the 
cube root Cc: this, I ſay, cannot but be very uſeful in a great many 
caſes, and more eſpecially in. Anatociſm, where we have ſometimes oc- 
caſion to extract even the three hundred ſixty fifth root of a number, as 
at other times to raiſe it to the three hundred fixty fifth power, ſcarce 
poſſible to be performed any other way; to ſay nothing of the innume- 
rable miſtakes that in ſo long and laborious a calculation would be almoſt 
- unavoidable, all which are prevented by the uſe of logarithms. It can- 
not indeed be expected that entire powers, and much leſs entire roots 
ſhould be gained this . but it will be eaſy in moſt caſes to obtain as 
many terms as can be of any uſe to us. og 
7thly. If any jet of numbers, as A, B, C, D be in continual geometrical 
proportion, their legarithms, -which we ſhall call a, b, c, d, will be in 
. arithmettical progreſſion : for fince by the ſuppoſition A is to B as B is to 
C as C is to D, that is, fince La = S WC ſhall have þ<—a—c 
bd c by the fourth conſcctary; therefore a, b, c, d are in arith- 
: metical: progreſſion. Q. E. D. | | 
Sthly. Hum this laſt conſectary it will be eafy, having tuo numbers gi- 

ven, to find as. many mean proportionals as we pleaſe between them. Let 
the given numbers be A and F, and let it be required to find four 
mean proportionals between them, which we ſhall call B, C, D, E, fo 
that A, B, C, D, E, F may be in continual geometrical proportion. 
Here then it is evident from the laſt conſectary, that as thet: numbers 
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are in continual geometrical proportion, their logarithms, which we ſhall 
call a, b, c, d, e, , will be in arithmetical progreſſion, whereof the ex- 
tremes à and Ff are known, as being the logarithms of the known num- 
bers A and F, and the intermediates may be found thus. Put æ for 
the common difference of this arithmetic progreſſion; then will a+x 


b, a+ 2x=c, a+ zx d, a+4x=e, a+ S* ; whence & = 5. 


whence at or bat ED, a-4+-2% Or (= == a+ 3x | N | 


or . 4 ＋ 4x or ==, ſo that the logarithms of the. 


four mean proportionals ſought are 2, an , e : 


5 3 9 5 
take then the natural numbers B, C, D, E of theſe le and 
they will be the mean proportionals required. 9, E, I. | 


Leogarithms the meaſures of ratios. 


391. Logarithms are ſo called from their being the arithmetical or nu 
meral exponents of ratios : for if unity be made the common conſequent 
of all ratios, or the common ſtandard ta which all other numbers are to 
be referred, then every logarithm will be the. numeral exponent of the 
ratio of it's natural number to unity. As for inſtance, the ratio of 81 to 
actually contains within itſelf theſe four ratios, to wit, the ratio of 81 
to 27, that of 27 to q, that of g to 3, and that of 3 to 1, (ſee art. 293 ;) 
all which ratios are equal to one another, and to the ratio of 3 to 1 ; 
therefore the ratio of 81 to 1 is ſaid to be four times as big as the ratio 
of 3 to 1, (ſee art. 294:) and hence it is that the logarithm of 81 is 
four times as big as the logarithm of 3. Again, the ratio of 24 ta 1 con- 
tains, and may be reſolved into theſe three ratios, to wit, the ratio of 24 
to 12, that of 12 to 4, and that of 4 to 1 ; the firſt af theſe ratios, ra 
wit, the ratio of 24 to 12, is the ſame with that of 2 to 1; the ſecond, 
to wit, the ratio of 12 to 4 is the ſame with that of 3 to 1; and there- 
fore the ratio of 24 to 1 is equal to the ratios of 2 to 1, 3 to 1, and 4. 

to 1 put together; and hence it is that the logarithm of 24 is equal to 
the logarithms of 2, 3 and 4 put together: And univerſally, the magni- y 
tude of the ratio of A to 1 is to the magnitude of the ratio of B to 1 as the 
logarithm of A is to the logarithm of B. And hence ae have a way of mea, 
ſuring all ratios whatever, let their conſequents be what they will : as for 
example, the ratio of A to B is the excels of the ratio of A to 1 above 
the ratio of B to 1, (ſee art. 296; ) therefore the numeral exponent 
of the ratio of A to B will be the exceſs of the numeral exponent of the 


* 
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ratio of A to 1 above the numeral exponent of the ratio of B to 1, that 
is, the exceſs of the logarithm of A above the logarithm of B ; therefore 
The magnitude of the ratio of A to B is to the magnitude of the ratio of C 


70 D as the exceſs of the logarithm of A above the logarithm of B, which is 


rhe meaſure of the former ratio, is to the exceſs of the logarithm of C above 
the logarithm of D, which is the meaſure of the latter ratio: and thus we 
ſee that logarithms are as true and as proper meaſures of ratios as circular 
arcs are of angles. | EDS 

T might have defined logarithms from the idea here given of them, 
and thence have deduced all the other properties above deſcribed : but as 
it is not every one that hath a juſt and diſtinct notion of the nature and 
compoſition of ratios, I thought it more adviſable to treat of them in a 
way more familiar to the learner. TR 


/ Briggs's Logaritbms. | 
392. From the definition given in _ go it may eafily be ſeen, that if 
any one ſyſtem of logarithms be once obtained, an infinite number of others may 
be derived from them by increaſing or diminiſhing the logarithms of ee 
in ſome given proportion. As for inſtance, in the ſyſtem given let a, b, c be 
the logarithms of three numbers A, B and C, whereof the third is the 
product of the other two multiplied together; then will a- Dc, by 
the definition. Let us now imagine all the logarithms of this given ſyſtem 
to be doubled; then will a, & and c be changed into 24, 26 and 2c; but 
as ab was equal to c in the former ſyſtem, ſo now will 2 4 +26 be 
equal to 2c in the latter; that is, all the numbers of this new ſyſtem 


Will ſtill retain the property of logarithms. But though all theſe different 
ſyſtems be equally perfect, if computed to the ſame degree of accuracy, yet they 


will not all be equally convenient for uſe ; for of all ſyſtems or tables of lo- 


garithms, that is certainly beſt accomodated for practice which is now in 


uſe, and is commonly known by the name of Briggs's logarithms. The Lord 
Napeir, a Scotch Nobleman, was the firſt inventer of logarithms; but our 


Countreyman Mr. Briggs, Profeſſor of Geometry in Greſham College, 


was undoubtedly the firſt who thought of this ſyſtem, and propoſing it 
to the noble inventer, the Lord Naperr, he afterwards publiſhed it with 
that Lord's conſent and approbation. | Le RD 
The diſtinguiſhing mark of this ſyſtem is, that herein the logarithm of 
10 16 1, and conſequently that of 100, 2, that of 1000, 3, that of 10000, 


- | 53 1 
4 &c; that of 1, o, that of — or of 0.1, —1, that of = ar of 0.01, 


—2, &c. In this ſyſtem the integral parts of the logarithms are akoays di- 
1 reſt, and called the indexes or characteriſtics of the lo- 
— garithms 
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garithms whereof they are parts: thus the logarithm of 20 is 1 .3010300, 
where the characteriſtic is 13 that of 2 is o. 30 10300, where the cha- 


racteriſtic is o; that of 10 Or o. 2 is —I+,z010300, where —1 is the 
characteriſtic, Ge. | | LOL 90 1 1 
Home advantages of this ſyſtem. 


393. Some of the chief advantages of this ſyſtem beyond all others; 
will appear from the following conſiderations. | me 
1ſt, Whereas we have frequent occaſion to multiply and divide by 10, 
100, Iooo, Cc, this in this ſyſtem is very readily performed, 45 by 
adding to or ſubtracting from the characteriſtic the numbers 1, 2, 3, &c; 
and as theſe are whole numbers, they can only influence the index or 
characteriſtic of a logarithm, without affecting the decimal part. 
2dly. So long 2 digits that compoſe any number are the ſame, and 
in the ſame order, whatever be their places with reſpect to the place of 
units, the decimal parts of the logarithm of ſuch a number will alwa 
be the fame. As for inſtance, let 4 ＋ be the logarithm of this number 
z4 567.89, where 4 is the characteriſtic, and / repreſents the ſum of all 
the decimal parts; then will 5-+/ be the logarithm of 34.5678 .9, 6 +/ 
that of 3456789, 7+1/that of 34567890, &c. On the other hand, 3-+/ 
will be the logarithm of 3456.789, 2 ＋ that of 345.6789, 1-+/ that 
of 34.56789, o that of 3.456789, — 1-+1/ that of 0.3456789, 
— 2 -+/ that of 0.034 56789, &c : the reaſon of this is Pan: for if the 
number 34567 .89 be multiplied by 10, the product will be 345678 9 
| therefore if to 4+/, the logarithm of the former number, be added 1, 
the logarithm of 10, the ſum 5 +1 will be the logarithm of the latter, 
Again, if the number 34 56%. 89 be divided by 10, the quotient will be 
3456.789; therefore if from 4 -+/, the logarithm of the former num- 
ber, be ſubtracted 1, the logarithm of 10, the remainder 3 ＋ will be 
the logarithm of the latter. Here then we ſee the reaſon why in Br:ggs's 
tables, the decimal part of every logarithm is affirmative, whether the 
whole logarithm taken together be fo or not ; for in the logarithm of all 
numbers greater than unity, both the integral and decimal parts are af- 
firmative ; and therefore the decimal parts muſt always be fo, ſince theſe 
are not changed by changing the natural number, ſo long as the digits 


that compoſe it are the ſame, and in the fame order: thus = or —.3 


may be a logarithm; but it is never expreſſed ſo, but rather thus, — 1. 7, 
the negation being thrown wholly upon the characteriſtic. | 


3dly. 
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Zaly. By this means in Brrggs's ſyſtem the characteriſtic of the loga- 
rithm of any number is eaſily known thus: ſuppoſe I was aſked, what 
is the characteriſtic of the logarithm of this number 34567. 89? Here I 
conſider that this number lies between 10000 and rov0000 ; therefore 
it's logarithm muſt be ſome number between 4 and 5 ; therefore it muſt 
be 4 with ſome decimal parts annexed, that is, the characteriſtic muſt be. . 
4. And again, ſuppoſe it was required to aſſign the characteriſtic of the 
logarithm of this number, 0.034 56789 : here I conſider that this num 
ber lies between = and —, that is, between 0.1 and 0.01, and there- 
fore it's logarithm muſt lie between —1 and —2, that-is, it's logarithm 
muſt be —2 with ſome affirmative decimal parts annexed, to leſſen the 
negation ; therefore the characteriſtic will be —2. 


To find the charadteriftic of Briggs logarithm of any 


3094. Hence may be drawn a ſhort and eaſy rule for determining the 
index or characteriſtic of the logarithm of any number given, thus. If 
the number given be a whole number, or a mixt number conſiſting of inte- 
gral and decimal parts, then ſo many removes as is the place of units to the 
right hand of the firſt figure, of ſo many units will the characteriſtic conſt : 
but if the number propoſed be a Fan's decimal, then jo many removes as is the 
place of umts to the left hand of the firſt fign,ficant figure, of ſo many negative 
units will the characteriſtic confiſt. Thus the index or characteriſtic of the 
logarithm of this number 34567 .89 is 4, becauſe 7 in the place of units 
is four removes to the right hand of the firſt figure 3: thus again, the 
characteriſtic of the logarithm of this number o. 03456789 is —2, be- 
cauſe © in the place of units is two removes to the left hand of the firſt 
ſignificant figure 3. | F 5 
Theſe rules are the more to be obſerved, becauſe in ſome tables the 
integral parts of all logarithms are omitted, being left to be ſupplied by 
the operator himſelf, as occaſion ay wt by this means, the logarithms 
become of much more general uſe than if, by having their characteriſtics 
prefixed, they were tied down to particular numbers, | 


Another idea of logarithms. 


"10 . In the ſiſtem here deſcribed, every natural number is, or may be con- 
ſidered as ſome power of 10, and it's hogarithm. as the index of that power : 
for let a be the logarithm of any natural number as A; then ſince Briggs's 

logarithm of 10 is, 1, his logarithm of 10* will be a; this evident from 


art, 
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art, 390 conſe. 6; therefore A muſt be equal to 10*, ſince they have 
both the ſame logarithm ; that is, the 22 number A is fads a pow- 

er of 10 as is expreſſed by i it's logarithm 4. This conſideration gives us a 
new idea of logarithms, and to one acquainted with the nature of powers 
and their ten it will be no wonder that the addition, ſubtraction, 
multiplication and diviſion of theſe lo garithms anſwer to the OT 
tion, diviſion, involution and evolution 177 their natural numbers. 


Precautions to be uſed in working by Briggs logarithms. 


396. Though theſe logarithms (as I obſerved before) are preferable 
to all others, on account of their ſimplicity and facility in practice, yet 
in uſing them ſome precautions are to be obſerved, which (to prevent 
miſtakes) I ſhall here juſt point out to the learner ; as 

1ſt, In the addition of logarithms, whatever is carried over from the de. 
cimal to the integral parts, muſt be conſidered as ; Aves and as ſuch 
muſt be added to theſe integral parts, w whether they be affirmative or nega- 
tive. Thus — 3 + .7000000 being added to — 4+.8009000, the ſum 
will be —6-+..5000000 ; for though the ſum 2 the characteriſtics —3 

and 2 be —7, the affirmative unit drawn from the decimal. reduces 
at to — 
2dly, Whenever a ſubtraftion is to be made in lygarithms, it muſt be 
performed in the decimal parts as uſual; but if the chara#teriftic of the 
ſubtrabend, or of the number from hence the ſubtraction is to be made, or of 
both be negative, they muſt be treated in the ſubtraction as the nature 
of fuch quantities requires. Thus —3+ 8900000  ſubtrafted from 
—1T-+ ,7600000 leaves 1 8700000 : for if +1, on account of the de- 
cimals, be added to —3, the characteriſtic of the ſubtrahend, it will be 
reduced to —2, which being ſubtracted from —1 as above, leaves +1, 
Nay the learner muſt not be diſcouraged if he ſametimes finds himſelf 
obliged to ſubtract a greater logarithm from a leſs, as will always be the 
caſe where the logarithm of a proper fraction is required : as for exam- 
ple, let it be required to find the logarithm of : here ſubtracting 

0.30:10300, the logarithm of 2, from o. ooo, the logarithm of 1, 
there will remain —1+ .6989700, the logarithm of; ; for in this ſub- 

traction, A on account of the decimals being added to the characteriſtic 

of the ſubtrahend, gives 1, which ſubtracted from o above, leaves — f. 

Note, The logart thr of a vulgar fraction may alſo be obtamed by throw- 
ing it into a 1 Thus the logarithm of; may be obtained, either 
ſubtracting the logarithm of 3 from that of 2, or elſe by taking out the 
logarithm of this deeimal fraction 6666667, which is the ſame as the 
logarithm of the whole number 6666667, except that the characteriſtic 
of the former logarithm. is —2, and that of the latter +6. 


3dly, 
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© 2dly, In the — of logarithms the ſame care muſt be taken as 
in addition. Thus if it be required to multiply this logarithm —3 
[7000000 by , the product will be —21-+ .3000000 ; for though the 
product of — 3 x 9 be — 27, yet the +6 drawn from the decimals re- 
cc on ad 7 
Athly, Whenever a hgarithm is to be divided by 2, 3, 4, &c in order ta 
obtain the ſquare, cube, biquadrate &c root of it's natural number, if the 
characteriſtic be negative, and will not be divided without a fraction, my 
way is to reſolve it into tao parts, to wit, into a negative part which will 
be divided, and an affirmative part which will incorporate with the deci- 
mals annexed. Thus if I was to take the half of this logarithm —1+ 
.7000000, I cannot join the —1 to the decimals annexed, becauſe the 
are quantities of different kinds; therefore 1 reſolve the characteriſtic 
=O Ons 255 . 4 
r into two parts, to wit, —2+1, and then taking the half of —2, 
which is —1, I join the affirmative part +1 to the decimals annexed, 
and fo take the half of +17, which is +8 &c; therefore the half of 

the aforeſaid logarithm is — 1 ＋ .8 500000 ; had the characteriſtic been 
23, I ſhould have reſolved it into —4+1. Had of the foreſaid loga- 
rithm been required, I ſhould have reſolved the characteriſtic —1 into 
—3-+2,, and fo ſhould have taken, firſt, the third part of —3, which 
is —1, and then of +27, which is +9 : had the characteriſtic been 
'—2, I ſhould have reſolved it into —3+1 ; had it been —4, I ſhould 
have reſolved it into —6+2, and fo on, 


N. B. Of all the tables hitherto in uſe whoſe logarithms do not run 
to above ſeven decimal places, I take thoſe publiſhed by Doctor Shervin 
to be the beſt upon many accounts, and particularly in the diſpoſition 
of the logarithms : theſe therefore I ſhall not ate to recommend to 
my readers, whom I ſhall alſo refer to the directions there given for 
finding the logarithms of all abſolute numbers from 1 to 10000000, and 
vice verſa. But I muſt own J cannot with equal juſtice recommend the 
method there taken to avoid negative indexes by creating of new ones, 

and by uſing arithmetical complements. It is not to be denied but that 
this ſort of practice may be abſolutely neceſſary to ſuch as know no- 
thing of the nature and uſe of negative quantities; but thoſe who do, 
I believe, will find the rules here laid down more natural and convenient ; 
and as they carry their own reaſons along with them, I doubt not but 


that the learner will find them eaſier to be remembered, and leſs liable to 
be miſunderſtood. | * T4 


397. In the tables above recommended, after the logarithms on every 
page, are two columns, one called a column of differences, and ſigned 
H, the other called a column of proportional parts, and ſigned Pts above, 


and 
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and Pro below : theſe two columns, as well as the reſt, have been ex- 
plained by the author ; but leſt they ſhould not be thoroughly under- 
ſtood by what is there ſaid of them, I ſhall take the liberty by a ſingle 
inſtance, to explain more at large the reafon and uſe of theſe columns : 
J ſhall take my example from the author himſelf, Let it then be re- 
quired to find by the tables the logarithm of this number of ſeven places, 
to wit, 5423758 : to do this, I firſt put down 6, the characteriſtic of 
the logarithm ſought, according to the directions given in art. 394; then 
I conſider in the next place, that though by the help of the tables we 
can find the logarithm of any number under 10000000, yet that the 
abſolute numbers there do not, properly ſpeaking, run to above five 
places; therefore I lower the abſolute number given, to wit, 5423758, 
to this 54237 .58, which will not affect the decimal part of the loga- 
rithm ſought ; then ſetting aſide the characteriſtic, I take out of the ta- 
bles the logarithm of the five integral places 54237 according to the 
directions there given, and find it to be 7342957; this I ſubtract from 
the logarithm 47 54238, that is, from 7343037, and find the difference 
to be 80. But the deſign of the column of differences is on purpoſe to 
avoid this ſubtraction; 2 had I taken out of that column the number 
oppoſite to 54237, the integral part of the abſolute number propoſed, 
or if no ſuch oppoſite number was to be found, had I taken the neareſt 
number above, (not below,) I ſhould have found the number 80.1, 
that is, in a whole number, 80, without any ſubtraction. 'Thus then the 
caſe ſtands : as the abſolute number propoſed 54237 .58 lies between the 
two neareſt tabular numbers 54237 and 54238, whoſe difference is 1, 
ſo muſt the logarithm ſought lie between the logarithms of the tabular 
numbers above mentioned, whoſe difference is 80; therefore I fay by 
3 the golden rule, as 1, the difference of the two tabular numbers between 
J : which mine lies, is to 80, the difference of the two tabular logarithms 
= | between which the logarithm ſought lies, ſo is . 58, the difference be- 
: twixt my number and the neareſt leſs tabular number, to 45, the dif- 
ference betwixt the logarithm ſought and the neareſt leſs tabular loga- 
rithm ; therefore adding this difference 46 to the neareſt leſs tabular loga- 
rithm, to wit, 7342957, I have 7343003, which being joined as de- 
cimal parts to the characteriſtic 6, gives 6 .7343003 for the logarithm 
ſought. This number 46, which was the fourth proportional above 
found, is called the proportional part, becauſe it is the fame proportio- 
nal part of 80, the difference of the two neareſt tabular logarithms, 
that. 58, the decimal part of the number propoſed, is of 1, the diffe- 
rence of the two neareſt tabular numbers. Whoever attends to the fore- 
going Fc will eaſily perceive, that this proportional part 46 was 
gained from multiplying 80, * r difference, by. 58, the 88 | 
ma 


13 
1 


15 to fave the 
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mal parts of the abſolute number propoſed; and the ſame would have 
been obtained if the common difference 80 had firſt been multiplied by 
.5 and then by .o8, and the products been taken into one fum : now it 

jd two multiplications that the column of proportional parts 
was contrived ; for whoever looks there for the common difference 80 
will find all the products of the ſaid common difference multiplied by 
1, .2, .3, .4, .5 &c to. q incluſively; and looking for the number over 
againſt . 5, he will find the number 40, which ſhews that the number 


40 is £ of the common difference 80; fo alſo over againſt 8 he will find 


the number 64, which ſhews that the number 64 is 5 of the common 
difference; but we do not want 3 of it, but 8 hundredth parts; there- 


fore he muſt not take the number 64, but a tenth part of that number, 


to wit, 6.4 or 6, which being added to 40, the proportional part be- 
fore found, gives 46, to be added to the neareſt leſs tabular logarithm 
in order to obtain the logarithm fought. _ | | 
But when all poſſible exactneſs is required, and no errors are intend- 
ed to be committed, but ſuch as unavoidably ariſe from the imperfection 
of the logarithms themſelves, I would adviſe the reader to compute the 
proportional parts himſelf, as above, rather than truſt to the table for 
them, though he will rarely find any conſiderable difference. My rea- 
ſon for this advice is, becauſe in the table of proportional parts, no no- 
tice is taken of decimals, whereas thoſe decimals ought not in all caſes 
to be neglected, at leaſt not till the operation is over, and the artiſt ſees 
what it is he throws away or takes into his account, to leſſen the error 
as much as he can. 
Thus having finiſhed all I thought proper to premiſe concerning the 
nature of logarithms in general, and of Briggs's ſyſtem in particular, I 
ſhall now proceed to logarithmotechny, or the art of computing theſe 
logarithms ; and herein I ſhall have little regard to the methods made 
ute of by the firſt inventers, which may be ſeen in Briggs and others, 
as being infinitely more laborious and perplexed than the modern ways 


of effeCting the ſame. The method 1 ſhall proceed in is the eaſieſt I 


could think of, both for myſelf and my readers; for I ſhall endeavour 
to make the whole ſubſiſt upon the feweſt principles poſſible, and thoſe 
either ſuch as have been already explained, or will be explained in the 
courſe of the work; and in doing of this I ſhall endeavour to deliver 


my thoughts with all the plainneſs and perſpicuity the nature of ſuch a 
ſubject will admit. N 


Of 
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O legari ehmatechny, or the conſtruction of logarithms. 


"PROPOSITION I. 


398. In the ſame ſyſtem, the evaneſcent logarithms of all numbers gra- 
dually approaching towards unity are as the differences of thoſe num- 
bers from unity, 8 

Let there be two quantities 1+2 and 1-+y, whoſe differences from 
unity, to wit 2 and y, are ſuppoſed to leſſen by degrees, and at laſt to 
vaniſh in ſome finite ratio: I fay then that the logarithms of 1 ＋ and 
1-+y will vaniſh with them, ar in the ſame ratio. 

That the logarithms of 12 and 1+y will vaniſh at the ſame time 
with the quantities z and y is evident from hence, that when 2 and ) 
are actually vaniſhed, the quantities 14+2 and 1-+y will become | 
equal to unity ; and therefore the logarithm of each will be nothing, by 
art. 390, conſe, 1 : therefore what I am chiefly to demonſtrate in this 
propoſition is, that the ultimate ratio of the evaneſcent logarithms of 
12 and 1-+y will be the fame with the ultimate ratio of the evaneſcent 

uantities æ and y. +” {nan | OD 

But before I enter upon this demonſtration, I ſhall beg leave to remind 
the reader of one thing which I have in ſome meaſure taken notice of 
in another place, to wit, that though two quantities, after they have loſt 
their exiſtence, be equally nothing, or equally in a ſtate of nathingneſs, 
yet it does not neceſſarily follow from hence that they muſt vaniſh in a 
ratio of equality. l 

Let a parallelogram and a triangle, having the ſame baſe and being 
terminated by the ſame parallels, be made to vaniſh by leſſening either 
their common baſe, or their common altitude, or both; then will theſe 
two quantities after they are vaniſhed be equally in a ſtate of nothing- 
neſs; but if in every inſtant of their exiſtence the parallelogram was 
double of the triangle, it muſt be fo in the very laſt of all, and fo theſe 
quantities will vaniſh in the ratio of 2 to 1. For a fuller account of 
evaneſcent ratios ſee art. 336. 43 

N. B. Time is made up of moments as a line is made up of leſſer 
lines; but an inſtant is to time what a mathematical point is to a line; 
it is called in Latin articulus temports, as being itſelf no part of time, 
but the meeting of two parts of time immediately ſucceeding one ano- 
ther, and thereby diſtinguiſhed one from the other: and it is in this 
ſenſe Mathematicians are to be underſtood, when they ſuppoſe a quan- 
tity to be changed in a moment, but to vaniſb in an inſtant, I ſhall 
now return to the demonſtration of the propoſition, which is as follows. 

K k K k 2 Let 
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Let the ultimate ratio of 2 to y be that of 1 to u, and let the quan- 
tity 1＋ be. reſolved into a ſeries by Newton's theorem for the evolu- 
tion of the powers of a binomial already explained, and you will have 


- m m n— 1  m m—1 mM—2 
1＋ 2 =1 rr n 5 


25 2 Ec: put 9 
for the ſum of all the terms of this ſeries except the firſt, that is, let 
m m m—1 m m—1 M—2 . 
* i : 8 Z | a | 
221 2—＋1 X 2 B+ 3 7 ; 2* Fe, and you will have 
1 „ % 2 LS 1 
1+23 =1-+9, and 2 will be to 9 as 2 is to N W hee— 


e e ene, : R 
DS "via 23 &c, or as 1 is to r RX 


R 


& Se. This is 


. univerſal; but if we ſuppoſe the quantity 2 to yaniſh, then the term 


921 1 


RT. and all that follow it will vaniſh at the fame time, and 


the ultimate ratio of z to q will be that of 1 to : but the ultimate 
ratio of æ to 7 is alſo that of 1 to by the ſuppoſition ; therefore in the 
laſt inſtant of their exiſtence, y will be equal to 9, in which caſe we 


ſhall have 1 +1z=1+q=1+2 , and the logarithm of 1-+y equal to 


the-logarithm of 1 E; but the logarithm of 1 ＋ 2 is to the loga- 


rithm of 1 Z as 1 to m, by art. 390; conſe. 6; therefore the loga- 
rithm of 1-+2 is to the logarithm of 1-+y as 1 to n; that is, the ulti- 
mate ratio of the evaneſcent logarithms of 1 and 1-+y is the fame 
with the ultimate ratio of the evaneſcent quantities 2 and y. 5 

In like manner it is demonſtrated that the ultimate ratio of the eva- 
neſcent logarithms of 1—2 and 1—y is the fame with the ultimate ratio 
of the evaneſcent quantities —z and —y; to wit, by throwing into a 
{cries the power m of the reſidual 1—2, as before we did the ſame power 
of the binomial 1＋ &. | ; 

This propoſition might alſo have been demonſtrated another way, 
founded upon the 298th article, thus: ſince the quantities 1+2 and 
1-+y approach infinitely near to unity, it follows from what was obſer- 
ved towards the latter end of the article above quoted, that the difference 
& will be to the difference y as the quantity of the ratio of 1-+2 to 1 is 
to the quantity of the ratio of 1-+y to 1: but the quantity of the ratio 
of 1＋ to 1 is to the quantity of the ratio of 1-+y to 1 as the meaſure 
of the former ratio is to the meaſure of the latter, that is, by art. 391, 
as the logarithm of 1-+2 is to the logarithm of 1-+y ; therefore the 
logarithm of 1-+2 is to the logarithm of 1 ＋5 as 2 is to . 2. E. D. 


Siuce 


1 
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Since ultimately the logarithm of 1 z is to the hgarithm of I y as 2 
7s to y, it follows alternately that the logarithm of 1-+z is to 2 as the lo- 
zarithm of I y is to y. Here then we have a foundation for raiſing 
as many different ſyſtems of logarithms as we pleaſe, by aſſigning what 
ratio we pleaſe for the ultimate ratio of the evaneſcent logarithm of 12 
to the evaneſcent. difference z. As for example, if in the laſt inſtant of 
their exiſtence we ſuppoſe the logarithm of 14-z to be equal to z, the 
logarithms derived from this ſuppoſition (as in the next article) are com- 


monly called Napeir's logarithms, by ſome natural logarithms, by o- 
1 * logarithms, from the relation they have to a certain pro- 


perty of the common hyperbola : but if we aſſume any quantity as p 
different from unity, and ſuppoſe the ratio of the logarithm of 1+z to 
the difference z to terminate at laſt in the ratio of ↄ to 1, we ſhall then 
have a foundation for a ſyſtem of logarithms different from the former ; 
for the logarithms of this ſyſtem will be to Napeir's logarithms of the 
the ſame natural numbers as p to 1. Thus if p be taken equal to 
434294451903, we ſhall have a foundation for raifing Briggs's loga- 
rithms, as will be ſhewn 1n it's proper place. N 


PRO PY OSIT ION 2. 


399. To find Napeir's logarithm of any whole number or fraction what- 
ever. 1 
42 1, 


Let 2 be any number leſs than unity, and let it be required to find 
Napeir's logarithm of the number 18. 


SOLUTION. 


Aſſuming any number as m for the index of a power, let the quantity 


'1+2 be expanded into a ſeries, Newton's way, and you will have 


— mM M M—1 M M—1l NM—2 

IZ =1+ => += x 2 +—x x 2 &c: make 
Rs I So” I 2 3 5 
TEE; and you will h Nn 

1＋ equal to 1-2 , and you will have 7 : 2 ＋ * n * 


— 5 &c ; divide both ſides by n, and you will have — 


EEE x 2? &c : this equation is univerſal, be 


the index m what it will, Let us now ſuppoſe the index m to vaniſh 
into 


X 


- __ — 4 
— aero ani iter entrees yt _— . P 


dent ones. But Xx = 7 70 therefore — x = 4 


nw? —1 | — _ —3 —4 1 —4 wit 
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into nothing, and then the quantities ——, - ”, 2 Ge will be. 
come > 3. Sc: for the index m being now infinitely ſmall 

in compariſon of the fractions joined with it, or rather nothing, it may 
be dropped on that fide ; but it muſt by no means be dropped on the 
other fide, becauſe though an infinitely ſmall quantity has no effect 
when added to or ſubtracted from a finite one, yet it has an infinite 
effect when any quantity is multiplied or divided by it: therefore in the 
5 | | 3 e 3 — —2 —1 — 
eb png 2 235 iT inks 


© 


2 


K 


2 3 


n therefore — * Xx —x— or — . 


therefore re wart den op or +5 op 5 Ge: there- 3 


fore in the laſt inſtant of u, the fraction , is found to be the ſum 
of the following ſeries, 2 — 18 +13 —12* - — 2 + Ce; but 


the ſum of this ſeries is a finite quantity, which I thus demonſtrate. 


The ſum of the following ſeries, to wit, z+2* +2 +2* +25 + 25 &c 
is a finite quantity, and equal to the fraction 


= as will appear 


by U the numerator of that fraction by the denominator; but 


laſt ſeries is greater than the former, and therefore the ſum of 
the former ſeries muſt either be a finite, or an infinitely ſmall quantity; 
but an infinitely ſmall quantity it cannot be; for the firſt couple of 
terms conſtitutes a finite quantity, and every ſucceeding couple makes 
ſome addition to the former; therefore when m is evaneſcent, the frac- 


8 | | a 33 1 
tion 5 or the ſum of the ſeries . 8 Se is a 
finite quantity; therefore the ultimate ratio of / to m is a finite ratio; 


whence it follows that when the index n vaniſhes, the quantity q will 


vaniſh with it: but q in it's evaneſcent ſtate is Napcir's logarithm of 


149 by the laſt article, and conſequently of 1+ by the ſuppoſition ; 
| | but 


Art. 399. o LOGARITHMS, 637 
but if Nopeir's logarithm of 1 + 2 be equal to q in it's laſt inftant, then 


Napeir's logarithm of 1＋2 will be „ 7 by art, 390, conſect, 6, or the 
2 3 2:4 25 of 
ſum of the ſeries NIE VE vt" + &c. 


CasE 2. 


Let us now change the ſign of 2, and by this means the ſigns of all 

the odd powers of z will be changed; but this will not affect the even 

ber wers, and therefore they will continue the ſame as before, and we ſhall 
v 


e "_ s logarithm of 1 —z expreſſed by the following ſeries, 
82S vv 40 ir 2* 


| CASE 3. 


Subtract the loga rithm of 1 — 2 in the ſecond caſe from n 
of 1＋ in the Eſt, and there will remain Napeir's logarithm of the 


fraction —.— = by art. 390, conſect. 4, to wit, ns 
3 Sc, which ſeries converges much faſter than either of the 


KEY Now ſince 22x2*=22, and 22%x2* gives 225 Fe, we ſhall 
have the following theorem for computing Napeir's logarithm of the 


fraftion — . Make 22=A, Az'=B, Be. C, C D, Dz= 
E &c, and Napeir's logarithm of the faction —— Fx - 2 ui be A+ TY 
<Q 5 WM 

+= ++ 5 &c. 


de or, 
CASE 4. 
Let now any fraction as — be propoſed, whoſe numerator is greater 
than the denominator, _ Jet it be required to find Naperr's logarithm 


of this fraction. Make - — = —_— = and FRAY the equation, you will 
— 


have 2 = = * Make 2 1 22=A, AZ B, Bz , 
Cz. 


ES — Wo * . — . > erence 
7 * 


7 £5 
1 
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Cz. D, Dz*=E &c, and you will have Napeir $ ton f © er * 


FDD 
— A 8 1 &c. 
1—2 1 c 


N. B. The leſs the quantity = wh or 2 is in reſpedt « * unity, the 
faſter the ſeries A, B, C, D, E Ge 2 wil converge. 


cs * 


Let now the fraQtion > be propoſed, whoſe nu merator is leſs than the 
denominator. Now to find Nopeir' $ logarithm of this fraction, firſt in- 


vert the terms, and then find the logarithm of by the laſt caſe; this 


done, prefix the negative ſign to the logarithm ds found, and you will 
have __ an of the fraction 7 : the reaſon. is, becauſe theſe two 


fraftions © and = = being multiplied together produce — — or 1; there- 
fore their logarithms added together m_ noting: ; therefor the - 
rithm of = is the negative logarithm of - yo 


PrRoPOSITION z. 


400. To compute Napeir's logarithm of 10 by the help of the foregoing 
propofitton. 
Briggs's logarithm of 10 is known already, being intended to be 1, 
and conſequently his logarithm of 100, 1000, 10000 &c is 2, 3, 4 Ge 


reſpectively: but before a; And of the reſt can be obtained, (for at preſent 


we are to ſuppoſe no ſuch ithms as yet in being,) it will be neceſ- 
wy to compute Napezr's — ah of the fame number; that fo by 
blerving the proportion of theſe two logarithms, and conſequently of all 


others of the fame natural numbers, we may be the better able to fur- 


niſh out a ſeries for the computation of Briggs's logarithms. Now if 


Napeir's logarithm of 10 or = was to be computed at one operation by 


the help of the theorem laid 5 in the fourth caſe of the foregoing 
| I. the work would be found intolerably tedious; becauſe the 


number 


Art. 400. OF LOGARITHMS, 


_ 633. 
PO 1 WWW 
number 2, which in this caſe is i Fe ſo. near unity, that the 


ſeries would converge too ſlow : let us therefore try whether we cannot 
ſucceed better at two operations, thus. The number 10 may be conſi- 
dered as the product of 8 multiplied into 7 or 5; therefore the logarithm 
of 10 is made up of the logarithm of 8 and the logarithm of; put to- 
gether ; but the logarithm of 8 is three times the logarithm of 2, becauſe 
8 is the third power of 2: therefore the whole buſineſs is now reduced 
to the computation of theſe two logarithms, to wit, the logarithm of 2- 
and the logarithm of 5, the former of which may be had without much 
trouble, and the latter with a great deal of caſe, _ | 


td. 


Firſt for the logarithm of 2 or = Here it is plain that x or 3 
Ds I — 


8 
+ - 
8 


7 therefore if we make 22 or = = A, A2 4 , 
Ge, we ſhall have Napeir's logarithm of 2 equal to 
TP ELL LA en 
> * +ntiti : or if we make 2 =, 
C, ng: D Ge, we ſhall have Napeir's logarithm of 8 


DB Ä | | 
equal to 5 7 a e 2 +33 1756 Sc; for by making 
A=2 inſtead of , the firſt term of the ſeries, and conſequently all the 
reſt, are multiplied by 3; ſee art. 383, 


D 
+= 


Next for calculating _ logarithm of > we have 2 or EO = 5 


ere K 2 M 

and 2* = 7 : therefore if we make = K, 77 =L, g,=M, 74 
| E MN: 
— N Ec, we ſhall have Napeir's logarithm of — K+ — + + a 


Se. But here it luckily happens that every term of this {cries 18 equal 
to every other term of the foregoing ſeries expreſſing the logarithm of 8: 
for beginning with the term B, we ſhall have K=B, L=D, M=F, 


— RS: 
NV. —H Se 2 which I thus demonſtrate. — 5 — 95 1 B ; F . 
3 131 „ 


Sc. Therefore in calculating the logarithm of; we ſhall have no occa- 
ſion for any new ſeries, but may take every other term of the ſeries al- 


IL ready 


co — — 
N JD —— LAS — — FR — 
0 A a + n —ͤů — — — — 
je * py 97 > 8 e 5 — — — — > SS i, 2 
2 2 +» Bis > I = - =_ —_— e 
8 * 2 q . 9 =_ = = - XFS = \ — - 8 w 
* n — 1 * =. — 2— 1 = = —_ = \ \ : 
* - _ 5 - 8 8 * 2 — — = — TIED 2 * Ry . - : — 
gs — rr wy = * * 2 * - E = G - - _ 
—— E no - _- — 2 A E — - 
a> N x 
— ̃ OTA ,, ˙— ,, —: 0 c ERR SAR OO _ _ __ >, 
ms A one \ a * 
4 - 1 
. x þ 
1 
= 
1 2 
1 
. 4 
E 


— —— 2 — — 


it will be proper to compute it to a 
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ready computed for the logarithm of 
8, beginning with the term B; and fo 
we ſhall have Napeir's logarithm of; 
' r 
N. B. If we would have a loga- 
rithm true to any number of places, 


2.000000000000 0 0, 
7407407407407. 
49382716049 4 

39192631785. 
33 37017362. 


place or two more than are intended 30791068 7. 
to be true, that an error in the laſt 


28948868. 
place, or perhaps in the laſt but one, 1 5 1 


5108[28|22]hglagGlRglot gt Rr rf w a 


may not influence the reſt. 2787669. 
See the work, where B is the quo- 273301; 
tient of A divided by 9, C that of B 
divided by , and fo on. „ 
A 2 .00000000000000. us 
B 22222222222222. 2 7 7. 
Cc 2469135802469. 
D 274348422497. 925 
E 30433158055. 3. 
F 3387017502. 
G SINISSS — — 
- 41815032. L. 8. 20794415416798 2 
1 4046115. B „ . 
K 516235. 3 ln: as 
2 57359 * 91449474166. 
M 6373. F . 
N 708, - 6774035 12. 
J 4 - 3973576. 
2 1. = $7359. 
55 * 185 
iT $ 7.9- 
5 6. 


PE 


Log. 10. 2.3025850929940 2. 


N. B. Napeir's true logarithm of 10 lies between 2 .30258 509299404 
and 2 302 58 509299405. | 


P R o- 
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PROPOSITION 4. 


401. To find Briggs's Hgarithm of any whole number or fpattion what-- 
ever. 5 
SOLUTION. 


Briggs's logarithm of any number is to Napeir's logarithm of the ſame 
number as Briggs's logarithm of 10 is to Napeir's logarithm of 10; that 


is, by the laſt propoſition, as 1 is to 2, 302585093, or as 2 7 T 


is to 1, that is, throwing the fraction into decimals, as. 43429448 19 1s 
to 1, Make this number .4342944819 =p, and then we ſhall have 
Briggs's logarithms to Napezr's logarithms as p to 1; that is, if any of 
Napeir's logarithms be multiplied by p, the product will be Briggs's lo- 
garithm of the ſame number: but Napeir's logarithms will be multi- 

plied by p, if the firſt term of the ſeries which produces them be ſo mul- 


tiplied, by art. 383. F therefore — be the fraction propoſed, and 2 be 


taken equal to = inſtead of making 22. A as before, make 2pz=A, 


Az B, BZ C &c, and you will have Briggs's logarithm of - equat 


= 1 1 ; 
t A+ 7 * 7 &c. As for example, let it be required to find Br:ggs's 


logarithm of the number 2, or of the fraction * : here I might make 
T7 | rr ; 
===, 8 2p or * W B, —=C Fc, as before; but 
for variety's fake I ſhall take another way for finding this logarithm, which 
. Is alſo more expeditious, Firſt then I ſeek out for two powers of the 
numbers 10 and 2 which do not differ very much from one another; 
and ſuch are the numbers 1000 and 1024, the former being the third 
power of 10, and the latter the tenth power of 2 ; then ſince the num- 
ber 1024 is the product of ooo multiplied into the fraction — it 
follows that the logarithm of 1024 is made up of the logarithm of 1000 
1024 


1000 


and the logarithm of added together: but Briggs's logarithm of 


7 ; 23%, , n 1024 
1000 is known already to be 3 ; if therefore Briggs's logarithm of —— 


Lilla be 
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be computed, and added to the number 3, 1 de will have Briggs's loga- 

rithm of 1024; the tenth part whereof will be the logarithm of 2, be- 

cauſe, as was ſaid before, the number 1024 is the tenth power of 2. 
— 1024 rs 3 V 

—_ " 1000? r-+8$ 9 2024 * 7 53? T 64009 

6p 4 e 5 


25 Or 


. 1 
„„ ͤ Oe. Bur pn 43429449794 Were- 
55 1 


fore 57 or A=.0102994739, 7, or B==.0000014482, 64009 


604009 
C 
or C=.0000000002 ; F 0004927, © 9009000000; there- 


Bit B . | 2 85 
fore A, or the logarithm of —— is 0102999 566 add to this the 
logarithm 1000, which is 3, and you will have the logarithm of 1024 
equal to 3. 102999 566, a tenth part whereof is Briggs's logarithm of 
2, to wit, .30102999566, all which eleven places are true; ſee Briggs's 
logarithm of 2, folio edition. But if ſeven of the firſt places be taken, as 
in the common tables, and ſo taken as to make the leaſt error, we ſhall 


then have Brrggs's logarithm of 2 equal to. 3010300. os 


PROPOSITION 5. 


402. To conftruft a table of Briggs's hgarithms of all the natural num- 
bers from 1 to 100000. = 1 | 
N. B. To ſhorten, or rather to free our expreſſions from the incum- 
berance of words, we ſhall make uſe of the letter L. to ſignify the loga- 

rithm of : thus L. 2 ſignifies the logarithm of 2, L. © ſignifies the loga- 
rithm of the fraction 3, L. 8 3 L. 2 ſigniſies that the logarithm of 8 
is equal to three-times the logarithm of 2, &c. | 

Whoever undertakes to conſtruct a table of logarithms, muſt not think 
of doing it per ſaltum, but by a regular progreſs from one number to 
another, The logarithms of all compoſite numbers, that is, all ſuch as 
ariſe from the multiplication of others called factors, are eaſily got by the 
addition of the logarithms of thoſe factors: thus L.4—=2L.2; L. 10 
L. 2 ＋ I. 5, and therefore L. 5 L. 10 — L. 2; L.6==L.2+L. 3; 

9 = 3 L. 2; L. 9 2 L. z, &c; ſo that by the help of the logarithms 
of the three prime numbers 2, 3 and 7 may be had the logarithms of all 
numbers under 11: now of theſe three logarithms, that of 2 was calcu- 

lated in the laſt propoſition, and thoſe of 3 and 7 may alſo be had di- 

rectly from the ſame propoſition, to wit, by conſidering the number 3 
as the product of 2 x3, and fo reſolving it's logarithm into L. 2 ＋ L. z; 


and 


Art. 402. or BRIGG9s LOGARITHMS. 637 
and the number 7 as the product of 6x3, and ſo reſolving it's logarithm 


| | | | 5 C "ts | | 
into L. 6＋ L. 2 But becauſe the ſeries A+ >= ＋ c, exhibiting the 


logarithms of 32 and 3 Cc, converges ſloweſt at the beginning of the table 
of logarithms, I ſhall propoſe other expedients for finding theſe loga- 
rithms ; and firſt for the logarithm of 3. 55 

The number 81 is the product of 80 *; therefore L. 81 L. 80 + 
L. ;; but L. 80 L. S8 ＋ L. 10 or 3 L. 2 ＋ L. 10; and L. ; may be 
very readily computed by the ſeries of the laſt propoſition; for if the 
logarithms be computed to ten or eleven places, in order to have ſeven 
of the firſt places true, which we ſhall all along ſuppoſe in theſe calcula. 


B | 
tions, the two firſt terms of the ſeries, to wit A+ 7's will be ſuffici- 


C : N | 
ent; for the next term — (which is .ooooo000000 &c) can only affect 


the twelfth decimal place and thoſe that follow it. Having now got 
the logarithms of 80 and 3, their ſum will be the logarithm of 81, and 
: of that ſum the logarithm of 3, becauſe 81 is the fourth power of 3. 
The logarithm of 7 may be had moſt compendioully thus: the fourth 
power of 7 is 2401; therefore 4 L. 7 = L. 2401; therefore L. 7 = 


L. 2401 0 2401 

Gas wa. but 2401 = 6400 12488 therefore L. 2401 == L. 2400 * 

L. 4475 : now 2400 is the product of 2x 2x 2x qx loo; therefore L. 2400 

23 TL. 2 L. 3 2; therefore L. 2400 is known: it remains then that 
2401 7 e | 

we compute 2.2400 by making z = l then we 

ſhall have 3 Son: 230496017 therefore in this caſe, 252 or A 

868588963800 8 Og 

—— =.000180g1 83428, Az* or B=,0000000000078 ; 

', 


whence * .0000900000026 : whence it appears that the firſt term 


A will give L. 


2401 | 1 1 5 
2400 true to eleven places, (and the firſt and ſecond 


B | 
terms A 3 19 1 to ſeveral places more; ) and this logarithm added to 


I. 2400 will give L. 2401, whoſe fourth part is L. 7. 

Before I proceed any further, give me leave to obſerve that the loga- 

rithm of 3 might have been computed independently of all other loga- 
| | rithms 
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rithms but that of 10, thus: n therefore L. L. S =; 
therefore 1— L. L. , whoſe half is L. 3: here then we muſt com- 


10 1 . | | 
pute 2.255 by making 2 and 2 867 for then we ſhall have 252 


or A=.04571 5208621, Az or B 000126634927, B&S or C= 
,0000003 50789, CS or D=,coooooo00972, Dz* or E | 
;000000000003 : whence we have again | | 
A Yar A = .04571 5208621. 

B 
—==.00004221 1042. 


= ,0000000701 58, - 


Jn. 


GY 


EE. 

L. I 5757490 560, N 
Subtract this laſt from L. 10 or 1 .ooooooo00000, and you will have 
L. g9=.954242 509440, and L. 3 =.477121254720, all which twelve 
1 are true. Ita; Re, 8 

The ten firſt logarithms being now computed, or being ſuppoſed to 
be computed, there will be no occaſion after this for any other artifice . 
than that which follows. Let n be any prime number, and let the lo- 
-garithms of all numbers leſs than ꝝ be ſuppoſed to be known: now ſince 


is a prime number, and conſequently cannot be divided by 2, it muſt 
alſo be an odd number; therefore the next number above it, 2＋ 1, 


8 | a+1 | 
muſt be an even number; therefore 1 muſt be a whole number; 


therefore L. n+ 3 muſt be looked upon as known, being equal to 


L.2+ LA: but Z.n—1 is known ex hypothefi ; therefore the lo- 


garithm of #—1 xn ＋ 1, or of #2—1 will be given: but the logarithm 
of un is equal to the logarithm of an — 1 added to the logarithm of 
— -3 compute therefore this laſt logarithm by the ſeries, to wit, the 


W of 


—— 75 making —— ==2 ; and this added to the given 


logarithm of un — 1 will give the logarithm of un, half whereof is the 
logarithm of a. Ex. gr. the next prime number whoſe logarithm is to 
be found is 11; now IL. 10 is known ex hypothefi, and L. 12 = L. 2 
＋ L. o; therefore L. 10-+ L. 12 or L. 120 is given: but 11 21; 
e compute 


Art. 402. of BRIGGSs LOoGARITHMS. 639 


compute therefore by the ſeries L. =, makin —_ ==2, and this lo- 
garithm added to L. 120 will give L. 121, whoſe half is L. 11; and 

in this calculation, and conſequently in all thoſe that follow, there will 
be no occaſion for more than the two firſt terms of the ſeries. And if 
this method be purſued, after forty of the firſt logarithms are obtained, 
the firſt term alone of the ſeries will be ſufficient; for the next prime 
number being 41, whoſe ſquare is 1681, the next logarithm to be calcu- 


| lated will be that of ere 


90 · where the firſt ſignificant figure of the ſe- 


cond term 2 hath eleven decimal cyphers before it. And thus the ope- 


rator will end his labour diminiſh fo faſt upon his hands, that 1200 lo- 
garithms being thus obtained, he may proceed to the reſt in a more di- 
rect manner; that is, he may find the logarithm of 1201 only by cal- 
: A -. L291 | 3 : 

culating the logarithm of the fraction ——, and then adding this logarithm 
to the logarithm of 1200, for which purpoſe the firſt term A of the ſeries 
will be ſufficient to give the logarithm of 1201 true to ten decimal places. 

Thus may an intire ſyſtem of logarithms from 1 to 100000 be ob- 
tained true to as many decimal places as we pleaſe; but this (thanks 
to our predeceſſors) is already done to our hands. Mr. Briggs has left 
us the 3 of thirty one chiliads (from one to 20 thouſand, and 
from o thouſand to 101 thouſand) to fourteen decimal places; and 
M. Vlacg has given us an intire canon of logarithms to ten decimal places; 
and certain it is that nothing but the extraordinary uſefulneſs of theſe 
numbers could ever have obliged the undertakers to ſuch indefatigable 
pains and induſtry as they employed in their way of obtaining them. And 
yet this doctrine of logarithms was not fo thoroughly cultivated by the 
firſt inventers, but that the moderns have found many and great uſes of 
theſe numbers that were not ſo much as thought of by them: in Alge- 
bra, as in the reſolution of cubic, and conſequently biquadratic equa- 
tions; in determining the unciæ of the higher powers of a binomial ; in 
the reſolution of many curious problems relating to chances, c: in 
Geometry, as in the quadrature of binomial and trinomial curves ; in the 
rectification of curves; in the menſuration of ſurfaces, Cc: in Mechanics, 
as in determining the centers of gravity of many bodies; in determining 
the nature and properties of ſeveral mechanical curves, as the catenaria 
and others: in natural Philoſophy, as in determining the denſity of the 
atmoſphere at all altitudes, and upon all hypotheſes of gravity; in deter- 
mining the reſiſtance of fluids in all caſes of motion, &c. 
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PROFYHOSIT ION 6. 
40 1 7 0 fud the natural number to any of Napeir $ bgarithms given. 


sor uriο⁰ 


Let / be the given e and let m be any indefinite number 15 


| FA 
poſed to be increaſed ad mfinitum ; then will it's reciprocal — — be dimi- 


niſhed ad infinitum, ſo as at laſt to become Napeir's logarithm of the 


1 ] 1 
number 1 +=: : but x DS be a number whoſe logarithm 3 is „ chen 


1 Ne: will be the number whoſe logarithm f is /; therefore the. number 


r 
: fought is the laſt magnitae of the wr ä When the index mn is 


| ＋ 
increaſed in ane. Now the r 15 when expanded i in- 
to a ſeries — to Newton's ones. en evolving a TO al- 


1 < "£3 
ready explained, +— 3 = C— + 
1 ] / 
= E — D 7 Se; of which ſeries the ſecond term = 7.4 = > * | 
third EEE O 1 B 38 ada! in Was manner, 
5 ZE a — | 7 | | 5 
mM - = — Ge. Therefore 1 2 


n 1 11 A ET. 
I. A. ＋ 1—>xB + I 1 x G=.+1 —75 * Se. ' This is 
_ univerſal ; but if we ſuppoſe the index to become actually infinite, the 

; ; 2 : | 5 n 
quantities . = Sc will become actually nothing, and The af 
magnitude f- the quantity 1 Ts _ which 15 the number ſought, will be 

| | 1* PER i 


1 l 
97% rt : +C-+D > K 1 5 ITT £7 bd 
18 


Whence 


Art. 403, 404. How to uſe Vlacq's canon magnus #o advantage. 641 


Whence f converſo, whentver we meet with a ſeries of this kind, o 

; | * 1 14 3 > i 
I IZ T I 24 IZ X XA &c, the fum of fuch a ſe- 
ries will be the natural number to Napeir's logarithm l, or ts Briggs's 
logarithm 1x .4.34294481903. But if. the terms of the ſeries * alter- 

| l I: 2 
nately affirmative and negative , . TX2X "i a 


* 1 
NN &c, then the ſum of the feries will be the natural num- 


ber to Napeir's logarithm —1. 


What has been delivered in theſs few propoſitions may ſerve as a ſpe- 
cimen, amongſt an infinite number of others that might be. given, to 
ſhew by how eaſy, how ſimple, and natural ſteps this doctrine of infi- 
nites leads us into the moſt abſtruſe, as well as the moſt ſublime parts of 
mathematical knowledge : and it were to be wiſhed that thoſe who are 
ſo very clamorous againſt it, would advance any thing like this from their 
idea of infinity to recommend it, which hitherto has produced nothing 
but jargon and confuſion, noiſe and nonſenſe. | 8 


PaOPOSTT1QN 7. 


404. To find the logarithm of any number not exceeding ten places by 
Vlacq's canon magnus, VV 
This is the only intire ſyſtem we have, that I know of, where the lo- 
rithms are continued ſo fer as to ten decimal places: thoſe indeed pub- 
liſhed by Mr. Briggs run to fourteen ; but the chiliads are not compleat. 
When the logarithm of any number is required, it is uſual to take the 
logarithm belonging to the five firſt places out of the tables, and then to 
ſupply the reſt from a proportional. part of the difference, which, where 
the logarithms run not to above eight ar nine places, may do well e- 
nough ; but when they run further, the proportional part may want 
correcting ; and to find that correction is the deſign of this propoſition. 
But firſt I muſt demonſtrate the following lemma, to wit, Suppoſing p. 
43429448 19, as in the fourth propofition, let s repreſent any number not 
leſs than 10000, and t any number not greater than unity; T ſay then that 
the firſt term of the ſeries exhiviting the logarithm of the fraction uy 7 


2 pt 


b 
28+t | | 
conſequently t a much greater degree of exactneſs than Vlacq's canon re- 
ares, | i i 


to wit will give that Iogarithm true to above thirteen places, and 


M m m m To 


4 he: 
þ 


it is plain that the ſecond term of the ſeries, when it is 


leis; and therefore if in any caſe 2 be but the tenth 


* 


. To find Vlacg's logarithm belonging Book ix. 


. $4” ; f 
To demonſtrate this, let us put the caſe where the 1 term = 7 
differs moſt from the true logarithm of the fraction = ; that is, let 
| N : | | : | OO ES. 

us ſuppoſe 5= 10000 and ; then we ſhall have = equal to the 
| IOOO!T | 
I0000 


fraction 


the difference of whoſe terms is 1, and their ſum 20001 ; 


therefore in this caſe, 28601: but it will be ſufficient for our pur- 
ag 2 10 


poſe to make ⁊ . 4, then ſince A or the firſt term of the ſeries is 


2000 


| B ah 
2p, we ſhall have A. or B p, and ry or the ſecond term of the 


jes = —— = ———- 0000000000000 ; here 
ſeries " 12000000000000 3 then 


| teſt, amounts 
not to above 3 in the fourteenth place; but generally ſpeaking, it makes 
not it's entry till the fifteenth or ſixteenth place; for certainly this term 
2p 


will be greater or leſs in the ſame proportion as 23 is greater or 


rt of what it is 
in this, the ſecond term there will be but the thouſandth part of what it 
is here. 

This being allowed, let the number whoſe logarithm is required be 
12345 5678: here having put down 9 for the characteriſtic of the lo- 
garithm ſought, I point the number propoſed thus, 12345 . 56789, ma- 
king the five firſt places integral, and the reſt, be they fewer or more, 
decimal; ſee art. 393 paragraph 2 : then making the integral part 12345 


equal to 5, and the decimal part 56789 t, the 1 oparithm of id 


2pt lg 4 v1 1 8 : 
will be — Tp a8 in the lemma; and this logarithm added to the loga- 


rithm of s taken out of the canon, will give the logarithm of 5 +7 re- 
quired. 


FP 3 251 
Let us now try whether we cannot reduce this logarithm 5 = - to a 
more ſimple expreſſion: in order to which, let c be the logarithm of 


$ 


—— — 


T==— 


* 
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— d the logarithm of >, and make c—d=e; then c will be the 
difference of the logarithms of s—1 and s, 4 will be the difference of 
the logarithms of s and 5+ 1, and e will be what is called the ſecond 
difference of the three logarithms of — 1, s and 5-1 ; the former two, 
to wit c and d, are expreſſed in the canon, and this laſt e will be the 
difference of thoſe two differences. From theſe definitions of c, d and e, 


6 2 . 
7 427 El- and c—d or ! Now ſince d=—= 
We 4þ 251x204 
bes wed ens ſhall have 2þp= 25+ 1x4, and . e * 
divide both the numerator and denominator of this laſt fraction by 25-1, 


4 24 24 
and it will be reduced to therefore ez zr: Ain, ſinoe 


29S—1 23 


ns 251 3 | 
2p==25+1xd as above, we ſhall have = or the logarithm of 
S7 ä i a ; 
> equal to Td dt; let v be the complement of ? to unity, 5 


PR, ; 25-1 25+f+v 
is, let TI; then you will have a fn. 1 


V 25-1 dev hs ; . 
1 whence Lr dt =dt 4-5; ſo that the logarithm of 
$+f dtv 


Thr inſtead of 25-+f in the deno- 


minator of this laſt fraction write 25—1, and the error when greateſt 
will not amount to ſo much as 4 in the fourteenth place, as will beſt 
be ſeen after what will be delivered in the next article ; then inſtead af 


dtv dtv I 24 
TIO will have = or z et v, ſince Fe 


25—1 5 
the logarithm of —— will be found at laſt equal to dt et. 


wo is now found equal to df + 


De ſas above; and 


This being obtained, I ſhall in the next place find the proportional 
art, in order to compare this logarithm with it. I fay therefore, as 1 
the difference of the numbers s and A= I, is to 4 the difference of their 
logarithms, ſo is f the difference of the numbers s and 5+, to dt a 
proportional part of the difference of their logarithms ; by which we 
learn, that of the two parts dt and jefv, which compoſe the logarithm 
of = the firſt and moſt conſiderable part d is the proportional part, 


M m m m 2 and 


* 


644 To find Vlacq's logarithm belonging Book ix. 
and therefore the other jet uv may be called the correction of the propor- 
tional part. i 5 8 Ys 
Let us now return to the example formerly propoſed, which was to 
find the logarithm of the number 1234556789. Here then by the canon 
we find the decimal part of the logarithm belonging to the five firſt 
places equal to .0914910943, c=.0000351812, d=.00003 51783, 
c—d or ez 0000000029 ; whence df = ,00001997741 : but in cor- 
recting the proportional part, there will be no occaſion for more than two 
places of the number ?; therefore in this caſe I make f=.57, and con- 
ſequently 1— or v==.43 ; whence t=. 245, and —.— .0000000003 5 
＋; this correction added to .oooo1997741 the proportional part before 
found, gives the logarithm of —— (as far as can be expreſſed by ten de- 
cimal places to .0000199778 ; and this laſt logarithm being added 
to 9 pong, _ the logarithm of 1234500000, gives the hen 
of 1234556789 equal to 9g ,0915110721, 
Note. Theſe operations may be contracted by Mr. Oughtred's rule, 
which I would have the reader learn at his leifure, and practiſe as occa- 
ſion requires. See Ougbtred's clavis, of multiplication contracted. 
Now if we would apply this rule for finding the proportional part dt, 
we muſt obſerve that 3, the laſt figure of 4, is ſuppoſed to be in the 
tenth decimal place, the index of which place according to Mr. Ough- 
| tred, is —10; therefore to have eleven | ext places as nearly as they 
can be obtained, I plate 5, whoſe index is —1, under 3, whoſe index 
is —1o, that the laſt figure in the product towards the right hand may 
be in the eleventh decimal place. See the work. 


. ooo0o3 51783 =d | 57 => 
F 98765. t inverted _ 34.==v inverted 
: 1758915 ©..-+6+ 
211070 17 
2462 5 3 
2814 +24 5 : 
317 9200000000, e inverted 
EE J 
00001997741 at SY 49 
| 0000000007 1==efv, 
| e | 5 | 
Whenc 2 = :9000000003 5 +. 


405. 


Art, 40 5, 406. to any given number of ten places. | 645 
405. In the laſt article, the ſecond difference e was found to be 


—= ; _—_ very nearly : whence We may conclude that this ſe a 
difference will be greateſt when 6 is leaſt, that is, when s is equal to 


10000 ; ſubſtitute therefore 10000 inſtead of s in the value go and you 


* 


will have the greateſt ſecond difference that can ariſe equal to —— 28 
= .0000000043. Again, if inſtead of 3e in the correction ze tu, be 
ſubſtituted it's value * „the correction will then be equal to . 


255 - 1 


whence it follows that this correction will be greateſt when the product 
tv is greateſt, and at the ſame time the number 5 is leaſt, that is, when 
tu h and 5= 10000 : for the ſum of ? and v being always equal to 
unity, their product ? v will be the greateſt when F? and v are each equal 
to 2, as will eaſily appear upon examination: ſubſtitute therefore! in- 
ſtead of tv, and 1 oooo inſtead of s in the value of the correction 25 
and you will have the greateſt correction that can happen, equal to 
95865886 =.,00000000054 ; for though the logarithms of this car 
do not extend to above ten places, yet it will be proper to compute both 
the proportional part and it's correction to eleven places, in order to 
make ſure of ten. x ES 
From what has been delivered in the laſt article, it may be further 
obſerved, that towards the latter end of the ſcale it is not impoſſible but 
that two numbers differing from one another only by an unit in the 
tenth and laſt place, may have one and the ſame logarithm in Vlacg's 
canon, that is, the ten firſt places of both their logarithms may be the 
ſame, how much foever they may differ afterwards. As for inſtance, 
the logarithm of this number 10000000000 is 10 ,0000000000, and 


1c000000000 . 2 5 


the logarithm of this fraction — is — _ 
8 e action 1 0000000000—1 20000000000 —1 


==,00000000004, ; therefore if 10 .o0000000000 be the true logarithm 
of 10000000000, it will alſo be the neareſt logarithm of 1 0000000000 
z; that is, no whole number with ten decimal figures annexed can 


expreſs it nearer. . 
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406. To find to ten places the abſolute number belunging to any logarithm 
in Vlacq's canon magnus, 
| Retaining 


646 To find to ten places the number belenging Ks 


* 


| dual expreſiing the Ty t, that is, of the reſidual © 7 2 


Retaining the notation of the two laſt articles, and ſetting aſide the 


characteriſtic, take out the neareſt tabular logarithm leſs than the loga- 
rithm propoſed, and the abſolute number over 


of the number ſought. Now to find the other part , ſubtract che kad 
tabular logarithm Lom the logarithm Sg 56 2 call the remainder ; 


againſt it will be s, 


MES bn. 


then will be the logarithm of the fraction =; but the logarithm of 
ww was fad? in the laſt article but one to be 4 t+ E 71 therefore 


div © „„ 


dr; whence = A But as 4 the difference of 
the logarithms of the two numbers g and S+1, is to 1 the difference 


of the ORs themſelves, ſo is r, which is but part of the former 


difference, to FL proportional part of the latter ; therefore of the reſi- 


25-+-7 
the affirmative and main part 7 may be called the proportional part, and 


t 


| the negative part — or; may be called the correction to be ſub- 


trated ; which correction can never exceed. oooo 12 5, as may eaſily be x 
tried by ſubſtituting ; for "es and 10000 for 5, as in the laſt article : 


therefore the proportional part a expreſſes the quantity t, either exactly, 
or if there be any error, it will not be above 1 too much in the fifth and 


lace. 
ow « to find the correction, let ? be groflly expreſſed by the two firſt 


| places of = 73 and then ſubtracting it from unity, the remainder will be 


the two firſt places of the quantity v: divide now two or three of the 
firſt places of the product fu by two or three of the firſt places of 


the number 2s, and the quotient ww be a correction more than ſuffi- 
cient; which being ſubtracted from — 7 will leave 7 as correct as five de- 


cimal places can expreſs it. 


N. B. By the tabular pre, * I mean the logurithens of all 
numbers from 10000 to 160000, the logarithms of all numbers under 


20000! being included in theſe, 


EXAMPLE 
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EXAMPLE, 1 


f Fri Bain the characteriſtic, let it be required to find the abſolute 
number belonging to this logarithm .og1 5110721 : the next leſs tabular 
logarithm is ,0914910943, over againſt the abſolute number 12345 ; 
therefore 5=12345. Again, the tabular logarithm ſubtracted from the 
logarithm Nera eaves ,0000199778==r, and d=,00003 51783, as 


in the table ; therefore . 50790, the two firſt places whereof give 


f=.57 ; whence 1— f or v =.43; whence fv==,245+; call it 25, 
and then dividing it by 2 5000, the two firſt places of 25s, the quotient 


will be .00001, which is the correction; ſubtract this from 7. that is, 


from . 56790, and there remains. 56789; therefore f=. 56789 ; and the 
digits repreſenting the abſolute number ſought will be 1234556789, 
which number muſt be ordered as the characteriſtic directs; as if the 
characteriſtic be 8, the laſt figure muſt be a decimal; if 9, the whole 
muſt be integral; if 10, the number muſt be raiſed one degree higher 
by a cypher to the right hand, Ge. | 
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BOOK IX. PART III. 
Of the invention of Diviſors. 
| H; HER T O I have conſidered no forts of equations, but only 


ſimple and quadratic: but intending now to proceed to others 
of higher forms, I ſhall endeavour to prepare the learner for 
| them by acquainting him with ſuch things as may be of any 
uſe to him in the reſolution of thoſe equations. | 

Firſt then J ſhall begin with the invention of diviſors; and becauſe in 
this, as in almoſt every thing elſe, our Countreyman Sir Jaac Newton 
has conſiderably outdone all thoſe who have written upon the ſame ſub- 

| je before him, I ſhall give the learner his rules, with my own expli- 
cation of them wherever they ſeem to want it; but ſhall not think it 
neceſſary to purſue that matter fo far as Sir Jſaac has done. 

Before I proceed, the reader is to underſtand, that By the invention 
of diviſors is meant, the finding out of all thoſe quantities by which any 
given quantity, fimple or compound, may be divided without a remainder. 

407. 


648 TRE INVENTION OF.DIVISORS, Book ix. 
407. If the quantity whoſe diviſors are ſought be a ſimple quantity; that 
7s, if it be only the product of the multiphcation of others, and is not made 
up of parts connected together by the fin & er —, divide it by it's leaſt 
tifor, and then the quotient oy it's leaſt diviſor, and ſo on till you come ta 
a quotient that is not further diviſible: by this means you will have all the 
prime numbers or diviſors by which the quantity propoſed can be divided, 
Then multiplying theſe prime diviſors two and two together, make cut as 
many different produtts as you can this way: then. make out as many more 
| s as you can by multiplying them three and three together, and ſo on; 
and theſe products thus found will be all the compoſite diviſors the given quan- 

tity will admit of. VVV 
As for example, let it be required to aſſign all the diviſors of the 
number (o. Firſt I divide 60 by it's leaſt diviſor 2, and then the quo- 
tient 30 by it's leaſt diviſor 2, then the quotient 15 by 3; and ſo come 
at laſt to the quotient 5, which is not capable of any further diviſion ; 
thus then T have obtained all the prime diviſors of the number Co, to wit, 
I, 2, 2, 3, 5; or leaving out 1, becauſe it is a common diviſor of all 
numbers, 2, 2, 3, 5. Then I make out of theſe numbers as many dif- 
ferent couples as I can, multiplying them together, and ſo have other 
_ diviſors, as 2x2, 2x3, 2x5, 3x5, that is, 4, 6, 10, 15: then IT multi- 
ply them three and three together, and fo have other diviſors, as 2x2x3, 
2X2X5, 2X3x5, that is, 12, 20, 30: laſtly I multiply them all four to- 
gether, and ſo have the diviſor 2x2x3x5, or (o. 

Again, if all the diviſors be required which will divide the number 
g lab without a remainder ; divide the number 2 140 by 3, and the 
quotient abb by 7, and the quotient abb by a, and the quotient bb by 
b, and you will come at laſt to the prime quotient 5; therefore the prime 
diviſors of the number 2 1abb are 3, 7, a, b, 6: theſe multiplied two and 
two together give 21, 3a, 36, 7a, 76, ab, bb: multiply them three and 
three together, and .you will have 21a, 216, 3ab, zöb, 7ab, 7bb, abb; 
multiply them four and four together, and you will have 2146, 2166, 
3a6b, abb: multiply all five together, and you will have the quantity 
itſelf dat was firſt propoſed, to wit 2146h, 

In like manner all the diviſors of the number 244b—6aac may be 
found by firſt dividing by 2, and then the quotient abb—3aac by a; 
after which you will come to the indiviſible quotient . zac; therefore 
the diviſors of the quantity 2ab4—baac are 2, a, bb-—3gac ; 2a, 2bb—bac, 
abb—3Jaac ; 2ahb-—baac. © | $ | 

N. B. Numbers fingly conſidered are called prime numbers, gohen they 
will admit of no diviſors leſs than themſelves, except unity. Thus 2, 3, 5 
and 7 are called prime numbers; when 4, 6, 9 and 10 are called com- 

polite numbers, as being produced by the multiplication of others, 5 
| | 490, 
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408. That all the numbers found as in the laſt article will divide the 
quantities there propoſed, appears ſo evident at firſt ſight as to need no 
demonſtration : but that thoſe quantities will not admit of any other di- 
viſors than ſuch as are obtained by the foregoing method, will not per- 
haps be ſo obvious to every one; this therefore I ſhall endeavour to e- 
vince by the following demonſtration. ; 

Let abc be any number whoſe prime diviſors according to the laſt ar- 
ticle are a, b and c, and conſequently whoſe compoſite diviſors are ab, ac, 
be and abe; I fay then that this number will admit of no other diviſors 
| beſides theſe, either prime or compoſite, And firſt I fay it will admit of 
no other prime diviſors: for let d be any prime number different from 
any of the prime numbers a, ö and c; then ſince 4 and d are two un- 
equal prime numbers, they muſt neceſſarily be prime to each other; and 
the ſame may be obſerved of the numbers & and d, as alſo of the num- 
bers c and d. Since then the numbers a and & are both prime to d, their 
product ab will be prime to d, by art. 195: in like manner, ſince the 
number ab and the number c are both prime to d, their product abc will 
alſo be prime to 4; therefore 4 can be no diviſor of the number abc ; 
and the fame will be true of any other prime number whatever that is 
different from the numbers à, & and c. I fay in the next place, that 
the number abc will admit of no other compoſite diviſors beſides thoſe 
already ſpecified; for we have aſſigned all the compoſite diviſors that 
can poſſibly be formed out of the prime diviſors a, b and c; and we have 
alſo ſhewn that there are no other prime diviſors from which any other 
compoſite diviſors can be derived. 2. E. D. i | 

N. B. That the numbers à and & found as above directed are prime 
numbers as well as the number c (which is ſo by the ſuppoſition) will 
be evident from hence; that if à was not a prime number, it would ad- 
mit of ſome diviſor as e, leſs than itſelf; finee then e divides a, and a 
_ divides the number abe, e would alſo divide the number abe; whence a 
would not be the leaſt diviſor of that number, contrary to the ſuppoſi- 
tion; therefore a muſt be ſome prime number; and the ſame may alſo 
be proved of 5, which is (by the ſuppoſition) the leaſt diviſor of the firſt 
quotient bc. a: ets 4 

409. If a quantity, after having been divided by all it's fimple diviſors, 
remains ſtill a compound quantity, and there be any ſuſpicion that it will 
admit sf ſome compound diviſor, range it's ſeveral members according ts the 
dimenſions 7 'ſeme letter in it; then ſubſtitute for that letter three or more 
terms of this arithmetical progreſſion, 3, 2, 1, o, —1, —2 z which done, 
place the numbers reſulting from theſe poſitions over againſt them, together 
with all their diviſors both affirmative: and negative; or if the negative di- 
wiſors be not put down, they are at leaſt to be underſtood: laſtly, ceragainſt 

_ | Nnnn theſe 
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theſe drvijors put down all the decreaſing arithmetical progreſſions that can be 
made out of them, running from the higheſt to the Joweſt rank, as do the 
terms of the progreſſion 3, 2, 1, o, —1, —2; but the difference of the 
terms of the progreſſions made out of the diuiſors muſt either be unity, or 
ſome other number that will divide the higheſt power of the dividend propo- 
fed : if any ſuch progreſſion can be found, take that term which ſtands againſt - 
© in the frſt progreſſion, 1, o, —1 &c, and dividing it by the common 
difference of the progreſſion, join the quotient with it's proper fign to the let- 
ter according to the dimenſions whereof the dividend was diſpoſed, and you 
ten hade a quantity with which a diviſion is to be tried. ET 
As for example, let the quantity whoſe compound diviſor is fought 
be xi—xx—10x+6. Here ſubſtituting the terms 1, o, —1 for x ſuc- 
ceſſively, I find the numbers reſulting from theſe poſitions to be —4, 
6, 14 ; theſe therefore without regarding their ſigns, I place together 
with their diviſors, over againſt the reſpective terms of the progreſſion 
from whence they ariſe, in the manner following : 


4 414, 6 | + 4. 
o 0: ty & „ . 1 +2 
— I4 1, 2, 7, 14. 2. 


Then becauſe the higheſt power of the dividend, to wit &, admits of 
no numeral divifor but unity, I look amongſt the diviſors to find an 
atithmetical progreſſion wha common difference 1s unity, and whoſe 
terms Ao after the ſame manner as the terms of the firſt progreſſion 
1, 0, —1 ; and of this fort of progreſſion I find amongſt the diviſors 
but one, to wit, 4, 3, 2; the number 4 being one of the diviſors that 
ſtand overagainſt 1, the number 3 one of thoſe overagainſt o, and the 
number 2 one of thoſe overagainſt —1 : of this progreſſion 4, 3, 2, I 
take the number 3 that ſtands overagainſt o, and joining it with the 
letter x, I try a diviſion with the quantity x43, and find it ſucceeds ; 

for i—xx—10x-+0 being divided by x quotes xx—4x+2 with- 


- 
* 


out any remainder. 4 | 
Again, let the quantity whoſe compound diviſor is ſought be 6y%—: 
—21y+2y-+20. Here putting 1, o, —1 ſucceflively for y, the numbers 
reſulting are 7, 20, 3, which together with their diviſors I put down 
overagainſt the terms 1, o, —1 from whence they ariſe, in the manner 
following : 
T | r 7 . l. 
9201, 2, 4, 5, 10, 20. | 4, 5, — 1, — 2, 
| N | I. 3. —3.—3. | 
Then examining the diviſors, I find amongſt theni four decreaſing arith- 


metical 
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metical progreſſions, to wit, 7, 4, 1 whoſe common difference is 33 7, 
5 3 whoſe common difference is 2; 1, —1, —z whoſe common dif- 
erence is alſo 2, and —1, —2, —3 whoſe common difference is 1. 
Since then all theſe common differences will divide 6, the coefficient of 
the higheſt term, I try with them all one after another thus : I firſt 
begin with the firſt progreſſion 7, 4, 1, and dividing 4, which ſtands 
overagainſt o in the firſt progreſſion 1, o, —1, by J, the common dif- 
ference of the terms of the progreſſion, the quotient is +; this I join with 
the letter y, and fo try a diviſion with y ++, or (which is all one) with 
3 ＋4, and it ſucceeds ; for if 6y—y—21yy+3y+20 be divided by 
3y4-4, the quotient will be 2y—3zy—3y+5 without a remainder, 
hen I conſider the next W mays 7, 5, 3, and dividing 5, overagainſt 
o, by 2, the common difference of the progreſſion, I try a diviſion with 
„or (which is all one) with 2y+5; but the operation does not ſuc- 
ceed. In the third place I try with the next progreſſion 1, —1, —z, 
and dividing —1, overagainſt o, by 2, the common difference of the 
progrefſion, I try a diviſion with y—, or (which is the ſame thing) 
with 2y—1 ; but neither does this operation ſucceed. In the laſt place 
I try with the laſt progreſſion —1, —2, —3, attempting a diviſion with 
z; but neither does this ſucceed: ſo that upon the whole matter, the 
quantity propoſed admits of but one compound diviſor, to wit 3y+4. 
_ Laſtly let the quantity propoſed be 244 — 504%+4949%—1404*+649 . 
zo. Here ſubſtituting 2, 1, o, —1 ſucceſſively for 4 (becauſe the 
dimenſions of the quantity propoſed run pretty high,) the numbers re- 
ſulting are —42, —23, +30, —297 ; theſe, without any regard to 
their ſigns, I put down with their diviſors overagainſt the terms of the 
progreſſion as follows: 5 


2 | 42 | 1,2, 3, 6,7, 14, 21, 42. +3, +3, +7> 
I +1, —1, +1, 
| O JO i I, 2, 3. 55 65 10, 15, 39. e 3 5 
—1 | 297 | 1, 3, 9, 11, 27, 33, 99, 297. —3, —9.—11. 


Then examining theſe diviſors, I find three decreaſing arithmetical pro- 
greſſions, to wit 1ſt, 3, 1, — 1, —3; 2d, 3, — 1, — 5, —9; 3d, 7, 
1, —5, —I1: of theſe three progreſſions I take the terms overagainſt 
o, to wit —1, —5, —5, and dividing them by the common diffe- 
rences of their reſpective progreſſions, to wit 2, 4, 6, I have three quan- 
tities to try with, namely 2—, 4— , and a—;, whereof only the laſt 
42— or 64—5 ſucceeds, the quotient being 44 — 58 +449%—20a—6. 

If no diviſor can be diſcovered this «way, we may ſafely conclude that the 
quantity propoſed admits of no compound diviſor of one dimenſim : but not- 


on H 2 wWithſtanding 


5.52 THE INVENTION OF DIVISORS, Book ix. 
withſtanding all this, it may ſtill have a diviſor where the indeterminate 
quantity ariſes to two or more dimenſions, as will preſently be ſhewn. 
But firit I ſuppoſe it will be expected that I give ſome explication of the 
method already deſcribed, which ſhall be done in the next article. 
410. If the quantity x*—xx—10x-+6 be divided by x3, the quo- 
tient will be xx—4x-+2 as in the firſt example, without any remain- 
der; and as there is nothing in this diviſion that reſtrains x to any one 
ſignification rather than another, but that it is left abſolutely indetermi- 
nate, it is evident that the concluſion muſt be univerſal; that is, if x 
be put equal to any whole number whatever, the number x-+3 will be 
a diviſor of the number - * — 10x +6, and the quotient will be 
X**—4x4+2. As for inſtance, make x10 ; then you will have the di- 
vidend x*—xx—1ox+6=1000—1I00—100+6==806, and the divi- 
for x+3=10-+3==13, and the quotient xx—4x+2==100—40-+2 
— 3 Therefore 13 is a diviſor of the number 806 ; and if the num- 
ber 806 be divided by 13, the quotient will be 62 ; both which upon 
tryal will be found to be true. . mn” yy” 
This being obſerved, in order to prepare the reader for what follows, 
let the quantity axi+bx*+cx-+d admit of ſome compound diviſor of one 
dimenſion, which we will ſuppoſe to be ex A, and let the quotient be 
gx N E, the ſigns + ſignifying no more than that the quantities to 
which they are prefixed are to be added to the foregoing according to 
the common rules of addition, whether they be affirmative or negative : 
then it is plain that the quantities ax*+6bx*+cx+d muſt conſtitute a 
whole number, as alſo the quantities ex F another whole number, let 
the value of x be what it will, provided it be a whole number. This 
(I fay) is plain; for it is only upon this ſuppoſition that the rule in the 
laſt article can have any place; therefore a, 6, c, d, e, F muſt be whole 
numbers; for if any of them were fractions, ſuch values might be aſcri- 
bed to x as would make the numbers conſtituted by them fractions. It 
is evident alſo from the ſuppoſition, that the quotient gxx+hx—+# mutt 
be a whole number, what whole number ſoever x is made to repreſent ; 
for to ſuppoſe, that in all cafes of x, the whole number ex+f'is a diviſor 
of the whole number ax3+bx* &c, is to ſuppoſe the quotient a whole 
number; for otherwiſe any number whatſoever may be ſaid to be a di- 
viſor of any other; therefore g, h, & are whole numbers. | 
Let us now ſuppoſe x=, and we ſhall have ax*+bx*+cx-+d=2 
Ted, and ex+f=e+f; therefore if this reſulting number a 
ed, together with it's diviſors, be placed overagainit 1, accordin 
to the rule of the laſt article, the number e F will be one of thoſe 
diviſors. 0 | 


Again, 
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Again, let x=0; then we ſhall have ax%+bx*%+cx-+-d=d, and 
ex+f=f ; therefore if 4 with it's diviſors be placed overagainſt o, the 
number F will be one of them. 3 b 

Laſtly, let x==—1 ; then we ſhall have ax*+bx*-+cx+d=—2a-+6 
cd, and ex+f=—e+f; therefore if the number —a+bh—c+4 
together with it's diviſors be placed overagainſt —1, the number —e-+-f 
will be found amongſt them: but the diviſors e+f, , and —e+f form 
_ a decreaſing arithmetical progreſſion, the common difference whereof e, 
is the number by which x muſt be multiplied to make ex part of the 
diviſor ſought, and whereof the term f, ſtanding overagainſt o, being ad- 
ded to the part ex, will make ex+f a compleat diviſor ; therefore if 
au- X cx d admits of any compound diviſor ex. of one dimen- 
ſion, there muſt occur ſuch a progreſſion as we have here deſcribed; 
though it does not follow e converſo, that wherever there occurs ſuch a 
progreſſion, the quantity propoſed will admit of a compound diviſor of 
this kind. But to avoid (as far as poſſible) all fruitleſs enquiries, the 
author of this rule excludes all ſuch progreſſions whoſe common diffe- 
rence will not divide a, the coefficient of the higheſt term ax, and that 
very juſtly ; for if ax* &c be divided by ex &c, the firſt term of the 

| a | 

quotient will be — x x = gxx; whence —==g a whole number; there- 
fore e muſt be a diviſor of a, 1 5 | 

If it be demanded why the author, after having obtained the quanti- 


13 


ties e and f conſiders the diviſor firſt as x +- ug before he reduces it to 
ex+f, the reaſon is plain; for it is poſſible that F may be diviũble by e, 


in which caſe 7 will be a whole number, as J; or if not fo, yet 1 may 


ſometimes be reducible to leſs terms, as tl and whichſoever of theſe 


caſes happens, the diviſor x+/ in the former caſe, or mx in the. 


latter, will either of them be a more ſimple diviſor than ex AF. Theſe 
caſes will happen when the practitioner uſes not the ſimpleſt progreſſions 
that are to be found amongſt the diviſors, that is, progreſſions whoſe 
terms admit of no common diviſor. my 

If it be objected, that a quantity may admit of a diviſor of this form 
ex AV and that the author's rule, that preſcribes only decreaſing pro- 
greſſions, will not find it; I anſwer, that whatever quantity can be di- 


vided by —ex-+f, can alſo be divided by it's contrary +ex—f'; and 


this is a diviſor which the author's rule will find wherever it exiſts, 


Fat 
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411. If the quantity propoſed riſes not to above three dimenſions, and ad- 
mits of RA 40% 3 57 f muſt neceſſarily have 5 1 diviſor 
one dimenſion, which being found 7 the foregoing rule, and dividing the 
quantity propoſed, the quotient will be the other diviſor : but if it fs fo 
above three dimenſions, and hath no drviſor of leſs than two, ſuch a diviſor 
muſt be found by the following method, 5 * 
Teil x be the indeterminate quantity of whoſe powers the quantity propo- 
fed conſiſts ; then ſubſtituting the terms of this progreſſion 3, 2, 1, o, —1, 
2 facceſſtvely for x, and putting down overagainſt them the numbers re- 
Wit together with all their affirmative diuiſors, as before, the negative 
ones being 1 ect, multiply the ſquares of the terms of the progreſſion by 
fome numeral arviſor of the higheſt term of the quantity propoſed, which wwe 
will call e, and put down the products ge, 4e, le, o, ie, 4e overagainſt 
the terms of the progreſion. This done, ſubtract theſe products from all the 
iviſors of their reſpective ranks, both affirmative and negative, and put 
down the remainders in the ſame ranks under their proper ſigns ; then try 
if in Paſig from the higheſt to the Ioweſt rank of remainders, you can find 
an arithmetital progreſſion of any ſort, whether increaſing or decreaſing ; if 
one or more ſuch progreſſions can be found, put them down overagainſt the 
terms of the firſt progreſſion, and then examine them one after another thus : 
let (in any of theſe progreſſions) g be the term that ſtands overagainſt o 
in the firſt progreſſion ; then ſubtracting this term Sg from the next above 
it in the ſame progreſſion, let the remainder be f; I ſay then that the 
compound quantity with which the diviſion is to be tried, will be exx x 
=g. But if no diviſor can be found this way, try another diviſor of the 
coefficient of the higheſt term of the quantity propoſed for e, and ſo proceed 
on till you have paſſed over all the affirmative numeral divifors of the high- 
| ef term; and then if no compound diviſor can be found, it will be an in- 

fallible argument that the quantity propoſed admits of none. 

One example will be ſufficient to illuſtrate this rule. Let then the 
quantity propoſed be x*—x%— 5xx+ 12x—6, Here ſubſtituting the num- 
TS 3, 2, 1, o, —I, -—2 ſucceſſively for x, I find the numbers reſult- 
ing to be 39, 6, 1, —6, —21, —26; theſe, without any regard to 
their ſigns, together with their diviſors, I put down as uſual; then mul- 
tiplying the ſquares of the terms of the progreſſion by 1, which is the 
only affirmative numeral diviſor of x*, the higheſt term of the quantity 
propoſed, and putting down the products , 4, 1, o, 1, 4 overagainſt 
the terms of the progreſſion, I ſubtract ꝙ from all the diviſors of it's 
rank, both affirmative and negative, that is, from 39, 13, 3, 1, — , 
—3, —13, —39, and the remainders, to wit 30, 4, —6, —8, —10, 
—12, —22, —48, I place overagainſt ꝙ in the higheſt rank: the ſame 
I do with the next number 4, with reſpect to the diviſors of it's rank; 


and 
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and ſo of all the reſt, Then I examine the remainders, and find among 
them two arithmetical progreſſions paſſing from the higheſt to the low- 
eſt rank, to wit, 4, 2, o, —2, —4, —6, and —6, —3, o, +3, +6, 
+9, both which I put down overagainſt the terms of the firſt progreſ- 
ſion 3, 2, 1, o, —1, —2, In the former of theſe two progreſſions I 
find the term —2 ſtanding overagainſt o in the firſt progreſſion; there- 
fore g=—2 ; this ſubtracted from o, the next term above it in the ſame 
_ progreſſion, gives -+2 for /: hence, ſince e=1, the diviſor to be tried, 
drawn from this progreſſion, will be xx-+2x—2. In the other pro- 
greſſion I find the term overagainſt o to be 3; therefore g==3 ; and this 
ſubtracted from o above, leaves —3 for /; therefore the diviſor from 
this progreſſion, by which the diviſion is to be tried, is xx—3x-+3. 
I try them both, and they both ſucceed ; that is, if the quantity propo- 
{cd be divided by either of theſe diviſors, the quotient will be the other. 


3] 39 39, 13, 3, 1.| 9 | 30, 4 —6, —8, —10, —12, — 22, —48.] 4, —6,] 
21 8 6, 3, 2, 1.4 2, — Il, 2, —3, — —6, 7. 10. 2, 35 
3 


. 10, —2. | o, o, 
| | 


Y 6 | 6, 3» 1. 0 6, 3, 2, I, —1, —2, =, 6.) —2, 3, 


—1 21 237 75 35 n 120, 6, = hw 1 —4, —8, 22. —4, 6, gs 
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Theſe operations may (when they want it) be contracted a little thus: 
let p, q, r, s, t, v be the numbers reſulting from the pofittons 3, 2, 1, o, 
—1, —2, and as ſuch let them be put down wveragainſt them; then if the 
extreme numbers p and v be pretty large, or contain many diwiſors, let theſe 
diviſors, as well as the remainders arifing from them, be omitted, and try 
if you can find an arithmetical progreſſion paſſing through the remainders ber 
longing to the intermediate numbers q, r, s, t: if ſuch a one can be found, 
let the terms be 2 fg, f g, g. — f- g; then it is plain that in this 
progreſſion, the next term above 2f-+g will be 3g, and the next below 
—f+g will be —2f+g: add the number ge to the term 3t+-g, and try 
whether the number ge fg will divide the number p; if it does, then 
add alſo 4e to —2t+g, and try whether the number 4e—2i+g will di- 
vide the number v: if this diviſion alſo ſucceeds, you will then have as full 
a progreſſion to try with, as if the diviſors and remainders of the extreme 
numbers p and v had been put down : but if neither, or but one of theſe di- 
viſions ſucceeds, it is an argument that the progreſſion thus found was acci- 
dental, and did not ſpring from any compound . All this is manifeſt 
from the rule already laid down, | 1 
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If the coefficient of the higheſt term of the quantity propoſed admits 
of many diviſors, they may create the Analyſt ſome trouble; but in 
moſt caſes where this invention of diviſors is of any uſe, I mean in ſink- 

ing equations from higher to lower forms, this coefficient will gene- 

lly be unity, or may eaſily be made ſo if it happens to be otherwiſe, 
as will be ſhewn upon another occaſion. N eh wet 

VN. B. In the directions here given I have taken the liberty to vary 

from my author in a circumſtance or two of no moment as to the 
concluſion, | ot e 13 | 

412. After what has been delivered in the laſt article but one, little 
needs be faid in explication of the laſt. For let any quantity have a di- 

viſor of this form ex*+fx+g ; then it is plain that e, the coefficient of 

the higheſt term of the diviſor, muſt be ſome numeral diviſor of the 

well _ Higheſt term of the quantity propoſed, from what was proved in art. 4.10. 
14 = ; It is evident alſo that if x be made equal to 3, the diviſor ex A g 
or will be ge+2/+g ; if x=, the divider will be 4e+2/—+g, and ſo on: 

therefore amongſt the ſeveral diviſors ſtanding overagainſt the terms of 
the progreſſion 3, 2, 1, o, —1, —2, there will be found theſe in parti- 
_ cular, running from the higheſt to the loweſt rank, to wit, gez fg, 
4e+2f+g, eg, g. Hg, 44—2/+g8 ; therefore after the num- 
bers ge, 4e, le, o, le, 4e are ſubtracted from all the diviſors of their re- 
rom ranks, there muſt be found running through the remainders, . 

is arithmetic progreſſion, 3/-+g, 2/+g, jg, g. Vg, —2 g: 
therefore e converſo, whenever ſuch a progreſſion occurs, it ought to be 
tried whether it will furniſh out a compound diviſor or not. 

If F be negative, that is, if the diviſor be of this form, ex*—fx=-g, 
the progreſſion produced by it will be an increaſing arithmetical pro- 
greſſion, as —3 g, —2f==g, —f==g, ==g, +/==g, +2/==g. 

Laſtly, if / be equal to nothing, that is, if the diviſor be of this form, 
exx==g, the terms of the progreiſion (if in this caſe I may call it fa) 
will be all equal to g, and to one another. 

4123. If the quantity propoſed be made out of the powers of two different 
letters, jo as to have all it's terms of the ſame number of dimenſions, in- 

4 ſtead of one of the letters put unity; then finding (by the foregoing rules) a. 
a compound diviſor, if any ſuch there be, fill up the deficient dimenſions of the 
divifor by thoſe of the letter that was before ſuppreſſed, and you will have 
the diviſor compleated. 

As for inſtance, let the quantity propoſed be 6y%—ay—2 14% - 34 
Ada, every term whereof conſiſts of four dimenſions, either of the 
letter y, or of the letter 4, or of both together, Here then ſubſtituting 
1 for 4, the former quantity will be changed into this, 6 - —2 14 
55 | N Yao, 
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—+3y-+-20, whereof 3y＋4 is a compound diviſor found in art. 409. 
Now as 3y, the firſt term of this diviſor, hath one dimenſion of the let- 
ter y, and as the other term 4 hath no dimenſion of any letter, I ſup- 
ply one dimenſion from the letter a, and fo make the diviſor 3y4+4. 
Again, let the quantity propoſed be xt—ax*— g , Taz a: 
this quantity, ſubſtituting x oe a, becomes xi——x%—5x*+ I2x—b, 
whereof xx-+2x—2 is a compound diviſor found in art. 41 1: ſupply 
the deficient dimenſions of this diviſor from thoſe of the letter a, ſo 7 


every term may have two dimenſions as well as the firſt, and it will be 


KX=h 24X—240, © 


414. No one can be ignorant of the reaſon of the rule given in the 


laſt article, but he who is too lazy to try it; for if he will giye himſelf 
the trouble to divide, firſt the quantity 69—y%—2 19*+ 33-20 by i 


and then the quantity 6y—ay—214%%*+34%y204t by zy- HE4a, he will 


eaſily ſee that the numeral parts of both diviſions are and muſt be the 


ſame; which may alſo be obſeryed of the quantities belonging to the ſe- 


cond example. 

As there are but few quantities that admit of compound diviſors in 
| campariſon of thoſe that do not; if the learner has a mind to exerciſe 

_ himſelf in more examples of this kind beſides thoſe we have here given, 
the beſt way will be for him, firſt to aſſume ſome d r quantity, 
and then to multiply it into any other of what form he pleaſes, pro- 
vided it does not aſcend to above two dimenſions; for then he may aſ- 
ſure himſelf that the product when obtained will have at leaſt one com- 
pound diviſor, to wit the multiplicator. | | 

There are ſame other caſes wherein compound diviſors may be dit. 
covered; but they are fo very troubleſome, and happen fo very rarely, 
_ I think they will ſcarce juſtify my inſiſting any longer upon this 
ubject. 0, 7 


* 


— 
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BOOK IX. PART IV. : 
/ the Arithmetic of ſurd quanlities. 

Hi G as yet but ſlightly touched upon the goctrine of ir- 


rational or ſurd quantities as occaſion required, and being now 

obliged to enter more deeply into ſuch parts of it as are of any 

uſe in the refolution of cubic and biquadratic equations, I 
ſhall take this opportunity to give it the reader entire and in one view, 
that he may know where to have it whenever he has accation for it. 
009 Note. 


R 4 2 = LS - 
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_ Note. Veer ive fue the ſquare root of 0; Va or Va ſignifies 


as third or cube root of a; 1 a the fourth or biquadrate root of 45 chat 
i 9 a quantity whoſe ſquare ſquared is equal to 9: 


DzxFINITINONS. 


a1 5. # rational number is that, whoſe ratio or proportion to unity can 
be expreſſed in finite numbers; and 75 comprebends all whole numbers, mixt 


numbers, and proper fradtions : thus 21 is a rational number, becauſe 2 
is to I as 11 to 4. Therefore an irrational number is that whoſe ratio to 
unity cannot be expreſſed in finite numbers: thus if the diameter of a cir- 
cle be repreſented by unity or 1, the circumference muſt be repreſent- 
ed by an irrational 4 becauſe the ratio of the circumference to 
the diameter cannot be expreſſed by finite numbers: thus V2 is an ir- 
rational number, becauſe no numbers are ſubtil enough to expreſs it's 
ratio to unity, as hath been amply ſhewn in another part of this treatiſe. 
New this laſt irrational number, to wit Va, and all others involving the 
roots of numbers that are not to be extrafted, are particularly called Surds ; 
cd. 16 In of UAV nk Of Qanney Wo ae now to forgt, 0 


75 reduce ſurds of di Herent roots to others of the ſame root. 


416. This was done in art. 379, paragraph 8, and I ſhall here do it 
again after another manner, thus, Let it be required to reduce the ſquare 


root of 2 and the cube root of 3 to equal ſurds of the ſame root : now 
as the index of the ſquare root is 2, and that of the cube root 3, and as 
the leaſt common multiple of 2 and 3 is 6, * raiſe both roots to the 


ſixth power, thus: put x for Ha, 2 y for V 33 un we ſhall have 
K =, and x*=8 ; * 3 8: again, as 5 NV, we have 


* g, and y*=9, and i 9; therefore the ſquare root of 2, and the 
cube root of 3 are the ſame with the 17 root * 8, and the ſixth root : 


of 9 reſpectively. Univerſally thus; let = a 285 . b be required to be 
reduced: to do this, I reduce the fraftion = 7 to it's leaſt terms, and 


in that ſtate call it - — ; then will ms, which is equal to nr, be the leaft 


common multiple of the tao indexes m and n, 2 in art. 1 77, cordl, 8 


ler us call this common multiple p, and put x for oy a; then we ſhall have 


"WIT 
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. £ P. 1 92 : 
ra; raiſe both fides of the equation to the power m, which is dane by 


mnultiphing both indexes by the index E, and you will have * Ad: but - 
p- ms, as above, and 55 s: therefore , and X Ar. In like 
n P 
manner if y be put for Ib, we ſhall have y*=b, and ye bb; 
whence y b: ſo that the ſurd Ma and b, when reduced to the ſame 
root, are equal to Ve and * bi reſpectively. . HE 
Of the addition and ſubtraftion of ſurd quantities. 
417. Surd quantities of different denominations, generally ſpeaking, are 


no more capable of addition or ſubtraction than algebraic quantities are: 


thus the ſumof V and /2 is V3 NV, and their difference / 3—\/2. 


But ſurds of the ſame denomination may be added or ſubtracted as eafily as 55 


any ther quantities that are of the ſame denomination : thus 3 . lo 10 
==5y/ 10, and 3/10—2/10=\/10. And univerſally, if * | 
of the ſame root are ſuch, as that, ſetting afide the common radical fign, 
one is to the other as any one ſquare number to another when they involve 
the ſquare root, or as any one cube number to another when they involve the 
cube root, &c ; I ſay then that theſe two ſurds are capable of being re- 
duced into one, either by addition or ſubtraction as occaſion requires. As 
if a and b fignify two quantities, whereof a 1s the greater, and whereof a 
is to b as & to d.; I ſay then that Va and Ab are capable of addition and 


ſubtraFion : for fince a is to b as c' to d', we have a= © xb, and \/a 


= b and ib xb, and 8 h. 


Thus /B+\/2=34/ 2, and -V N for ſetting aſide the 
common radical ſign, 8 is to 2 as 4 is to 1, that is as one ſquare num- 
| c C—d 


ber to another; and therefore in this caſe c=2, d=1, ==, 
=I. Thus /18+//8=%/8, and ISV NN. 
Of the multiplication and diviſion of ſurd quantities, 


418. Whenever one 2 quantity is to be multiplied or divided by ans- 
ther, reduce them firſt to the ſame root (by the laſt article but one) if they 
O O O O 2 bo 
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be not of the ſame root already; then ſetting afide the common radical ſign, 
multiply or vide one quantity by the other, and prefix the common 2 


cal Jon to the praduct or quotient. Thus Vax gives Jab, be] j= 


Vs - . SIA 75 U. ; Ge; all which I thus demonſtrate. | 
* 


Make Va=sx, and /b=y; then we ſhall have s, and 7, and 
* ab, and xy Vab, that 1 is, Van ab: we have alfo — = 


ge 
and > = V. that is, 2 ns. Again, if = e and . 


we ſhall have x a, and rbb, and xe ab, and — * 2 z whence xy 


oth, 5 * «aj 5 
| Other examples of this fort of mule PR. and _—_— are as follows. 
I. Wy ng POS o. Hohen ge fe. 
2. /b or axyb=y/&xyb=y/&b, 5 
- v . * * 2 
R | i. 
: af @ at * | 
+ FF” 7. 11. Vac abc. 
12. HX 
5. e e e | V8 
& COTS V | 13.7 42. | 
7. . 5 14. CV vos 
8. = 5 | 1 5. 249 3229“ 3284 —3 =. | 


16. The ſquare of PAP, . 5+24/6. 


17. n of Va LN e V 33 =I14/2+ 
937 3* -- 


To reduce roots from higher to lower denominations. 


41 5 This is done by drviding both the index of the root, and the index 
of the power whereof it is the root by their greateſt common meaſure, and ſo 
ing the new indexes inſtead of thoſe from bene they were derived. Thus 


Vat 
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F 4 13 | 75 | 
| e thus ae for make x=], then you will have 
v, a; extract the cube root of both ſides, ſince both the indexes 12 


and 15 can be divided by 3, and you will have x. .; whence x= Va,. 


To reduce ſurds, when poſſible, from higher to lower terms. 


420. This is done by taking off the radical fign, and then reſolving the 
number to which it was prefixed into it's prime factors or diviſors by art. 
407 ; for if any of theſe factors be twice or thrice repeated, or oftener, 
the number to which the radical fign was 1 may be reſolved into the 
product of a ſquare and non-ſquare number when the ſquare root is concern- 
ed, or into the product of a cube and non-cube number when the cube root 
ic concerned, &c; and ſo it's ſquare or cube roct will be reduced to the 
ſquare or cube root of a Her uantity multiplied into ſome rational number, 
As if 73 50 be propoſed ; this number 73 50=2x3x 5x 5xX7x7, where- 
of 5*5Xx7x7 is a ſquare number, whoſe root is 5x7==3 5 ; and the other 
part 2x3 or 6 is a non- ſquare; therefore 73 50==3 5x3 5x6, and 73 50 
23570. Again, let 7288 be propoſed ; this number 288==2x2x2x2 
X2X3XJ, Whereof 2x2x2x2x3x3 is a ſquare number, whoſe root is 
2X2x3 or 12, and the remaining factor 2 is a non-ſquare ; therefore 


3 | | 
V288=12y/2. Laſtly, let 796 be propoſed ; this number 96==2x2x 
2X2x2x3, Whereof 2x2x2 is a cube number, whoſe fide or root is 2, 


and the other part 2x2x3 or 12 is a non-cube; therefore 796 22/12. 


To free the denominator of a fraction from all radicality, 
where the ſquare or biquadrate root, or both are con- 


cerned. 


421, This will beſt be ſhewn by examples, which let be theſe that 


follow. | 
Let the denominator of any fraction be 4/6 ; then if both the nume- 


rator and denominator of that fraction be multiplied by y/6, you will 

have the denominator equal to þ a rational number. In like manner if 
| S 

the denominator of a fraction be Hab, multiply both it's terms by 


1 | 1 
ya-+6, and you will have the denominator equal to Vat; multiply 


now both terms by y/a-+6, and you will have the denominator equal to 
a+b a rational number, | | 


Let 


24 
— —ä—ꝓ— .́ ew N 
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Let the denominator be Va-; then multiply both terms by 7 
, and you will have the denominator equal to a—b a rational number. 
Let the denominator be ya+y#+yc; multiply both terms by 7/4 
＋ e, and you will have the denominator equal to a+b—c+2y ab: 
make a+b—c==d, fo that the denominator may be d--2yab ; then 
if both terms be multiplied by 4—2y6, you will have the denominator. 
equal to dd—446 a rational number. | 


Laſtly, let the denominator be /a-+1/b ; multiply both terms by /s 


8 4 a 
= b, and you will have the denominator equal to a—y/bb=a—y6 ; 
multiply again by a+1/6, and you will have the denominator equal to 


aa—b a rational number. 


To extratt the [quare root of any binomial, WI two parts 
when ſquared are commenſurable to each other. 


422. Note, that under the name of a binomial T here, as well as in other 
Places, underfiand two quantities connected together by + or —, though 
the latter by ſome be called a refidual. 3 

Let the binomial whoſe ſquare root is required be a; then it is plain 
that a muſt be the greater part; for if it was otherwiſe, a—b would be a 
negative number, and could have no ſquare root: let x+y be the ſquare _ 
root of a-+6, and let x—y or y—x, according as x is greater or leſs 
than y, be the ſquare root of a—b ; then we ſhall have xx 2xy+ 
=a-+b, and xx—2xy-+yy=a—b ; and theſe two equations will be the 
fame, whether x repreſents the greater or the leſſer part of the root ſought; 
ſo that the fame operation that gives one part muſt give the other allo. 
Add and ſubtract the equation x*—2xy-+y*=a—b to and from the equa- 
tion x*+2xy+y*=4-+6, and the reſulting equations will be 2x*%+2y* 
Daa, and 4xy=26 ; the Toner Puke y=a—x*, and the latter gives 


22 therefore . and . and changing 


2 


the ſigns, Et rags f and compleating che {quare,” x—axt + 1 
. — 4 : ſubſtitute 58 inſtead of ag—bb, and you will have a 
+ 7 == extract the ſquare root of both ſides, and you will have 
Po === ; whence nx ; that is, the ſquare of the greater 


a. . 


part 


* 
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part w will be = and the ſquare of the leſſer part will be © =; there 


V 


fore the Ae root fought will be V= acer di as b is 


affirmative or negative. 

And here it muſt be obſerved, that If a* and b- be commenſurable fo 
each other, one may be expreſſed in parts of the rol and ſo the difference 
a—b, and conſequently s, will be but one fimple quant ty, rational if the 
d: iſſerence of the ſquares of a and b happens to be a ſquare number, and ir- 
rational if otherwiſe : but if a* and b be incommenſurable to each other, 


the root ſought will be more embarraſſed, and will not come down to that de. 


gree of ſimplicity which the intent of this problem is to nd out wherever 
it is to be met with. 


The ſynthetical e e of the foregoing theorem is as follows. 


We are to prove that _ =*: 9 = is the ſquare root of the bino- 


mial a2; or (which amounts to the ſame) we are to prove that the 


ſquare of the former is equal to the latter, Now the ſquare of the ſum 
or difference of any two numbers is found by increafing or diminiſhing 


the ſum of their ſquares by their G_ product: but the ſquare of 


VE; is —_—_ and the ſquare of V= - is = and therefore the 
ſum * the 3 of the two parts of this binomial root is 4. Again, 
/a+8 8 44. — 1 


— * gives V 


42 — 11 bb 4447 


Sant, therefore V * the rectangle of the 


but n and therefore aa—ss 


two parts, equals 2 2 and the double rectangle is 5. Increaſe now or 
diminiſh a, the 4 of the ſquares above found, by 5, the double pro- 


as 4—5 


7 


duct of the parts, and you will have the _ of Yr 


a==b. Q. E. D. 
E x A M p I E . 


Let the ſquare root of this binomial 3278 be required. Here z, 


+5 
==, &—0 or f=9—8==1, Sr, — (or the ſquare of the 


s (or the ſquare of the leſſer part) =1 ; whence 
| the 


a 
greater part) =2, 


. 


„ — 2 — 
9 


f 


— - — 4 _ 
_ 5 — — 


* — 
K = — 


— JJ 
— % 


W 


8 o 
* — — 
— - X = 
* — 2 < _ 
nx. _ 
2 — 
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Wl | the root ſought is /2==1, as will further appear upon tryal ; for the 
| | ſquare of 2 is 2+1==2/2=3=}8.. 


98 5 Ex AM L E 3 - 
Let hs ſquare root of 5 24 be required. Here gb, 8 24, 
. — — =2; whence the root fought i is V3=v2. But 


here perhaps it may be objected, that certainly the moſt direct way of 
extracting the ſquare root of the binomial 5224 would be to extract, 
as far as occaſion requires, the ſquare root of 24, and then again the 
ſquare root of 5+\/24 or 5—\/24 ; whereas after the extraction of the 
root this way is over, we have {till two roots to extract, to wit / 
and J, before we can come to the true quantity of the root Wedel | 
But whoſoever makes this objection, does not ſeem to enter into the true 
deſign of this analyſs, which is not ſo much to come at the true quantity 
of the root required, as it is to enquire into the nature and conſtitution 


of the binomial propoſed ; that is, what- rational or irrational quantities 
are the * — that enter into it's compoſition. 


* n EXAMPLE 3, 
* a Let the ſquare root oß this binomial, to wit, / 322724 be We 
3 Here then a=y32, b===/24, = 8, —— , — 
Lo, V32=Vv8. 


bo! _ : but 3224/2, and / 8=2y 2; therefore A 


= Nν¹⁰ eins, and v32 = Va: therefore the ſquare of the 
greater part is 4/18, hey the * of the leſſer part is Ha, and the 
an root required is V I 8/2. 


Ex AMI 4. 


Let the quare root of this quantity be required, to wit, rr 
Vr -x, whereof 7* is one part, and 2xx//4*—x* is the other. Here 
I make a=7*, and — P—x* ; whence a e, er & — 4, 


14 a+s 4 
W's = 4 —5 or =- 4K EAX, r- 2x“, —— r-, — xk; 


2 
therefore 7*—x* is the ſquare of one of the parts ſou ſought, and x* is the 


ſquare of the other ; fo that ms root required i is Arx. 
E x A M- 
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EXAMPLE 5. 


Let the ſquare root of this quantity be required, to wit, 2 = 
er (which is the fame _—_— the preſent caſe) let it be required to find 
the two parts ſeparately which compoſe the ſquare root of the aforeſaid 
=, , = &—b or # 
_ — D, Lr Dx the ſquare of 


quantity. Here a = 


Wi | Hh 2 
the greater part equals == —.— 
equals ——— ; whence the greater part is 1/022, the leſſer part 
22, and the whole: ---. In like manner, had 


| ng, V—z* | 
the ſquare root of the quantity EX * E been required, it would 


— 
« 
£ 


e 
* 


or the ſquare of the leſſer part 


Have been found to be t a- * 
EXAMPLE 6. 


Laſtly, let the quantity whoſe ſquare root is required be 6 78 
VV 12—y/24. To turn this quantity into a binomial, I make the affirma- 
tive part 6＋ 8 a, and the negative part — 0 12—\/ 24=—b ; then 
I have 4*=36+8++124/8==44+124/8, bF=+12+24+2,/288 : 
but 24+12==36, and 24/288=244/2=124/8; therefore þ*=436-- 
124/8; ſubtract this from 47, that is from 444+124/8, and you will have 


 &—bÞ or £==8, and =; therefore =Z=;+49/8, and — 


= z; therefore the root required is \/ 3-+//8—\/3, to wit — O73 
becauſe the ſign of 5 was negative: but J3＋- s was found in the 
firſt example to be 149; therefore the root ſought comes out at laſt 
I+Y/ 2—V/ 3: 
When more radical quantities than one are concerned in the given ſquare, 
their number muſt be either Ia, that is 3, as in the laſt example, or 
1+2-+3, that is 6, or 1+2-+3+4, that is 10, &c, as will eaſily ap- 
r from the next following article. 1 
But here the great Newton according to his wonted ſagacity makes 
an obſervation, which (though obvious enough when made) perhaps but 


P p p p - tew 
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few beſides himſelf eould have hit upon ; it- is this: When more roots 
than one are concerned in the given ſquare, and theſe are all incommenſti- 
rable, ſo as not to be reducible to fewer terms, the root ſaught will confift 
of more: than two parts; and theſe parts will- beſt be found thus : multiply 
any two of theſe radicals together, and divide the product by fuch a one of 
the remaining radicals as will make a rational quotient, and the ſquare root 
of balf this quotient will be one. of the parts ſought ; and ſo you may pro- 
cel 10 0 2 got as many different quotients as can be obtained this way : 

this — 61 ee guotients nil be equal to the number of parts in the 
root ſought, an 9 quotient will give a correſpondent part. Thus in the 
lf ITY v8 A v 8x 24. $i V 24 


S 4=2, T2 — F =; 


therefore all the di erent quotients that can be obtained are 2, 4, 6, whoſe . 
F halves are 1, 2, 3, whoſe /quare roots are 1, 4/2, V3: the three parts of 
the root ſought. Now as to the figns of theſe parts, they may be thus de- 
termined : the only affirmative radical. quantity in the given Jquare 1 is 8, 
X which 23 two parts of the root ſought, to wit, 1 and Vz; therefore 

8 > the figns of thoſe two. parts 1 and \/2 muſt be both alike : the next radi- 

K cal —y/ 12 is negative, and includes the parts 1 and Vz; therefore the 
ee of- thoſe two parts 1 and / 3 muſt be unlike : therefore the root re- 
* quired is 14+/2—\/ 7, or ILY 2+\/ 3, eitber of which will equally 
expreſs the root of the given ſquare. A 

423. In order to account for this laſt rule taken out of Newton' 8 Al- 
gebra, F muſt demanſtrate the following lemma, 

Let a and b be two irrational incommenſurabl⸗ quantities, but fuch whoſe 
ſquares a* and b* are both rational: I ſay then that a b the froducti of 
their multiplication will be irrational. For à is incommenſurable to 5 
ex hypothef; ; therefore ab is incommenſurable to /*; but # is rational; 
therefore 4h is irrational. Q, E. D. 

This being allowed, let there be a trinomial, as a - c, the ſquares 
of whoſe parts are all rational numbers; but let the parts es be 
either all, or all but one, irrational; let them alſo be incommenſurable 
to one another, ſo as to be incapable of being contraſted into fewer terms: 
then if we ſquare this Waal that by examining the compoſition we 
may he the better able to form a reldhition, we ſhall find the ſquare to 

be aa+2ab+2ac+bb+-2bc+cc,, whereof the parts aa+bb+cc compoſe 
a rational number, ſuch as was the number 6 in the laſt example; but 
the other three, to wit 246, 2ac, abe will be all irrational by the lem 
ma, ſuch as were the radicals Ft. 8, 12, 4/24 in the laſt example, 
Now whoſoever conſiders theſe irrational parts may eaſily obſerve, that 
every part of the ſquare includes two parts of the root, that the product 
of any two parts of the ſquare inches all the three parts of the root, 


1 


pn 
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and conſequently that if any of theſe products be divided by the remain- 


ing part, which takes in two parts of the root, there will be but ones 
ſingle part left in the quotient, Thus if 236 be multiplied into 2ac, the 
product will be 4aabe, which being divided by the remaining part abc, 


will have 24 for the quotient, half whereof is aa, and the ſquare root 


_ of that half is a, which is one of the parts of the root ſought ; and ſo of 


the reſt. 


When there are more than three radicals in the given ſquare, it is not 


impoſſible but that ſometimes two irrational parts may be multiplied to- 
| gether which cannot be divided by any of the remaining parts; but there 


wall always be as many different quotients obtainable as are equal in 
number to the number of parts in the root ſought, and conſequently as 


many as are ſufficient: thus if the quadrinomial a- cd be ſquared, 


the ſquare will be aa4+2ab4+2ac+2ad+bb+2bc4+2bd+ccb2cdbdd ; 
where ſetting aſide the rational parts, all the other parts being fix in 


number (3421) will be irrational; that is, 246, 2ac, 2ad; 2bc, 2bd; 


2cd: now if of theſe fix parts 246 and 2cd, or 2ac and 20d, or 2ad and 
2bc be multiplied together, the product in all the three caſes will be 


| gabcd, which cannot be divided by any of the remaining parts ſo as to 


have a rational quotient : but theſe are only three combinations out of 
fifteen wherein the diviſion will not ſucceed, the other twelve giving 
four different quotients three times repeated, anſwerable to the four parts 
of the quadrinomial root a- EC-. 

424. The only uſe I ſhall make at preſent of the foregoing analyſis, 
is in the reſolution of ſuch biquadratic equations as fall under the name 
and form of quadratics. As for example, let the following equation 
be propoſed to be reſolved, to wit, 6x*—x#=1 : here changing the 
ſigns, you have xi—bx*=—1, and compleating the ſquare, xi—bx*4-g 
Ds, and extracting the ſquare root, xx—3====//8 ; whence xx==3 


VZ, and = 3==4/8; but -V 3==4/8 is Hal, by the firſt 
example of the laſt article but one; therefore — % 32A will be 


—/2==1; whence x= -V, or —/2=1 ; that is, the four 
roots of the foregoing quadratic equation will be V2, A2 
— tt, —y/2+1, and —/2—1; and any of theſe being ſubſti- 
tuted for x in the original a will anſwer the condition of the e- 
quation. As for inſtance, let x be made equal to 4/21 ; then we 
ſhall have x*=2+1+24/ 2=3+/8; whence 6xx=1846/8: again, 


ſince xx=3+4/8, we ſhall have x*=9+8+64/8=17+64/8: ſub- 


tract now x. from 6xx, and the remainder will be 1, as the equation 
requires : and the ſame will the the caſe of all the other roots of the 
equation. 


2222 Again, 
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| be, Again, let "wy equation propoſed be xxx 128—x*=8, or x\*—xxx 
7 1288. Here the coefficient of the ſecond term is — / 128, 


3 
whoſe half is — N * N — =— 32; therefore compleatin: g 


| tte ſquare, 1 5 ou * 3 128＋32 243 extract the ſquare root 
c and you will have xx. 3a = 24, and xx Vz 4: put 
| s 2 N 32 24, and you will have x====\/s; but by the third 


example of the laſt ice but one, +/ = I 50 * — therefore 
ages 3 16 VJ therefore 2 15 0 2, or—y/1 8=/2. 
| A LEMMA, 


425. i; a binomial whoſe parts when ſquared are both rational, be i 
to a cube, and this cube be reſolved into another binomial in 2 a man- 


ner as e preſently be ſhewn, ;. T ſay then that the wy, ay of, the cube 
will be affected with the ſame ſurds as the two correſpo arts of the 


root, and no other ; comparing the greater part of the 5 1 with the —— | 


part of the root, and the leſſer part of the cube with the leſſer part of the 
root : and. vice verſa. 


For of the two quantities x and y whoſe ſquares xx and yy are both 
rational, let x be greater than y; then will x—y be affirmative; and fo 


will it's cube, that is, 3K 3 - „ Tee eee 
n: therefore a. 3 will be greater than + g xx]; but 


* LA N= 3%), and 9 Lg ] therefore the cube 
of x—y may be reſolved into this binomial, to wit, 3 L* 
ex, whereof x g)) is the greater part: but as x and 
zx are both rational quantities by the ſuppoſition, it is certain that 
xXx ＋gyy the greater part of the cube, can have no ſurd in it but it but what 
s included in x the greater part of the root; and that D 3xx the 
leſſer part of the cube can have no ſurd in it but what is included in 


the leſſer part of the root; and vice verſa: ſo that if the ſurds included 


either in the cube or in the cube root, be known, thoſe 1 in the other will 
be known too. Q. E. D. | | 


To extract the third, fifth or feventh root & 5 a binomial . 
e parts, when ſquared, are both rational. : 


426. Before I enter upon this analyſis, give me leave to add to the 
foregoing lemma another obſervation of no leſs importance to our ſubject, 


which 
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which is, that I in any caſe 1 can find the cube root of a multiple of any 
quantity, it will be the ſame thing as if I had the cube root of the quanti 
ztſelf. For let dz be a multiple of d, and let dz be alſo a cube who 


cube root is c; then will cd, and =. and N 
80 | . | . 
| Theſe things being obſerved, let it now be required to extract the 
cube root of the following quantity, if it admits of any ſuch root, to wit 
arb, ſuppoſing à to be the greater part, and 6 the leſs. 
Now that I may be the leſs confined in the ſolution of this problem, 


I ſhall enquire, not ſo much into the cube root of a==b as of a==bxz, 
leaving 2 undetermined till I can fix ſuch a value upon it as will beſt 
ſerve my purpoſe. Let then x-+y be the cube root of az+bz, and X—y 
that of az—bz ; and ſince à is greater than þ by the ſuppoſition, that 
is, ſince az—bz is affirmative, it's cube root x—y will be ſo too, and x 
will be the greater part of the cube root ſought. Again, ſince xy is 


the cube root of a+bxz, and x—y that of N, we ſhalF-have (by 
the rule of ſurd multiplication) x4+yxx—y, that is xx—yy, the cube 


root of a - Now to the end that x*—y* may be known, let us 
aſſume for zz any rational number, ſquare or no ſquare it matters not, 
which multiplying a*—#* will make it a cube, This may always be — 
done; for ſhould other numbers fail, I can make 2 equal to a*—4}, and ; 


ſo can make a- He equal to a cube whoſe root is a — ; but the 


le number 22 ſtands for, the better: let then -= be a rational 
cube whoſe ſide is u, and you will have xx -=. Having proceed-.- 


ed thus far, let 7 be a quantity nearly expreſſing the cube root of a C, 
which may be taken in groſs, and we ſhalt have x-+y=7r nearly ; and 


x — — * —— a | | 72 5 
fince x-+yxx—y,. that is, 7xx—y==n, we ſhall have x—y == nearly: 
add now theſe two equations together, to wit x+y==r and x— J=27; . 
and you will have 2x=r + = nearly, that is, more nearly than either 
xy was equal to r, or x—y was equal to 4 for if 1 be taken too 


much, - will be too. little, and their ſum * will be an interme- 


diate 
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diate quantity: ſince then 2x==r+ 7, we ſhall have x = = and 


_ *thus we have got the value of x pretty nearly, and may be as exact in 
it as we pleaſe; but we are ſtill ignorant of it's compoſition, which here 
is the thing chiefly wanted, and therefore this is what we muſt next en- 
quire into. | | 


Nov it is certain by the foregoing lemma, that x the greater part of 
«the root muſt have included in it the fame ſurd as az the greater part 

of the cube; therefore if the quantity az be reduced to it's leaſt terms 

by art. 420, and whatever is rational in it be thrown away, fo that there 
remains only one ſurd, which will be the leaſt that is included in 42, 
and which we ſhall call s ; the fame ſurd s will alfo be included in x, 

that is, x will be equal to s multiplied into ſome rational number: call 

| . | 2 | | | 

his rational number ?, that is, let #5 Xx = ==, and you will have 


: _— take then the neareſt whole number, or the neareſt ſimple 
_- „ 5 | 


fraction, if that approaches nearer to the quantity = „and you will 
have the oefficient t, and conſequently fs or x, which will be accurate 
if the quantity propoſed admits of a cube root. ” 
Having thus got 75 or x, the greater part of the root ſought, the 
other part will be eaſily obtained: for fince xx—yy, that is 26 n, 
we ſhall have y = te-, and the whole cube root of the binomial 
a bx (if it has any) will be f= .-; whence the cube root of 
 .xthe binomial a==b will be - * 25 to wit, + or — Af -n, 
according as þ the leſſer part of the binomial is affirmative or negative. 
Raiſe now this binomial to a cube; and if it then be found equal to a=-b, 
you haye hat you wanted; if otherwiſe, you may reaſonably conclude 
hat the quantity propoſed. admits of no binomial cube root. 
As the greater part of the root was here found inde 


Z - ax of the 
lefler, ſo alſo may the leſſer part be found independently of the greater 


thus. From the equation x-+y==r ſubtract the equation x y — and 


you will have 25 2 —5 ; whence == : let 5 be the leaſt ſind 


included in 2 the leſſer part of the cube, and make /5=y; then will 
be 
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t be the neareſt whole number or the neareſt funple fraction to . , 2 
and ſo 78 * will be known; whence x may eaſily be found, , being 


equal to E, and the binomial to be tried will be = =- — — 


Thus may either part be: found independently of the other ; ande zit is 
5 the learner ſhould know both theſe ways, becauſe it very often 
ppens that one part or the other of the given cube is rational, and then - 


in that part will be equal to unity, and fo the correſpondent part of the 
root will be the more eaſily obtained. 


From what has been ald, the rules for extracting the cube root of the 
binomial = (if it admits of a binomial root) -are theſe that follow. 
1. Take 22 any rational number, ſquare or not ſquare, but the leſs. the 


better, and ſuch, that aa may be d rational cube. e. if no-- leſſer 
number can be found, 2 may be taken equal to aa—bb, and aa—bBxzz will 


be a cube: let it's cube. root be n. F aa—bbidbe 22 a cube, 22 (and 
conſequently 2) will be 1 | 
2. Then take.a whole number or a ſimple fatto nearly equal 7 the cube 


root of a bxz, and call it r. 
3. This done, there are two ways of finding the cube root of the quantity 
pripoſed, to. wit, either by az or bz. The former way is this: if az be @ 
furd, divide the number under the rad; cal ſign by. the greateſt of fjuare Krebs 
in it, and the quotient with the radical ſign eu feed (which I. call s) will 
he the leaſt ſurd included in aꝝ: but if az be rational, s will be a unit. 
4. Take then the neareſt whole number, or the neareſt fample fraction (if 


| . 2 i 
it approaches nearer) to the quantity ——-, and call it t: I ſay that the 
cube root of the 4 nomial ab (iF it . .6f a binomial cube root, which 


= i 
muſt be tried by addy the root when found) will be EX nn 3 


cording as the quantity propoſed was. a-+b- or a— b. 
5. The other way is, by finding s the leaſt ſurd included i in bz, if bz be 
a 2 quants ty, (or if it be rational, then taking $=1,) and making 


ran wy „ and the cube root of ab (to be tried as lde mentioned) will 
28 


* * — 


A 


Note. 
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"Note. If 22 be rational, it may be convenient to work by the third 
and fourth rules, but if bz be rational, by the fifth, TOE (s being © 
a unit) the cube root will be more eaſily 9 3 

As to the fifth and ſeventh roots, theſe are extracted juſt in the ſame 
manner as the third root; except that, in theſe caſes 2z muſs be. ſo aſſumed, 
as multiplying aa—bb, the product may have a rational fifth or ſeventh root, 


_ which. e, be called nz r muſt be the fifth or ſeventh root of a+bxz, 
and infead of / Z in * denominator of the binomial root 70 be tried, muff 


be ſubſtituted 1 25 * 2, &c. Sce Newton's method of extracting the 
third,- fifth and ſeventh root &c of a binomial in _ reduction of radi- 
cals, Where our 22 anſwers to his 


V. B. The fourth root is che by dag the ſquare root 
twice, the ſixth root by extracting firſt the ſquare and then the cube 


root, the eighth root by extracting 9 ſquare * * the ninth root 
iy extracting the cube root twice, GW. | 


W EX ANTI 2 1. 


Let it be required to extract the cube root out of che following quan- 


| tity, to wit, 4/9804+4/972. Here then do, b=y 972, &—b 
—=980—972=8; therefore in this caſe . without multiplication, 
is _—_ a rational cube, whoſe ſide is 2 ; therefore n==2, =I, i, 


and ny, Again, 7980. 31 ＋, and 92 31+; therefore | 
SFr ara, whoſe cube root is 4—; therefore r=4, 


and ＋ 8 45 % Laſtly, g80=2x2% FX7X7==14X14X5 ; therefore 


V e 145 therefore = N, = 21 nearly; therefore 


12 7 
pct 1 3 therefore f=7, e eee and 


ts 4 65— 


„ or the root to be tried, is 


Vs 
1 and it ſucceeds; for the cube of 5 VJ is 5/ 5+154/3 
<gv/5+3v/3=14v/ 5+184/3=v/g80+y/972- 


EXAMPLE 2, 


Let it be required to extract the cube root of yg968E—25, Here 
a=y/g68, b=25, a'—b=968—62 $8343=7%7%7 z therefore I=7, 


S1. 
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S l. Again, 7/968 31 ＋ therefore E=: 25x 1 zb, 
whoſe cube root is 4—; therefore 14, and — 2.2. 

For I here intend to find the leſſer part of the root, as being rational; 


therefore i in this caſe 5= ', and — 


— nearly; therefore : 


make t and — fs =1; 3 3 AV. 66 ＋ a therefore 
the * root to be rried is /8—1, and it ſucceeds, 


EXAMPLE 2. 


Let the cube root of 9980 be required. Here FORTY S do, 
4.—B. 1, I, 2==1 and as 809 -, we ſhall have a CH 8, 
| whoſe cube root lies between 2 and 3. and therefore may be made 
either equal to 2 or to 3: ſince then in this caſe 5=1, we ſhall have 
2 org. according as r is taken equal to 2 or 3; therefore ? 
muſt be the ſimpleſt fraction between; and 5, that is ; therefore ? and 


conſequently 7s —2 ; whence t= = , and ſo the binomial 


to be tried is 2 N, , Which ſucceeds; for the cube of che numerator 


is 72—324/5, and the cube of the denominatar is 8, and the former 
divided by the latter gives 9—4/ 53=9g—\/ Bo. 

In all 17. ca caſes where the value of r cannot be expreſſed by the neareſt - 
whole number but very groſſly, it will be more adviſcable to expreſs it by 
ſome fumple fraction, which m 772 eafily be obtained thus : let the cube root of 
any given number be required, and let a be the neareſt leſs cube: now if 
ta this cube a be added aa ia, you will have the cube of a+! nearly; and 
F again to this laſt ſum be 22 aaa, you will have the cube of a+* 
nearly: whence it wwill be very eaſy ts ſee whether the cube root ſought lies 
between a and a -=, or between a and a-, or between a and a+1, 
As for inſtance, in this laſt example we had occaſion for the cube root 
of 18, where the neareſt leſs cube was 8, and a=2; now if to this 
cube 8 be added a*+!a, that is 4*, you will have 123 for the cube of 
213 add again aaa or 6, and you will have 18: for the cube of 2: 
whence I infer that the cube root of 18 lies between 2: and 23, 1 
much nearer 2*: make then r=, and ſince n=1 and =, you will 


1 +2: 4 * | : 
have — + 18 therefore ? and conſequently fy == as before. 
24 q q 3 
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Exan PLE 4. a 
* the cube root of -> V1 5 be required. Here ne. 


am n n 1, Sl. Again _—_ g 
=2 5+, whoſe {quare root is 53 * Px = lo, whoſe cube 


Foy 2 66 
root is 2 ; therefore r=2, and * 7 275 a Again, 57 


ebf TIP therefore VE or 4 = EFT ; therefore 


5 fi 10 | 23 1 th fo 2 8 
22 = 148 there ore — DU == 1 ere ore 
V3 4 ws 1 


= nearly ; ſo I make f 5 ; Whence 1 and *s* 
"SDS, 


— 5 I; therefore Vit, and the root to be tried is 


* == which ſucceeds ; for if the cube of the nume- 


=> be divided by the cube of the denominator, the quotient will be - 
= 12+ 
Y J 


In this example I found the 8 part firſt, becauſe of ſome ſeem- 
ing difficulties 1 in it; but the rational part is more eaſily found : for fince 


. n=, and in this caſe, 5=1, we ſhall have == 3 
therefore 7s the rational part of the root ſought equals 1, and 7/7 n 
the other part equals = * — = — — as before. 


EXAMPLE 5. 


Let the cube root of 68＋ 74374 be required. Here n 
$==4374, &—6=250=2%5x5X5; therefore in this caſe . — 4+ 
mult be multiplied into 4 to make it a cube, to wit 8x * 5X 5, whoſe 
ors is 2Xx5==10 ; therefore n=10, zA, S n, and ms. A- 


gain, 74374 66 therefore a-+bxz=68-+66x2=268, whoſe cube 


root 
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rot is almoſt in = _— S 673 ſo I make r=6:; 
whence r+>=6> +==8— - but 5=1 ; 3 deen — 
13 26 25 52 
make 74 hs — * equal ta 4, and you will have FFs — 2.263 


whence - 9 ” the TOE to be tried, is 2 and Hacke 


9 
for if 1 1 che cube of the numerator, be divided by 2 the 
cube 1 the denominator, the quotient will be AVE 6=68+Y/ 4374. 


EXAMPLE 6. 


Let the 86k root of 29y/ 6+4 173 be required. Here 4 "704 
b&=5043 ; therefore a*——b*=3 ; therefore in this caſe .- muſt be 
_ multiplied by 81, to have a rational fifth root; far then it will be 243, 


whoſe fifth root is 3; therefore re =, and æ g. Again, / 5046271 
and 5043 =71 therefore — 1278, whoſe fiſth root 


Is 4+; therefore ran, and r+ 541 Laſtly, az=29x)/6x9; 


r+ 41 I 
therefore = lanes 2 ; therefore e, pa 1-25 3 therefore 
3 * 


l, ts=y/b, , and or the root to be 


Vs 


tried, is webs and it ſucceeds ; for according to Newton's 3 


9 
the fifth power of 63 is 36//6+1804/3+1804/6+180\/3 
+45/ 6+94/ 3=2614/6+3694/3 ; which being divided by 9, the 
fifth power of the Chr, gives 294/6-+414/3 the-number firſt 


: propoſed. 


r 8 * = 
Av * — 
* _— —— ——ñ— . — — _ —— 


— 
a. 
a_ 
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bs Of Equations in general, and their roots. 
II. Of cubic and biquadratic equations in particular. 
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= * in general, and roots. 
pre INITIONS. 


427. ap ATIONS are | uſually denominated from the higheſt 
Power of the unknown quantity that is alone concerned in 
them, Thus if the unknown quantity ariſes to the third 
power, the equation is called a cubic equation; if to the 

fourth, a biquadratic; if to the fifth, a quadrato-cubic ; if to the fixth, 

a bicubic, &c. But if an equation can ( by a bare reduction of the fowers 

of the unkneaon guantity) be brought down to a lower form, it then receives 

it's denomination [> 4 that form. Thus the equation x*—ax*+-b=0, 


where x is the unknown quantity, is called a quadratic, becauſe, by ſub- 


ſtituting y for n, it may be reduced to one: thus again, the equation 


x—ax*+bxx—c=0 is called a cubic equation, becauſe it may be re- 
duced to one by ſubſtituting y for xx. 


The root of an equation 1s ſuch a quantity, as being ſubſtituted for the 
unknown quaniity, will make the tao fides equal ane to the other ; or (which 


is the ſame thing) if all the parts of an equation be thrown to one fide, and 


Jo be made equal to nothing on the other, then that ic ſaid to be the root of 


the equation, which being ſubſtituted fo fo r the unknown quantity, will make 
the whole equation to vani / Fs gona the roots of the equation xx—8x—+- 10 


==0 are 3 and 5, becauſe either of theſe numbers being put for x — 
ma 
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make the whole equation to vaniſh ; and there are no others beſides in 
the whole ſcale of numbers that will have that effect. | 
428. Every equation hath as many roots, poſſible and impoſtble, as there 


are dimenfions i in : the bigheft power of the unknown quantity. Thus ey 

| cubic equation has three roots, II. biquadratic . 5 But ĩt of- 
ten happens that ſome of theſe roots are impoſſible, and ſometimes that 
they are all ſo, if the index of the higheſt power of 0 unknown on 
tity. be an even number; for if it be otherwiſe, the equation wi 
ways have one root at leaſt poſſible, as will be jt OP OS what 5 
be laid hereafter when we come to treat of the conſtitution of equations. 
Thus the equation x'==1 hath indeed three roots, but it but one 


2 


real root, to wit unity, the other two being impoſlible, to wit, — 


and — . Let us | fe TIER how theſe impoſſible nber 
O being ſubſtituted for x, will make K I: and firſt let us make x = 
eg * Make — 13, and V—3=6; then "= will have 


= 
My a 3 

E's = COSI . , whereof 3 13 34 = 3 5—3 2 
3 —3: again, as j=y/ — 3, we ſhall have *=— 3, and 342. —3z 
X zr): hbſtly , or * = —- 35 —3; therefore x* = 
—+3/—3+9=3vV—3 _ ; arg 
8 3 
for x; and making ta, and —y/—3==b, we ſhall have the firſt 
term of , wherein 6 is not concerned, by the third term, wherein 5 
is only concerned, the ſame as before; but the ſecond and fourth terms, 
wherein 5 and b are concerned, will have their ſigns changed: there- 


fore in this caſe „„ . 26: has ==. 

Of the riſe of theſe impoſſible roots in quadratic equations we have 

ſpoken already; and how by their means they creep into equations of 
higher degrees, ſhall be ſhewn hereafter. | 


=1. Let us now put — 4 — 


Of the generation of equations. 


T form an equation that ſhall have any number of given 
roots. No 


. Thas ts ; eafil done, firſt by changing the figns of all the roots given, 


ad p en joining them ſeverally to ſome indeterminate quantity; for if the 
117 quantities 
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quantities thus bit be multiplied all together, and the product be made 
, equal to nothing, you vill have the equation defired. As for inſtance, let 
it be required to form an equation that ſhall have theſe three roots and 
no more, to wit 1, 2 and 3: now if the ſigns of theſe roots be changed, 
and they be. ſeyerally, Joinec with the indeterminate quantity x, they will 
- conſtitute the quantities x—1, x—2, x—3 ; multiply all theſe together, 
and making their product equal to nothing, you will have the equation 
. defired, to wit, x%—bxx+1 15 N whole roots are the numbers 
firſt propoſed, to wit 1, 2,and $ 

This may eaſily be tried by üg theſe nber (one Aer ano- 
ther) for „ in the equation: but the reaſon of this method will beſt be 
 -percaived by.” reſolving again the equation into it's firſt factors thus, 


X—1XX—2xx—3=0; I fay then that the roots of this equation are 
theſe three and no more, to wit, 1, 2 and 3. For firſt, if 1 be ſubſti- 


tuted for x in the equation. & xXx 2 * z o, you will have 


I —IxI —2XI—J==0; which muſt neceſſarily be ſo, becauſe ane of 
the factors, to wit 1—1, equals o. Make now x equal to 2 in the fore- 


going equation, and you will have 2—1x2—2X2—3==0, becauſe 
2—2 is ſo, Laſtly, make x equal to 3, and you will have 3—1x3—2 
x3—3J==0, becauſe 3— is ſo: therefore the three roots of this equa- 
2 are the numbers 1, 2 and 3, from the very definition of a root. 
Let us now ſee whether this equation can have any other roots beſides 
thoſe already mentioned ; and if poſſible) let 7 be a fourth root diffe- 
rent from any of theſe: then A r be e ſabliduted for x in the equation, we 


ſhould have r—1xr—2x*7—3=0 ; but now as 1 is different from any 
of the numbers 1, 2 and 3, by the ſuppoſition, it follows that every one 
of the factors r—1, r—2, 1—3z wulf be ſomething; and if ſo, it will 
be impoſſible for theſe, when aultiplied together, to produce nothing; ; 
therefore the foregoing equation admits of no other roots but 275 al- 
ready mentioned. 


11 I would add a fourth root to t to the foregoing equ: equation, to wit —5, 


I might either put it thus, x—1xx—2xx—3xx--5==0, or I might 
pultiply the cubic equation before found, to wit, x%—bxx+11x—6 
by x+5, and ſo make the product „I 9xx4-4 49X—J0==0, 
Whenever an equation mgy be wholly divided by the pl power, or by 
the ſquare, or the cube of the unknown quantity without a remainder, it is 
an infallible argument that one or tro or three of the roots of ſuch an equa- 
tion are equal to nothing. Thus the equation x Ei 1xx—bx=09 
may be divided by x without a remainder ; whence I conclude that 
ene of it's roots is equal to nothing, as will be evident, either by ſubſti⸗ 


tuting 
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has as good a title to be a root of this equation as any of the reſt, 
430. Frem what has been laid down in the laſt article it appears, that 
if any number of equations whoſe parts on one fide are all equal to nothing 
on the other, be multiplied together, they will produce an equation of a ſupe- 
rior form, whoſe roots will be the ſame with their's, Thus if the follow- 
ing equations be multiplied together, viz. x—1==0, whoſe root is 1, 
x—2==0, whoſe root is 2, and x—3==o, whoſe root is 3, they will 
produce the equation x—1xx—2xx—3==0, whoſe roots are 1, 2 and 3, 
by the laſt article. Again, let theſe equations be multiplied together, 
dix. 2X—3==0, whole root is 3, 4x — 52=0, Whoſe root is 5, and 6x 
s, Whole root is z, and they will produce the equation 2x — 3 * 
| 4x—5x6x—7==0, whole roots are 3, 5 and 3: for if 2x—3x4x—g5x 
 6x—7==0, we ſhall have by diviſion x—ixx—ixx—2=o, and the roots 
of this equation are 3, 5 and ; by the laſt article. Laſtly, let theſe two 
equations be multiplied together, to wit xx—ax-+b==o, whoſe roots we 
will call p and , and xx—cx+d==0, whoſe roots we will ſuppoſe to be 
r and 5: I fay then that the roots of the equation xx—ax+bxxx—cx+d 
=0o will be p, 9, , s. For firſt, as p is one of the roots of the equation 
xx—ax4+b=0, it follows from the nature of a root, that if x be put 
equal to p, the quantity xx—ax+6b muſt vaniſh; but if xx—ax+b=0o, 
then xx—ax+6bxxx—cx+d muſt be equal to nothing; therefore p is one 


of the roots of the equation xx—ax+bxxx—cx-+d=0 : and the ſame 
may be obſerved of all the other roots , r, s. | 
Hence it is that 1mpoſſible roots creep into equations of all orders and de- 
grees whatever : for if the roots of one or more quadratic equations that en- 
ter into the compoſition of an equation of a ſuperior form, be impoſſible, 
the equation ſo formed muſt neceſſarily have the ſame impoſl. ble roots. And 
this is the reaſon why In every equation, the number of impoſ/ible roots is al- 
ways even ; becauſe the roots of a quadratic equation mult always be both 
poſſible, or both impoſſible, as was ſhewn in another place: but if the in- 
dex of the higheſt term of an equation be an odd number, it muſt have at leaſt 
one root poſſible, becauſe ſuch an equation cannot be formed wholly of qua- 
dratics ; it muſt have a ſimple equation in it's compoſition, over and above; 
and the root of a ſimple equation is always poſſible. 

431. The converſe of the laſt article will alſo be true, if well under- 


ſtood ; to wit, that F any equation FA a ſuperior form be propoſed, whoſe 
parts on one fide are all equal to nothing on the other, and if the quantity 
which 


N 
„ 


tions and abſurdities. 


hath this diviſor of one dimenſion, to wit x—1, and that the quotient 


680 Tur GENERATION: OF EQUATIONS. Book x. 
which in the equation is ſuppoſed equal to nothing, can be reſolved into more = 


fimple factors, in all which the untnoun quantity is more or leſs concerned, 


and laſtly, if theſe factors be made each equal to nothing, you will then have 
a ſet of equations of an inferior rank, which all together will have the ſame 
roots «with thoſe of the equation propoſed : but theſe roots muſt now be more 
eafily obtained, as being to be extracted out of equations of a fimpler kind. - 
It may perhaps be objected, that it is no good conſequence to infer, 
that becauſe a quantity is equal to nothing, therefore all it's conſtituent 
factors mult be ſo too; fince if but any one of theſe be equal to nothing, 
that will be ſufficient to deſtroy the whole : but whoever makes this ob- 
jection, does not apprehend my concluſion ; my inference was not from 
a quantity's being equal to nothing, that therefore all it's conſtituent fac- 
tors muſt be equal to nothing, or to any thing; that matter is purely ar- 
bitrary, and certainly the Analyſt is at liberty to equate them to what he 
pleaſes, being under no reſtraint from the nature of the thing; byt what 


I contend for is, that if he will have a ſet of equations, which all together 


will have the ſame roots as the ſuperior equation propoſed, he muſt then 
make all his factors equal to n 7 
| When the unknown quantity ſignifies the ſame thing in different equa- 
tions, it will then be lawful to _—_— theſe equations together, — we 
may ſafely pronounce the product of all the antecedents on one ſide equal 
to the product of all the conſequents on the other, that is, we may do 


this without changing the ſignification of the unknown quantity. But 


if in different equations the unknown quantity has different values, and 

theſe equations be 8 together, there will then be but one caſe 
wherein we may conclude the product on one ſide equal to the product 
on the other, without taking the unknown quantity in a different ſenſe 


in the concluſion from what it had in any of the premiſſes; and if the in- 


ference will not hold good in compoſition, much leſs will it in the reſo- 
lution. But one caſe there is wherein equations may be thus united 
without changing the ſenſe of the unknown quantity; and that is, when 
the ſecond fide of every conſtituent equation is nothing: this, I think, 


was thoroughly made out in the laſt article; and if the compoſition be 


juſt, we muſt allow of the reſolution, or be liable to infinite contradic- 


432. Hence it is that the invention of diviſers comes to be of any uſe in 


the reſolution of equations: for by finding all the diviſors that will divide 


the quantity which in the equation is ſuppoſed equal to nothing, without 
any remainder, we can reſolve it into it's moſt ſimple factors. As for 
inſtance, let this equation be propoſed, x*==1, or x%—1==o ; now if 
we examine the quantity x*%—1 according to art. 409, we ſhall find it 


18 
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is xx+x-+1I : make therefore x—1==0, and xx-+x-+1==0, and the 
equation propoſed will be reſolved into a ſimple equation and a quadratic: 
the root of the ſimple equation x—1==0 is 1, but the roots of the qua- 


. 1 122 Jeng, | W owl th. / ne} 
dratic equation 4x-4-x+1==0 are impoſſible roots, to wit, * 3 


and — s == but that either of theſe two laſt quantities, as well 


as * firſt, being ſubſtituted for x, will make x*=1, was ſhewn in art. 
4 | el | 
Again, let the equation be xi—xx—10x+6=0, This quantity x? 
—xx—10x-+6 was examined in art. 409, and was found to have a di- 
viſor, as x-+3, and the quotient was xx—4x+-2: make x-+3==0, and 
xx-—4%x-+2==0, and the root of the former equation will be —3, and 
the two roots of the latter 2+y/2 and 2—y/2 ; therefore the roots of 
the cubic equation propoſed will be —3, 272 and 2— 72. | 
Laſtly, let the equation propoſed be xt—x'—gxx-+12x—b=0, This 
quantity x%—x%— 5xx-+12x—6 was examined in art. 4.1 f, and was found 
to have this diviſor, to wit xx4-2x—2, and the quotient was xx—3x 
-+3 : make xx-+2x—2==0, and alſo xx—3x-+3==0, and the biqua- 
dratic equation propoſed will now be reſolved into two quadratics ; the 
roots of the former equation will be — I-73 and —1—y} ; but the 


roots of the latter equation will be impoſſible, to wit, S ELD and 
drone} 
6: 


; therefore the four roots of the biquadratic equation propoſed 


will be =1+y/3, —1—73, . — . rs —. 


Of the coefficients of the terms of equations. 


433. F the roots of an equation have all their ſigns changed, and the 
equation itſelf be ſo ordered as that all it's terms on one fide may be equal t9 
nothing on the other, having unity for the coefficient of it's firſt term; I jay 
then that the coefficient of the ſecond term will be the ſum of all the roots 

thus changed, the coefficient of the third term will be the ſum of all the dif- 

ferent products that can be made out of them by multiplying them two and 
two together, the coefficient of the fourth term will be the ſum of all the dif- 

ferent produtts that can be obtained from them by multiplying them three and 
three together, the coefficient of the fifth term will be the ſum of all the dif- 

ferent products that can ariſe by multiplying them four and four together, &c : 
and thus may an equation be * that ſhall have any number of given 
r r roots, 
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roots, without continual multiplication. As for inſtance, ſuppoſe J would 
form an equation that ſhall have theſe four roots, 1, 2, 3 and —5: 
now theſe roots when their ſigns are changed, will be — 1, —2, —3, 
5, whoſe ſum is —1 ; therefore —1 will be the coefficient of the ſe- 
cond term. Again, all the different products that can be made out of 
them by multiplying them two and two together, are —1x—2, —1%—3,. 
n=] X15, —2—3, —-2* ＋ 5, =—3x+ 5, 2, +3, —5, +6, —10, 
—15, =—19,; therefore the coefficient of the third term will he — 19. 


All the different products that can ariſe by multiplying them three and 


three together, are —lx—2%—3, —Ix—2x=þ 5, —1X—Jx-+5,.—2 
X=—3X+5, =—6, +10, +15, +30, ==49,; therefore 49 will be the 
coefficient of the fourth term. Laſtly, there will be but one product 
obtainable by multiplying them all four together, that is —1x—2x—3 
K+ 5=—30 3 —— —30 will be the laſt term of the equation, and 
the whole equation will now be formed, to wit, „ — * .—1 gxx+49x 
— 30 o. | E 

I) be truth of this propoſition wall eaſily r by repreſenting the roots 
in general terms thus: multiply x—a, x—þ and c together, making 
the product equal to nothing, and you will have an equation whoſe roots 
are a, h and c, by art. 429; and this equation will be found to be x3 


— — — — — 


——a——b—cxxxab-ac+boxx—abc=0, which is uſually written thus: 


—2 n | 
„ —þbxx —+acx —abt=0. 
— bc 


If x—8, x—b, x—c and x—d be multiplied together, you will have an 
equation whoſe roots are a, b, c and d, and the equation will be found 
to be coma” lens | 


—ab 
— ac. w=abc 
,—b +ad -d e ee 
„ e hs eee 
\ | nnd —+bd ——bcd 
＋ d 


After the ſame manner may all the other caſes be demonſtrated, be their 
ſigns or their roots what they will. 5 

From what has been ſaid it follows, that if the coefficient of the firſt term 

of an equation be 1, the laſt term «vill be the product of all the roots multi- 

plied together, and conſequently that no rational number can be the root of 

 fuch an equation, that is not an. affirmative or a negative diviſor of the 


ft term. | 
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Of the number of affirmative and negative roots in an 
equation. ' 9279 


434. When the roots of an equation are all poſſible, and all it's parts are- 
thrown to one fide fo as to be made equal to nothing on the other, the num- 
ber of affirmative and negative roots may be thus determined: as often as the 

gus change in 74%. from the higheſt term to the loweſt, juſt ſo many roots 
of the equation will be affirmative ; and as often as like figns follow one ano- 
ther, ſo many will be negative. As for inſtance, in the equation -*. 
 —1gxx+49x—30==0, where the order of the ſigns is +, —, —, ＋, 
— -+ in the firſt term being followed by — in the ſecond, argues one 
affirmative root z — in the ſecond term followed by — in the third, ar- 
gues one root to be negative; — in the third term followed by + in the 
fourth, diſcovers another affirmative root; and + in the fourth term fol- 
lowed by — in the fifth, a third : fo that if all the roots of this equa- 
tion be poſſible, there will be three affirmative roots, and one negative, 
which is true; for the roots of this equation are +1, +2, +3 and —5, 
as was ſhewn in the laſt article. 15 ee, 

This rule is uſually aſcribed to our Countreyman Harriott, who was 
undoubtedly the firſt diſcoverer of moſt of thoſe general 3 of 
equations hitherto delivered, or to be delivered. But whoſoever it was 
that firſt hit upon it, this is certain, that he leſt no demonſtration of it; 
nor have I ever met with one in any treatiſe of Algebra that has hither- 
to fallen into my hands, though moſt of them make mention of the rule. 
And indeed, whoever conſiders the immenſe number of caſes that muſt 
_ neceſſarily come under conſideration in a demonſtration of this nature, 
will not be very ready to attempt it univerſally ; I fay univerſally, for 
equations of lower degrees are leſs embarraſſed, as I have ſhewn already 
in the caſe of quadratic equations, and ſhall further ſhew when I come 
more diſtinctly to conſider cubics, On the other hand, it ſeems much 
more probable, that this rule was found out by experience than from 
any regular inveſtigation of it: for let all the roots of an equation be af- 


—— ́ — 


firmative, as Sa, +6, -+c ; then the equation will be x—axx—bxx—c 
Ss, that is, | 


BD 


— ab 
„„ —b xx fax —abc=0o, 
— -+bc 


where there are as many changes of ſigns as there are roots. Let us now 

ſuppoſe all the roots of an equation to be negative, as —a, —6, —c ; 

then the equation will be x+axx+bxx+c==9, that is, 
KTrry2 | 43 
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a +ab 4h 
xi Fü xx Fax +Habc=o, 
Fe T 


where there are no changes of ſigns at all: and from the formation of 
equations in the laſt — it is very viſible, that theſe two extreme caſes 
will be the ſame, how high ſoever the equation riſes; that is, when all 
the roots are affirmative, there will be as many changes of ſigns as there 
are roots; and when none are affirmative, there will be no changes at all. 
Now the queſtion is, whether an ingenious artiſt would not take the hint, 
which could not well eſcape his obſervation, and immediately ſet him- 
ſelf to try, whether in all other caſes the number of affirmative roots be 
not _ to the number of variations in the ſigns as they follow one 
another, KG I | | 
This rule (as I before obſerved) only takes place where all the roots of an 
equation are poſſible ; for if any of them happen to be otherwiſe, it will 
than be impoſſible to determine the ſigns of the real roots. Impoſſible 
quantities, properly ſpeaking, belong to no claſs, either of affirmatives or 
negatives, and yet they always appear under one form or the other; nay 
ſuch is the capriciouſneſs of theſe quantities, (if I may call them ſo,) that 
the very ſelf- ſame roots often appear in both ſhapes: of this I have given 
ſome inſtances in art. 109 with relation to quadratics ; and give me leave 
to produce one or two more in this place. 
he equation x%+qx—r==0 is defective for want of a ſecond term, 
and therefore cannot be examined by the foregoing rule till that defect is 
ſupplied by +oxx-or —oxx: let us then put the equation x , KX 
—r==0, and then by the foregoing rule it appears, that this equation has 
one affirmative and two negative roots: let us now put the equation 
*. - -o, which differs nothing from the former but in the 
manner of conceiving it; and now according to the foregoing rule, all 
the roots are affirmative. This is a plain indication that there lie con- 
cealed in this equation two impoſſible roots, aſſuming the ſhape of affir- 
mative quantities in one light, and that of negatives in another. 5 
Again, let this equation x*+pxx-+ 2ppx—q=0 be examined by the 
foregoing rule, and it will be found to have one affirmative, and two ne- 
gative roots: let us now add another affirmative root, as +2p, to this 
equation, multiplying it by the equation x—2p=o, and we ſhall have 
* —px3 br e T2070 


this equation ought to have two affirmative and two negative roots; but 
according to the foregoing rule, all it's four roots are affirmative; which 
ſhews, that in the foregoing equation there were concealed two negative 
impoſſible roots, which are changed into affirmative ones in this. 


435. 


Art. 222. oF $URD QUANTITIES 665 


EXAMPLE. 5. 


Let the Juare root of this quantity * required, to wit, dane . 8 
or (which is the ſame thing in the preſent caſe) let it be required to find 
the two parts ſeparately which compoſe the ſquare root of the aforeſaid 


? 4 | '- © q | * mn * . 2 — 22 | | 
quantity, Here * „6 — = p=—= aa—bb or 53 


2 ” wah, | 
EEG © * 22 a+58$ as: | | 
| ak Goats , n a e I... the ſquare of | 


22 A=—S 


e N 
equals ENT] whence the greater part is 1/0 +22, the leſſer part 


the greater part equals 


or the ſquare of the leſſer part 


az, and the whole: b LAT L 528. In like manner, had 
|  V>V0U—422 
2 

have been found to be 7 22 — 127 23. , 


the ſquare root of the quantity been required, it would 


EXAMPLE 6. 


Laſtly, let the quantity whoſe ſquare root is required be 6-78 
y12—y24. To turn this quantity into a binomial, I make the affirma- ' 
tive part G- a, and the negative part —y12—yY24==b ; then 
I have aa=36+8+12y/8=44+124/8, bb=—+124+24+24/288: 
but 24 ＋ 12==36, and 22882240 2212708; therefore bb==36-+. 
129%); ſubtract this from aa, that is, from 44＋ 1278, and you will have 


- 


2—5 
z; therefore the root required is 4/3+4/8—\/3; to wit — Oz 
becauſe the ſign of þ was negative: but Y was found in the 
firſt example to be 172; therefore the root ſought comes out at laſt 
I+V2—V3. e = 3 5 
When more radical quantities than one are concerned in the given ſquare, 
their number muſt be either I Ma, that is 3, as in the laſt example, or 
1+2-+3, that is 6, or 14+24+3+4, that is 10, &c, as will eaſily ap- 
r from the next following article. © rag 10 
But here the great Newton according to his wonted ſagacity makes IM! 
an obſervation, which (though obvious enough when made) perhaps but 
P p pp few 


aa—bb or 38.8, and z; therefore — — T3 8, and 
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few beſides himſelf could have hit upon; it is this: hen more roots 
than one are concerned in the given ſquare, and theſe are all incommenſu- 
fuble, fo as not to be reducible to fewer terms, the root ſought will confiſt 

F more than two parts; and theſe parts will beft be found thus : multiply 
any two of theſe radicals together, and divide the product by ſuch a one of 
the remaining radicals as will make a rational quotient, and the ſquare root 

of half this quotient will be one of the parts ſought ; and fo you may pro- 
ceed till you * got as many different quotients as can be obtained this way : 
the number of different quotients will be equal to the number of parts in the 
_ . root ſought, and wy quotient will give Fe part. Thus in the 

Fn | 12 5 + of Bags / 12% 

%»Ü%ͥ 
therefore all the different quotients that can be obtained are 2, 4, 6, he 

| halves are 1, 2, 3, whoſe ſquare roots are 1, /, V, the three parts of 
the root fought. Now as to the ſigns of theſe parts, they may be thus de- 
termined : the only affirmative radical quantity in the given ſquare is Vs, 
_ ephich includes tao parts of the root ſought, to wit, 1 and V; therefore 
be figns of thoſe two parts 1 and i muſt be both alike : the next radi- 
cal —\/ 12 is negative, and includes the parts 1 and 3; therefore the 
figns of thoſe two parts 1 and / muſs be unlike : therefore the root re- 
quired is I 24/3, or —I—y/2+V/3, either of which will equally 
expreſs the root of the given ſquare. Þ 

423. In order to account for this laſt rule taken out of Newtos's Al- 
zebra, I muſt demonſtrate the following lemma, | 
Let a and b be two incommenſurable quantities, but ſuch wheſe ſquares aa 
and bb are both rational: T jay then that ab the product of their multiplica- 
tion will be irrational. For a is mcommenſurable to & ex hypothefi; there- 
fore ab is incommenſurable to b* ; but & is rational; therefore ab is irra- 
tional. 2, E. D. | = | 
| _ This being allowed, let there be a trinomial, as a- tc, the ſquares 

of whoſe parts are all rational numbers; but let the parts themſelves be 
either all, or all but one, irrational; let them alſo be incommenſurable 
to one another, ſo as to be incapable of being contracted into fewer terms: 
then if we ſquare this trinomial, that by examining the compoſition we 
may be the better able to form a reſolution, we ſhall find the ſquare to 
be aa-+-2ab+2ac+bb+2bc+-cc, whereof the parts aa- EH cc compoſe 
2 rational number, ſuch as was the number 6 in the laſt example; but 
the other three, to wit zab, zac, 25c will be all irrational by the lem- 
ma, ſuch as were the radicals \/8, \/ 12, 1/24 in the laſt example. 
Now whoſoever conſiders theſe irrational parts may eaſily obſerve, that 
every part of the ſquare includes two parts of the root, that the product 
of any two parts of the ſquare includes all the three parts of the root, 


and 
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as will be found upon tryal. But this is not all; for 12p the ſolid con- 
tent of the cone, 1s an affirmative quantity; therefore if the altitude be 
negative, the area of the baſe, and conſequently the ſquare of the ſemi- 
diameter of the baſe muſt be ſo too: this root then ſuppoſes what is not 
to. be ſuppoſed, but is abſolutely impoſſible in the nature of the thing. 
Hence it appears that this problem, though producing a cubic equation, 
admits however but of two ſolutions, If 5 be the ſide of the cone, and 
the altitude be taken either equal to 4, or to —2+\/ 13, the ſolid 
content of the cone will be 12p, The former caſe is eaſily tried, and 
the latter may be tried thus: make rr=13, and the altitude of the cone 
will be r—2, and the ſquare of the altitude rr —4r+4=17—4r; ſub- 
tract this from 25 the ſquare of the ſide, and there will remain 4r-+8 
for the ſquare of the ſemidiameter of the baſe; therefore 4r+8xp will be 
the area of the baſe ; multiply this into -—2 the altitude, and you will 
have the product of the baſe into the altitude equal to 4rr+8r—8r—16 - 
Xþp==4r7—16xp==52—16>xp=36p, the third part whereof 12p, is the 


ſolid content of the cone, as it ought ; therefore the altitude 2 was 
rightly aſſigned. „ 85 | 
I obſerved before, that the negative root — 0 13—2 would ſolve the 
equation x*—2 5x-+36=0, though it would not ſolve the problem: for 
making rr=13 as before, and putting x for —r—2, we ſhall have 
XK 1 — rr — 1271 —8; put 13 for rr, and then you will have 
K=—1 247 —78—127—8==—257—86! again, —2 5X==—2 5X—r—2 
==—+25r+50; therefore x*—2 53%2=—2 57—86-+2 57+ 50==—36; add 
36 to both ſides, and you will have x*—2 5x+36==0. 2 
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Of the transformation of equations. 


436. In order to fit and prepare equations for a more eaſy reſolution, it 
will be proper that the Analyſt be well acquainted with all the various 
ways of transforming equations one into another, mo!t whereof he will 
meet with in this and the following article: as 
1ſt. When there are fractions in any equation, they muſt be taken aa 
after the ſame manner as in ſimple equations, to wit, by multiplying the 4 5 
equation into all the denominators ſuccgſſively: and if after this, the higheſt 
power of the unknown quantity is affected with any coefficient but unity, that 
coefficient muſt alſs be taken off in the following manner, Let the equation, 
when reduced to integral terms, be ax*+bxx+cx—d==o, where the coef- 
ficient of the higheſt power of the unknown quantity is a; then aſſuming 


any indeterminate quantity, as y, make 4 x, and fubſirtuting inſtead 


o 
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of x in the equation, it will fand thus, = + +——d==0; multiply 
the whole equation by aa, and you will then have an equation wherein the 
coefficient of the higheſt power of the unknown quantity is unity, to wit, 
y'+byy-+acy—aad==o ; and when by the reſolution of this equation the 


* 


value of y is diſcovered, that of E or x, the root of the primitive equatiin, 


qoill alſo be known. Since then every equation may be reduced to another, 
wherein the coefficient of the higheſt power of the unknown quantity is 
unity, I ſhall hereafter conſider all equations in that form. 8 | 
 2dly. After the ſame manner may ſurd quantities be ſometimes alſo thrown | 
out of an equation, As for inſtance, let the equation be x* * +qx— 


ro. Now to get rid of the ſurd quantity yr, ſubſtitute 52 in- 


£ 55 N 3 y | 
ſtead of x in the equation, and it will ſtand thus, e +-— Ar 


=o; multiply the whole equation by Vr, and you will have y « + 
gry—rr==0 ; and when in this equation the value of y is known, that of 
+; or x will alſo be known, bs 
zdly. Thus alſo may the roots of any equation be multiplied or divided by 
any given number whatever, As for inſtance, let the equation be x q 
ro, and let it be required to multiply the roots of this equation by 
2 ; that is, let it be required to find an equation whoſe roots ſhall be 
triple of the roots of this, each of each; and it may be thus done: be- 


cauſe 3 is the multiplicator, make 3x==y, and then ſubſtituting? inſtead 


a a 3 5 | LET 
of x in the equation, you will have wy + —r=0; multiply all by 
27, and you will have %-+ggy—27r=0, In like manner may the roots 


| of an equation be divided by 3 when occaſion requires it, to wit, by 
making 72 y, and fo ſubſtituting z inſtead of x in the equation, 


4thly. If you would change all the affirmative roots of an equation into 
equal negatives, and vice verſa, it may thus be done: let the equation be 
X*&—X—] g9X*+49X—3o==0, whoſe roots are +1, +2, +3 and — 5; 
then ſubſtituting —y inftead of +x in the equation, you will have y. 
19 }—49y—30==0, an equation whoſe roots are —1, —2, —3, +8, 

5thly. It will ſometimes alſo be of uſe to change all the roots of an equation 
into their reciprocals, thus: reſume the foregoing equation x%—x%—1 gx* 


1-498 
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+49x—30==0, whoſe roots are 1, 23 and —5; and let it be required 
to find an equation whoſe roots ſhall be the reciprocals of theſe: ſubſtitute 


. | . . | 1 ' 9 | | 
— inſtead of x, and the equation will be 775 = —30=0; 


multiply the whole equation by , and you will have 1—y—19y*+4997 
zo /o, or 30y—49y-+199*+y—1==0, an equation whole roots are 
7. 75 - af =: Where it may be obſerved, that — 5, the greateſt 
root before, that is, the moſt remote from nothing, is now , the neareſt 
to nothing. £ 
437. There is another transformation of equations no leſs uſeful than the a 
foregoing, eſpecially in the reſelution of cubic and biquadratic equations, 
which is that, whereby the ſecond term of any equation may be taken away, 
— As for example, let this general equation be propoſed, X"+px"— &c=0, (for 
we ſhall have no occafion for more terms,) and let it be required from this equa- 
tion to derive another which ſhall have no ſecond term, and whoſe roots ſhall 
have a known relation to the roots of this, Aſſuming any two indeterminate 
quantities y and æ, make y—z==x, and ſubſtitute y—2 inſtead of æ in the 
equation, and you will have x"=y"—mzy"— &c, by Newton's theorem 
for the evolution of a binomial ; you will have moreover pxmw—t e =I 
Se, and the equation x"+px”"— &c =o will now be changed into this, 
* TH „e &c So, whole ſecond term is N n: but this equa- 
tion is deſigned to have no ſecond term; therefore to remove this term 
out of the equation, we muſt ſuppoſe po; in which caſe we ſhall 


7 | 
have 2 and y—2 or x=y— =, | 1 5 
The rule therefore for ſtriking out the ſecond term is this. From y, the in- 


tended root of the new equation, ſulbtract b, the coefficient of the ſecond term of 


the given equation divided by the number of dimenſions in the firſt, and you 
will have a reſidual, as y— = , wobich being ſubſtituted for x, the root of the 


equation propoſed, will change it into a new one whoſe ſecond term is wanting, 


and whoſe roots have all a known relation to the roots of the equation given: 


for if from the roots of the new equation be ſiubtracted E. you will have the 


roots of the equation firſt propoſed, As for example, let it be required to 
take gway the ſecond term of this equation, x%—b6xx—37x-2 10==0 : 
here p, the coefficient of the ſecond term, mY and this divided by 3, 
£ 8 f 
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the number of dimenſions in'the firſt term, quotes —2, which being ſub- 
tracted from y, gives y--2 ; therefore I ſubſtitute y-+2 inſtead of x in the 
equation, and the work ſtands thus : - | | 99 

JJC 

— 6. —9—20— 24 

, , Es 5 Come 4. 

+210 | ä | 
„* * —49j+120=0, 


J Therefore the equation X*—O0xx—37x+2 IOO IS NOW converted into 


this, 1 * — 495 ＋ 120 =, whole ſecond term is wanting, and whoſe 
roots, when extracted by rules hereafter to be given, will be found to be 


3, 5 and —8; therefore the roots of the former equation were 5, 7 and 


5, to wit, greater by 2 than thoſe of the latter, becauſe x was made 
equal to y-+2. And thus may all the roots of an equation be increaſed or di- 
miniſhed by any known quantity whatever, even fo far as to become all affirma- 
live, or all negative. As for inſtance, ſuppoſe that in the equation firſt pro- 
pI inſtead of making y+2==x, I had made y—7==x ; I ſhould then 

ave had an equation, whoſe roots would have been 12, 14 and 1, to wit 


greater by 7 than thoſe of the equation propoſed, and all affirmative: on 


the other hand, if I had made y+8=x, I ſhould have had an equation 
Whoſe roots would have been — 33 — 1, — 14, that is, leſs by 8 than 


thoſe of the equation firſt propoſed, and all negative. 49 
© When the coefficient of the ſecond term of an equation cannot be divided b 
the number of dimenſions in the firft without a fraction, the beſt way will be to 
multiply the roots of the equation by the denominator of ſuch a fraction, and 
then to take away the ſecond term cut of the equation reſulting from this mul- 
tiplication. Ex gr. let the equation be x%4+2xx—3x—4==0. Now be- 
cauſe 2 the coefficient of the ſecond. term, cannot be divided by 3 the 
number of dimenſions in the firſt, without a fraction, as 3, multiply the 


32 


Toots of the equation by the denominator 3, by making 3x H, and fo 


| ME. 3 1 
putting J inſtead of x in the equation, and you will have 2 1 


5 3 
—4 S Sc; multiply all by 27, and you will have y+6y—27y3—108 


=: take now away the ſecond term of this equation, by ſubſtituting 

2 - 2 inſtead of y, and you will have a third equation whoſe ſecond term 
is wanting, and which, for that reaſon, will be the more eaſily reſolved. 
When all the roots 2 of this laſt equation are diſcovered, make z—2==y, 


and 2 Dx, and you will have all the roots of the equation firſt propoſed, 


When the ſecond term of an equation is wanting, it is an argument that all 
the affirmatrve roots taken together are equal and contrary to all the negative 


CY 
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ones taken together, For ſince, by art. 43 Jo the coefficient of the ſecond term 


is equal to the ſum of all the roots with their ſigns changed; when the ſecond 
term is wanting, that is, when it's coefficient is equal to nothing, the fum 
of all the roots muſt be equal to nothing; that is, all the affirmative roots 
taken together muſt be equal and contrary to all the negative roots taken 


together. As for inſtance, the roots of the equation 51 * —499+120 
==0 will be found to be 3, 5 and —8 ; where the ſum of the affirmative. 


roots 3 and 5 is equal and contrary to the ſingle root —8, =. 
By this way of transformation, and by the reſolution of a quadratic equa- 


tion, may the third term of an equation be alſo taken away, which in ſome 


geometrical conſtruttions of equations is required to be done, As for example, 


let the equation whoſe third term is to be taken away, be x%—43x%+3x* 


—5x—2==0, and make y—2==x as before; and then you will have 

x*#=pi—4zY +6 Tr, —3xui=—3y +92" &c, +3x=+3y* &c; 

and now the equation x -* t g &c o will be converted into this: 
„ „ +98 Ge o, 


622 : 
whoſe third term is +9z y* : but this equation is to have no third term, 


5 ＋3 
by the ſuppoſition; therefore 6zz-+924+-3==0 ; divide by 6, and you 


will have zz+iz+i=0o ; tranſpoſe ;, and compleat the ſquare, and you 
will have 22 IZ ＋ Z=; whence by extracting the ſquare. root, 


z＋ i, and == — or —1, and y—z==y-+; or y-+1 ; ſubſtitute 


therefore y+: or y! for x, in the equation x%—3x%+3x%— 5x—2==0, 
and you will have either way an equation whoſe third term is wanting; 
for if y: be made equal to x, the equation will be y—y 4 —5y 
s: if y+1 be made equal to x, the equation will be yy? & —45 
—6 20. „ Be | 

Here follows a general theorem for taking off the third term. 

Let the equation be x" + pr X &c =0, and make LIE 
1 RET 
mxm—1 

which the reader may trace out at his leiſure. Here then we are to take 


— 85 and the quantity to be ſubſtituted for x will be y — -y 85 


| mel 
notice, that I q be affirmative, and greater than p K - the quantity 
8, and conſequently this extermination, will be impoſſible ; in all other caſes it 
ai be poſfeble, r e 
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PART IL 
E cubic and N 57s L 


Of ATE equations 
8 If all the roots of a cubic equation be real, that i is, none of them im- 


poſſible, and if all the parts of fuch an equation be placed on one fide accord- 


ing to the -dimenenr — quantity, and fo eee 


nothing on the other fide ; T ſay then, that as often as unlike figns fol 


another in paſſing from the firſt term to the laſt, ſo many roots of this its 
tion will be affirmative, and as often as bike ſigns fallno one another, fo many 


roots will be, negative. 


CASE 1. 
Let the three roots of a cubic equation be a, b and c, and all affirma- 


tive: then will the equation be 


— —+ab | 
„ —baxx Nac x —abc=0 by art. 4333 
e Tc 


where the ſigns are +, —, +, —. 


Cass 2. 


Cel now all the roots al negative, as —g, —6, —c: then the equa- 
tion will be | 


+a +ab 
x3 —+bxx Nac x - ++abe—o, 
| +c —+bc 


where the ſigns are +, +, +, +; fo that for three variations of "ON 
in the laſt caſe, there are none in this, 


CASE 2. 
Let now the roots fide equation be +a, +b, —c, that is, let two 


of the roots be affirmative and one be negative; and the equation will be 


| —4 ＋ 45 Fr, 
a —bxx —acx -+ab(=0; 
＋ e — 


therefore in this caſe the abſolute or laſt term of the equation will always 
be affirmative, Let the quantity c when taken affirmatively be leſs than 
ab 
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22 11 will be much leſs than ab, which is equal to 
aa-+-2ab4-bb 


1 therefore —a—b-+c the coefficient of the ſecond term of 
the equation will be negative: it is evident alſo, ſince — is greater 
than c, that ab will be greater than ac + bc, and conſequently that 
ab—ac—bc the coefficient of the third term will be affirmative; there- 


fore if c be leſs _ Pi the ſigns of the terms of the equation will be | 


Þs _ * +. Let now the quantity c be greater than =, but till 
leſs than a; and by a like way of reaſoning as before, the ſecond term of 
the equation will be found to be negative, and the third to be negative alſo; 


therefore if c lies between a-+b and —Þ the ſigns of the terms will be 


+, —, —, +. Laſtly, let c be greater than ab; then will the ſe- 
cond term of the equation be affirmative, the third will be negative, and 
the ſigns will now be +, +, —, +. | 


CASE 4, 


Loet now the ſigns of theſe roots be all changed by changing the ſign of 
x in the equation, which indifferently repreſents them all: then it is plain, 
that the ſigns of the firſt and third terms of the equation will be by this 
means changed, but thoſe of the ſecond and fourth terms will ſtill re- 
main; and now we ſhall have two negative roots, and one affirmative ; 
and where in the former caſe the ſigns were +, —, ＋, +, they will 
now be —, —, —, +; where in the former caſe the ſigns were +, —, 
, +, they will now be —, —, +, +; and hſtly where in the for- 
mer caſe the ſigns were , +, —, +, they will now be —, ++, +, 
+ : therefore in paſſing from the firſt term to the laſt of a cubic equa- 
tion, there will always be as many variations of ſigns as there are affir- 
mative roots, and vice ver ſa. i 

439. F the ſecond term of a cubic equation be taken away, and ſo the 
equation be reduced to this form, ==px===q ; I jay then, that whatever 
quantities be the roots of the equation *==px==—+-q, the ſame with their 
ſigns changed will be the roots of the equation x p R q; and vice verſa. 

For firſt, let the equation be xi--px=—+9; then changing the ſign of x, 
and conſequently of all the roots repreſented by it, the equation will be 
* = but this equation is the ſame with x%+px==—9, as 

| | ap- 
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appears by tranſpoſition ; therefore the roots of the equation x? + px 
=——4 are equal and contrary to the roots of the equation x*-+px==—+g, 
In like manner if the equation be xi*—px=-+9, by changing the ſign 
of x we ſhall have —x%+px==+9, which is the ſame with x - 
| —9: whence it follows, that the fame operation which finds the roots 
of the equation x*==px==4-q, will find the roots of the equation x*==px 
=—79, to wit, by changing the ſigns of the former roots. 

440. Every cubic equation may be reduced to this form, to wit, x*==Jaax 
_ ===2aab: for having cleared the firſt term from it's coefficient by art. 
436, and taken away the ſecond by art. 437, the equation will be re- 


duced to this form, * pack: make +>==aq and 244 5, and 


then the equation will be x*==3aax===29a6. TO - 
441. Let x and y be two variable quantities, but in a conſtant relation 
to each other ; as for mſtance, let y be untverſally equal to x*—Jaax—2aab, 
let the value of x be what it will: then if we. ſuppoſe x firſt of all to be an 
infinite affirmative quantity, and from that ſlate to flow downwards through 
all degrees of affirmative and negative magnitude into an infinite negative, 
| ave may mark down in a table ſome of the principal ſtations o x during this 
deflux, and overagainſt them the correſpondent values of y, thus; 
When x is infinite, y will be fo too: for if x be infinite, xx, and xx—3aa 
will be infinite, and conſequently xxxx—3asa, that is, x*—3aax, and 
x*—=3aax—2aab or y will be infinite; therefore overagainſt ;7fin:te in the 
column ſigned x denoting the firſt ſtate of x, write infinite in the column 
ſigned y denoting the like ſtate of y. | 1 
I! be next ſtation of x to be taken notice of during this deflux, is when 
x=24; in which caſe x? will be 8 ,; and —3aax will be — 64, and 
X%—344x—2aab or y will be 24)—2aa6 ; therefore putting down 24 in 
the column ſigned x, overagainſt it write 22. aab in the column ſigned y. 
When x=ax9/3, we ſhall have *=3a*xy/ 13, and —Jaax=—73oxy 7, 
in which caſe xi—3aax—2aab or y=—2aab ; therefore write axy/3 in 
the column x, and overagainſt it —2aab in the column y. 
When x=, y will be —24—2a26, both which put down, 
When X==0O, J==—22446, : | 
When xz==—4a, y=-þ24—2206. 
When xz==—axy 3, y=—2aab. 
When x==—24, y=—209%—2aab. | 
When x is an infinite negative, y will alſo be an infinite negative: all 
which muſt be regiſtered, and fo the table will be finiſhed, which the 
reader (if he pleaſes) may tranſcribe into a piece of paper and lay it be- 
fore him while he reads the following article. 


* 
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* $570 
+ infinite | + infinite 
422 +24'*—24ab 
a/ AQ aaab 
+a | OO nn—2g\-—240b 
— 5 ＋24.— 2a 
SU ⁰½1 e —=2aab 
 — E22 2aa 
— infinite — infinite. 


442. Every cubic equation of this form, x. — zaax ab vill have 
all it's roots poſſible, provided that b be not greater than a or leſs than —a, 
but lies between thoſe two limits. This will be ſufficiently demonſtrated if 
we prove it of the equation x%—43aax==-+2aab or x*—Jaax—2aab==0, 
by art. 439. Let us then ſuppoſe x and y to be two variable quantities 
as in the laſt article, and let y be — equal to x'—3aax—2aab as 


before; then to enquire into the roots of the equation x%—3aax—2aab 


So, will be the ſame thing as to enquire into the values of x when ro. 
Now in the foregoing table when x was 24, y was 24%—2aa6, which is 
an affirmative quantity, becauſe & is ſuppoſed leſs than a: when x was 
axy 3, b was —2aab a negative quantity; therefore while x flowed down 
through all degrees of magnitude from 29 to axy/3, y flowed down from 
an affirmative to a negative ſtate: but no diminiſhing quantity can pals 


through all degrees of magnitude below it, out of an affirmative into a 


negative ſtate, but it muſt at leaſt once paſs through nothing-: therefore 
of all the intermediate values of x between 24 and ax V3, there muſt be 
one where y or x*—3aax—2aab muſt be equal to nothing; and that va- 
lue will be a root of that equation. Oe 


When x was equal to nothing, y was equal to —24* a negative quan- 


tity ; and when x was —a, y was +24—24#6 an affirmative quantity ; 
therefore while x flowed downwards from nothing to —a, y flowed up- 
wards from a negative to an affirmative ſtate, and again mutt have paſled 
through nothing ; therefore we have another root of this equation lying 
between o and — 2. os | 
When x was —a, y was +24%—246b an affirmative quantity; and 
when x was —axy/3, y was — 246 a negative quantity; here then we 
find a third root of the equation, lying between —a and — 4 * V3: ſo 
that upon the whole matter we have pointed at three roots of the equation 
propoſed, and three are as many as it will admit of; the greateſt whereof 
is affirmative, and lies between 24 and axy/3, or at leaſt does not tranſcend 


thoſe 


i: 
1 
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thoſe limits; and the other two are negative, one lying between o and 
a, and the other between — 4 and —axy 3. 5 1 


This is upon a ſuppoſition that the equation is x*—34*x=+24*6, that 
is, that 6 is affirmative : but if þ be negative, that is, if the equation be 
x'—3aax==—2aab, all things will happen contrarywiſe by art. 439; 
that is, the greateſt root will now be negative, lying between — 24 and 


—axy/ 3, and the other two roots will be affirmative, one lying betwixt 


o and ga, and the other betwixt +a and a3. Et 
If þ=-+8, which is the higheſt limit preſcribed it by the theorem, the 
equation will be *—34ax==243, in which caſe we ſhall have xi—3aax 
—2aab=20'*—2aab'; but when x*—3aax—2aab or y=24*—2aab, x 
will be +24, or —a by the table; therefore in this caſe two of the 


roots of the equation will be ++2@'and —4a ; but if one of the negative 
roots be —a, the other muſt alſo be -a, becauſe both together muſt be 


equal and contrary to the affirmative root +24, to deſtroy the ſecond 
term of the equation, by art. 437: therefore when 5 riſes as high as a, 

one of the limits preſcribed it by the theorem, the affirmative root will 
aſcend to 2a, which is as high as it can riſe, and the two negative roots, 
whereof one lies between o and —a and the other between —4 and 
Cas, will now meet in their common limit —a. Fed 


If „-, which is as low as it can deſcend according to the theorem, 


all things will happen contrary to the former caſe ; that is, the greateſt 
root will now be negative, and equal to — 2, which js it's loweſt limit; 
and the two affirmative roots lying between o and -+ a, and between +a 
and -+axy/3, will in this caſe meet in their common limit . 
Laſtly if b, and conſequently aaab o, that is, if the equation be 


x*—344x==0, one of the roots x will be equal to nothing by art. 429: 


and if x*—3aax be divided by x, and the quotient xx - 34a be made 
equal to nothing, you will have the other two roots of the equation, to 
wit +axy/3 and —axy/3 ; therefore if þ—=0o, the three roots of the equa- 
tion will be axy/3, o, and —axy/1 that is, the greateſt root, which lies 
between +24 and ＋aN V3, will now fink into it's loweſt limit +axy/ 3; 
and the greater negative root, which lies between —a and —axy 7, will 
alſo fink into it's loweſt limit —axy/3 ; but the other negative root lying 
between o and —a, will in this caſe aſcend into it's higheſt limit o. 
443. Setting afide the caſe of the laſt article, T jay that in all other caſes, 


the equation X*==Jaax====2aab can have only one root poſſible, which root 


zoll be affirmative or negative according as b is Fi that is, according as + 


or —22ab is concerned in the equation, To emonſtrate which, I need 
only to conſider two of theſe equations, to wit x*—3aax==-+2aab, where 


we ſuppoſed 6 greater than a, and x*-+3aax==+2aab, where b may be 
any affirmative quantity whatever, 


CASE 
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CASE 1. 


Let us then conſider that equation firſt, which borders next upon the 
equation of the laſt article, to wit, x*—30'x==+20%, or - 34 
24b==0, where b is ſuppoſed greater than a. In art. 107 it was demon- 
ſtrated, that if the two roots of a quadratic equation, by approaching to- 
wards each other, come at laſt to N equal, 1 next ſtep will be into a 
ſtate of impoſſibility: but if this be the caſe of a quadratic equation, it 
muſt be the caſe of any other equation whatever that is above a quadratic : 
for if 1 and s be two roots of any equation whatever, they will alſo be 


the two roots of the quadratic equation x—rxx—5==0, 

To apply this now to our preſent caſe; it appears from the laſt article, 
that in the equation x%—3a*x==24*b where b is leſs than a, the nearer it 
approaches towards a, the nearer will the two negative roots approach to- 
wards one another; when þ becomes equal to a, thoſe two roots will be 


equal to one another; and therefore when þ becomes greater than a, the 


two roots muſt be impoſſible. But becauſe this indirect way of reaſoning 
may probably not go down with all forts of readers, I ſhall demonſtrate 
the thing more directly and more diſtinctly thus: 5 
Let x andy be variable quantities related to each other as in the two 
laſt articles, and from the table there referred to it appears, that when « 
is infinite, y will alſo be infinite; when x==24, y muſt be 2—24˙5⁵, 
which (we are to take notice) is now a negative quantity, becauſe þ is ſu 
poſed greater than a; therefore whilſt x flows from an infinite to a finite 
ſtate ſo as to be equal to 29, y flows from a like ſtate of infinity into a 
finite negative, and therefore muſt have paſſed through nothing in the 
mean time; therefore the equation xi'——34*x=24*% muſt have one real 
affirmative root, and greater than 24, Let us call this affirmative root ; 
then will x—- be a diviſor of the quantity x*—34'x—246, by art. 4.31 


and 432: let it then be divided by x—-7, and the quotient will be x*+rx 


„za, and the remainder r3—34r—204'b will be nothing, becauſe 
asr is a root of the equation xi—34*x—294%b==0, if be put inſtead of 
x in that equation, you will have r3—34*r—2b=0 ; therefore if x\— 
24x—2&b be divided by x-, the quotient will be xx+rx4*—307, 
and there will be no remainder ; make this quotient equal to o, and you 
will have a quadratic equation including the other two roots of the cubic 
equation propoſed. Since then xx+rx4+r*—34'=0, you will have by 
tranſpoſition, xx-+rx==34*—7*; by compleating the ſquare, xx Kr A 


= Za -] and by extracting the ſquare root, x = Va-: 


but it has been proved already, that r is greater than 22; whence - is 
greater than 4a˙, and {r* greater than aa, and 37* greater than 36 there- 
I 143 | fare 
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fore 34*—37* is a negative quantity, and as ſuch, can have no ſquare root; 
therefore the two roots of the quadratic equation x*+7x-+77—34'=0, 
and conſequently two of the roots of the cubic equation propoſed, will be 
impoſſible; therefore if þ be greater than a, or leſs (that is, more nega- 
tive) than—g; in a word, if Fo be greater than , the equation x%— 30% 
===24% can but have one poſſible root, which root will be greater than 
24 or leſs than e ing as the abſolute term of the — is + 
or —246, 
C As R 2. 


| Tet now ; tha equation be x%3aax==294ab: then. it is OED that in js 


equation x cannot be negative; for if it was, both x* and 3aax woul 


negative; ſo that x%+-3aax could not oſſibly be equal to any affirma- 
he, quanti 9 whatever ; therefore if the equation x*+3aax==2aab has 
roots, they muſt all. be affirmative : but one root it has, by art. 430, 
which we will call 7, and then we ſhall have x—-r a diviſor of the quan- 


| ty x%-+-3aax—22ab ; and fo the demonſtration might proceed as in the 


laſt article ; but more 'briefly thus : 
Let x be greater than v, and you will have «* greater than , and zaax 
45 than zaar, and *-- gaaæ greater than 5 - aar, and conſequent- 
1 than 2aab, ſince r*-+3aar=29ab : in like manner if x be leſs 
r, x ga will be leſs than 2aab ; therefore there is but one va- 

me of x, to wit 7, that can make x%+ gaanz; therefore the equa- 
tion x%+3aax= —2aab can have but one poſſible root, which will be af- 
firmative or negative according as the abſolute term of the equation 1s * 


or —2aab, Q. E. D. 


444. For the better diſtinguiſhing the ſeveral caſes of cubic equations, 


ye conſidered them all under the form of x*==3Jaax====2406, Let us now 


reſtore them to their primitive form x%==px===q, and then The ſum of the 
rie laſt articles will amount to thus much ; that the equation x. — p , 


if op 2 , hich is bb, be leſs than — b is aa, all the three roots will be 


va, e; that the greateſt of theſe roots will be affirmative or negative accord- 
ing as q is ſo, and that the figns of the other two will always be contrary to 
that of the greateſt ; that as to their ſituation, the greateſt root will always 


he between +2Vt and p, or * and p; that of the other 
two, that which is neareſt to nothing will be between. o and + VE „ or © 


and W. and that the more remote will be between +VE. and Vp, 


or 
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or * and — p; that in all other caſes there will be but one poſſible 
root, * ch will be affirmative or negative according as the abſolute term q 
is affirmative or negative; and particularly, that in the equation 8i—px===q, 
be only poſſible root will be greater than 2E, or 77 than —2 VE 

This I fay, is the amount of the two Naſt articles : but aro we may 


obſerve, that if in the equation x%—px====q, => be greater than 29, 


£ | LE 5 
we ſhall have by multiplication and diviſion 27 greater than 21 whence 
we have another mark for determining the -oftiblity or irapoſſibility of the 


roots, which is this: I the cube of © affirmatively conſidered be greater 


than the ſquare of 2, all the three roots will be poſſible, otherwiſe not. 


Of the reſolution of cubic equations. 
445. To reſolve any cubic equation that hath but one poſſible root. 


Here are two caſes ; firſt, when the . nie to be reſolved is in this 


form, x = or —4q ſecondly, when it is in this form, x*—px 


A or —q ; in which laſt caſe, the cube of 8 affirmatively taken is 


leſs than the ſquare of — becauſe by the ſuppoſition the equation hath 


but one poſſible root. 
| | CASE':£ 


Let the equation be x%+px===q : then ſuppoſing n and n to be twe 
unknown quantities, whereof m is the greater, ſubſtitute A inſtead 
of x in the equation x*-+px==-+q, becauſe the root of that equation is 
affirmative, and you will have . — zmmn—+ 3mm - pm — pn. g. 
Now fince as yet we have but one equation for determining the values of 
m and u, to wit m——n==x, we are at liberty to feign any other equa- 
tion we pleaſe that may ſerve to render the equation more ſimple. Let 
us then ſuppoſe zun p, and we ſhall have pm pn. zmmn — z unn; and 


the equation will now ſtand thus, m\—3mmn+ 3mm - zun. zmun 


As, that is, n — r: but 3mn==p by the ſuppoſition; therefore 
55 3 "Hh | 0 
_ and = £ — : ſubſtitute now = inſtead of — in the e- 


— quation 


1 i 


* 
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gation Mena , and you will have n— 22 N arp all by m, 


| and'you will 8 . whence m'—qm = 25. which is 4 ſort 


of 3 equation: | 2 the * and you Vin have n. gn 


root, 5+ cl whence mat =" 65 of theſe two . of m, 
we latter, to wit _ in the * caſe is s negative for fince 24 7 
Ain . we ſhall have 41 le than SS, and L leſs chan s, and | Ti 


leſs than nothing: make then 2. Zn, and you will have "PIN 


ſince meg; and m will be the cube root of the afitraative quantity 
2 


2 


+5, and — n the cube root of the negative quantity 2 7. —s, and u —1 


will be the root of the equation propoſed. If the equation be X3px =—0q, 
705 find the root of the e 14 0 X+px==—+q as above, and then change it's 


n by art. 439 : and the ſame muſt be obſerved in all other caſes. Thus i in 
A gel pre ſent caſe the root ** the equation e e will be —m. 


een, 
If the equation be 1 that is, if p be negative, to add the 


eube of 2 in this caſe will be the ſame as to ſubtract the cube of «rf | 


— — 


3 
and as 55 is now equal to 2 gs Bo will be les than 5 , and L—; will 


be an affirmative quantity; therefore — in the * caſe will now be 
changed into m, and the root - into u- n, and * following canon 


will include both caſes, to wit, To or from the ſquare of > 2 add or fubtratt 
the cube of 3 according as p is affirmative or negative in the equation pro- 
poſed, and call the ſum or remainder ss: make the cube root of A S m, 


5 4 | 1 
and the cube root 72 — se n according as that quantity 2 —8 15 Mir. 


mati ve 
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mati ve or negative, and the root of the equation x*==px.== q will be 


mn according asn comes out affirmative or negative. 2 

For the fake of what follows in the next article, it may not. be amiſs 
to obſerve here that In the equation x =px =+q, the fign of n in the 
root will always be contrary to that of p: thus in the firſt caſe, where the 


equation was x*+px==q, the root was m—, and in the ſecond, where 


the equation was x -e =, the root was nu -N. 


This ſecond caſe might alſo be demonſtrated from it's firſt principles 


like the firſt, thus: put nn for x in the equation -p = , and 


you will have 1 - ZM n zun -- pm — pn. g: make zun p, 
| f 


ad Km ng ann nas before, and you will have the equation m' + + =; 
P. : 

whence 8 9 75 and 1% — gm + 8 = 4.— 5 : make 4 — 

2 | 


5 ==5s, and you will have m. 5 2s: therefore ſince in this caſe m 


g, if 7 be made equal to Z ＋s, we ſhall have 11 = LE; ; whence 


may be deduced the rule as above, TE 
But here it muſt be obſerved, that if the cube of b be greater than the 


ſquare of — the quantity in the ſecond caſe will be impoſſible, and then 


the equation cannot be reſolved this way, at leaſt not by poſſible numbers: 


not becauſe the deſired root becomes then impoſſible, for there are more 
poſſible roots in this caſe than in any other; but becauſe then the cubes m7 
and n become impoſſible, and fo their cube roots ½ and 7 cannot ſo eafily 
be extracted: where this can be done, the impoſſibility of thoſe roots 
will be no hinderance in the application of the foregoing rule: as for in- 
| ſtance, let M= - Y [-, and n=a—y/—b6, then it is plain that m and 
2 are both impoſſible; and yet their ſum m +, that is, the root of the 
equation will be a real quantity, as 24, the impoſſible parts deſtroying, 


one another: but of this more hereafter. The very ſuppoſition upon 
which this analyſis is founded plainly ſhews, that the foregoing rule drawn 
from it cannot be univerſal, becauſe the ſuppoſition itſelf is not univerſally 


true, There it is ſuppoſed that the root x may be divided into two ſuch 


parts, as that the product of their multiplication may be : ; but what if 


the root x ſhould be ſo ſmall a quantity as not to be capable of being fo 
divided? why then this method of reſolving cubic equations muſt ne- 


ceflarily 
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ceſſarily become impracticable by poſſible numbers. When a number is 
divided into two parts, the product of their multiplication will be rr 


K 


when the parts are equal; ( ſee art. 111, obſ. ad; ) therefore = 2 x 2 or 


7 is the greateſt product that can ariſe from wh two. parts of x ; multipli- 


cd together : ſuppoſe now this greateſt product — 1 ” to be leſs 420 Z and 


vou will have xx leſs than =; and x leſs than Ve : now that x will be 
Jes than v7 in the caſe where all the roots are poſſible, and that in this 


"3 caſe alſo the If of - will be greater than the ſquare of . was s ſuffici- | 


_ ently demonſtrated in art. 442 and 444. 
N. B. Though the rule here given for reſolving theſe two caſes of cu- 


bic equations — by Cardan himſelf aſcribed to one Scipio Ferreus, a noted 

Mathematic ian before his time, on it 1s s generally known by che name of 
85 4 role, * 4 

EXAMPLE 1. 

Let the equation to be reſolved be x 30#=117. Here p==30, . 

q=1 17, the ſquare of |= | é the cube org 1000, the 

1768 

ſum 55 = . = 133 L 

2, $—1 or x, Which will anſwer ha condition of the equation, 


. 
Let us try the more 1 rule in this ſimple caſe, wit & jy 


Rs + * —==0, the ſum i ST 
4127 · 3 2 


+$5=125, 2 mt Mz 5, —7 


Here then S=0, 9=4 © * 


2 


3 
+ S=0q, 2, M== 5 7 H==O, HI—71 Or x= VA. 


""IXANFLE: 3, 
Let the equation be x*— 36x== 91. Here Faw $6; or, 25 


18281 ## 6912 19. 37 4 
=_— ee . the difference S2 4 => hs 
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= Eg EXAMPLE 4, MN” 


1 the equation be * — 12 K 16. Here p=12, Ik Y 


=64, = 64 the difference A 0. 2 es, 2—— 8, m 2, 
n=2, nN or x=4, which is one 1 of the * but becauſe 
in this caſe the cube of © is equal to the ſquare of g, this equation will 


alſo have other two roots which will be negative 5 equal to one ano- _ 
ther, by art. 442; therefore each of the other two roots muſt be —2, 


that both together may be able to balance the affirmative root 4 in riking 
away the ſecond term. 


EXAMPLE 5. 


Let the equation be * +21 x== . Here . 4 


* now the cube root + of WAIT 18 1+Y8, Fe, the cube - 


root of 25—4/968 is 1—\/8 by art. 426, ex. 2; therefore m=1+ 
, —1=I—Ys8, and n or x2. 


J 


3 


Let the equation be * 3 x 18. Here p 3, 718, 1 Adr, 


[WO the difference 55=80, =/ o, To 80, Leg. 


2 
so: now the cube root 9+4/80 is , and the cube root of 


i N by art. 426, ex. 33 therefore 1 318 


2 ind mu or x==}. 


E x AMPLE 7. 

rs — | TO 3 

Let the equation be x%+x=10, Here p==1, q= 10, , 
I 676 670x3 26 13 


| 2 the ſum . 3 n * 123 Fs 


=5+72v/12, Lg "3 g V2: now m the cube root of 5+ 


114 
* 
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5 1 is 1+ES, and n the cube root of $=ov 12 is — 


by art. 426, ex. 43 therefore m—1 or X=2. 


nn 


Let the equation be x%4+-bx=36y/3. Here p=6, 9223613, 10 = 
3 | | : 


972, =, the ſum $5=980, * 980, —— 18 V3 1 


J 972+y 980, - —=/972—yg80 : now. m or the cube root of 


y972+yg80 is 3+) 5, and — the cube root of 79727980 is 
LA by art. 426, ex. 1; therefore w—x or x=2,4/3, 

This lat equation, to wit x*+6x==364/3, might alſo have been thus 
. reſolved : make y z x, and you will have %=3/ 3xy%, 6x==693 
-xy, and the equation will be 34/3xy--64/ 3xy=364/3 : divide the 
whole equation by 34/3, and you will have y%-+2y==12, where p=2, 


q WO. 980 7/80 9 
* 12, 36 27 27 the ſum SS ==, r=VI2 Loc 
| 8 | 
V 2—.—6— | . m=1+ LS, . 71] — 7} 


Or y=2, yxy//3 or x==24/ 3. | „ 15 
. 4.46. Whenever a cubic equation of the foregoing form as a whole 
number for it's root, the rule in the laſt article will certainly find it, ei- 
ther with or without the extraction of the cube root of a binomial; for 
no binemial will offer itſelf in this caſe that doth not admit of a binomial 
cube root, and that root may be found by the directions given in art. 426: 
yet after all I muſt own, that I cannot but think this way of reſolving a 
— cubic equation, by extracting the cube root of a binomial, to be ſomewhat 
unnatural, as engaging us in enquiries that have not a direct tendency to 
the point we would be at; therefore I ſhould rather chuſe to recommend 
the following 1 which to me appears much more fimple and direct. 

Retaining the notation of the laſt article, and ſuppoſing what was there 


demonſtrated, m is the cube root of the quantity 2 s: take then the near- 


 eft whole number to that root, or the neareſt mixt number conſiſting of a whole 
number and fame fimple fraction annexed, and call it m; then fince z3mn p. 


— 
3m? 


you will have n 


& _ 
and the root of the equation wi I be m zm Rer. 
1 Wa 
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dy; that i ts, if the equation be rg. the root wil be m 0. ; but 


of the-equation be 8*—px==q, the root will be m 5 the ſign of p. in 


the root being always cantrary to what it is in the equation by an obſervation 
in the laſt article. Take now the neareft whole number to the quantity 


m , and tbat 5 be the root of the equation if it has a rational root; 


but if it has not, that number will however be the neareſt whole number to 


Me root, and will be a proper baſis to found an approximation upon, where- 
-by we may approach as near the true root as we pleaſe, as will be fhewn 


W 7% 


N. B. The extraction of the cube root n will be made Ling ea- 
ſier by an obſervation at the end of the third example in art. 426, which ſee. 


Examples EY this method of reſolving * e 
E x AM P L E 1. 
Let the equation be * a2 οο. Here þ=20, q=96, — 2 
5 dooo 
5 27 | 
here required ; therefore the difference 55 —= 2008, 64 5. 2 4 e 93» 
„ . 


== = 2304, 25 = 296 nearly, for the utmoſt exactneſs is not 


1 42, 25 2 — ; 2 =0— = therefore the neareſt whole 


. 
number to un- - 18 6: with this number 6 1 tr 1 the equation, and it 


ſucceeds ; ; forif x he put equal to 6, you will have x*—20x=96, 
| | EXAMPLE 2. 
Let the equation be „ ,x == 10, which is the ſame with that in 
the ſeventh example of the laſt article. Here then p=1, q=10, — 3 


28 1 


28 S< 27 = > the ſum 55=2 5-5 — ; but becauſe the fraction 5 s but 


ſmall in We 14 of the number 2 5 jane with it, I abe $$==2 5, whence 
2 | DNS. 


| . —+$==10, M2, 2% 5 and m— 72 — = —5 to which the 
neareſt whole number is 2 ; therefore I try the equation with the number 
2, and it ſucceeds. 


VVYVVY EXAMPLE 


FI 


, 
LS 1 

+. ! 

, al 
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EE EXAMPLE 3. 


Let the equation be ib le. Here p=16, qz=40O, Wa 


3 
400, 55 ED 152, the difference n=a248, ib, 3 


==3.3 or 55 ” nearl 7, 5 ==1..0; therefore mo En =4.9, to he 


neareſt whole number is 53 therefore I try the equation with the num- 
ber 5, but it does not ſucceed; whence 1 conclude that this 
has no rational root, but that 5 is the neareſt whole number to it. 


If the root of a cubic equation be required true to ſeven places W? * 


any 
approximation, the beſt way will be to extract the cube root. oy the belp of. 
. as in the following example. | 


E A A 4. 
Let the equation be FORE 5— Here che ere * 21 ＋ is I = 


6.2 5. and the cube of TS Sho ==,296296296296; whence we. have the 


difference 11 =5.953703793794, and: s=2.440021 ; and © +5 or 
mg. 94002 1; log. n (that is, the logarithm of ) o. 6937288; 
whence log. m=0: 2312429; log. zune 7083642 log. yh = — 


1: . Bi 703101; % 3914405, gr x= 2.094551 5. 
Nine of the firſt figures of the root are 2. 00455 148. See art. 4 58. 


447. In the laſt article but one I. obſerved, that the rule there given for 
reſolving a cubic equation af this kind, x3 —px====q, ſubſiſts even in 


the caſe where the cube of : exceeds the ſquare of 7 3 and that it might 


be applied here with the ſame ſucceſs as in other ta had we any cer- 
tain rule for extracting the cube root of an impoſſible binomial; I mean 
2 binomial; one part whereof is an impoſſible quantity, Give me leave 
to produce one inſtance of this out of an infinite number of others, if it 
be only to ſhew the irrefiſtible force and immutable nature of truth, hh 
is able to penetrate even through impoſſibilities, and can never * ſo di- 
ſtreſſed or ſo ſeverely tried, as to be found inconſiſtent with herſelf. Let 
then the equation to be reſolved be x%—1 5x==4 : that this equation does 

not belong to ** of the caſes hitherto conſidered is plain, becauſe p has 


here 


Art. 447. OF CUBIC EQVA TIONS. oy 
here a negative fign before it, and 12 5p the cube of 8 is greater than 4 


2 


the ſquare of mg here then 55=4—1 25——1 21==4+121x=—=1 ; there 


fore 5=11x4/—1 ; therefore 6 +5=2-+1 Iy—1, and 4 — 22 5 
114/—1. Now the cube root of the impoſſible binomial 2+11/—r 


is 2+/—1, which I thus demonſtrate: the cube of a+6 is a. Laa 
-+3abb+b*; make a=2, and b==//—1, and you will have a==8, ' 
3aab=124/—1, 3abb=6x-—-1=——6, and Þ=—/—1, and the ſum 
of theſe terms is 24-11 /—1 ; therefore the cube of 2+y/—1 is 2+11 
Vz therefore e converſo the cube root of 2-+114/—1 is 29 —, 
and the cube root of 2—11/—1 is 2—y/—: ; ſo that in this caſe n=2 
+/ —1, n=2—y/—1, and i or x4, which is true; for if x 
be made equal to 4, you will have & — I 5x==4 : but this is a caſe where- 
in all the Sine roots of the equation are poſſible ; therefore if the other 
two poſſible roots are deſired, all the equation muſt be thrown to one 
ſide, and then that fide muſt be divided by x—4 thus. If %—1 gx==4, 
we ſhall have &— 1 5x—4==0 ; divide xi—1 13 by x-=4==0, 
and the quotient will be xx-+4x+1==0; which equation when reſolved, 
gives x=—2-}/3 or —2— 93: ſo that the three roots of the equation 
propoſed are 4, —2+4/3, and —2—/ 1, any of which being ſubſti- 
tuted for x in the equation, will give x1 5x==4. 5 

It may perhaps be demanded, ſince there is no known rule for ex- 
tracting the cube root of an impoſſible binomial, how I came to diſcover 
that the cube root of 2+114/—1 was 24+4/—1 ; but my anſwer to 
this is, that no ſach diſcovery was made; that this cube root was known 
by compoſition and not by reſolution thus: I aſſume two impoſſible hi- 
nomials whoſe impoſſible parts are equal and contrary to one another, as 
2+y/—1, and 2—y/ —1; and then making 2+\//—1==m, and 


2—y/—1=27, I multiply theſe together, and find nn. 5: for a+bxa—b 
gives aa - bb; make a=2 and = V —1 and you will have aa==4, 
Þ=—1, and —b*=—+1; whence aa -;: ſince then n. q, we ſhall 
have z un 15. Again, w=2-+11y/—1 as above, and 1 2 — 
119; therefore =. Now from the analy/is in the laſt article 
but one it appears, that 3mm is equal to the coefficient p in the equation 
to be reſolved, and that in the caſe where p hath a negative ſign before 
it, An is equal to the abſolute term 9; therefore I form an equation 
making p=15 and 9 =, and it will ſtand thus, «„ — 1 5gx==4 ; and this 
equation may now be eaſily reſolved again, ſince the cube roots of the 
impoſſible binomials 2++114/—1 and 2—114/—1 are known. 

* Whether 
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„ Whether any one has found a way of extracting the cube root of an 
ſſible binomial, I know not; moſt authors make no mention of it, 


thoſe that do, paſs it lightly over: Dr. Wallis indeed has made ſome 
ent attempts towards it in a tentative way, but with little ſucceſs. 


448. I come now to conſider more particularly this laſt caſe of cnc | 


equations, to wit * — pr 1 where the cube of Q affirmatively con- | 


_ 


fidered is greater than the ſquare of 2 7 ; for which purpoſe it will be fu 


| ficient only to conſider the equation eres according to art. 4 39. 
Now though this equation cannot be reſolved en in a direct way, 


even When the root is rational, yet indirectly it may; and when the root 
is irrational, the following rule will find it true in t ree of it's firſt figures 
at leaſt, if not in more; ſo that whenever the root is required to a greater 
degree of exactneſs, this will be abundantly more than fafficient to found 


an >. u pon according ta Neutan's rule hereafter to be ex- 
pill. 


Make \ Es, aa, Tra c, and Fn EA I. ay then that the 


affirmative root of the equation propoſed will be 5a-+d very near. 
Iz art. 442 and 444 it was demonſtrated, that this affirmatroe root ne- 


ver aſcends hi gber than 2E, that is, according to our preſent notation, £ 
never higher than 2a, nor deſcends lower than y/p or q 3; that in the for- 


mer caſe, the ſquare of 2 — wvull be 25 to the cube 17 5 Fr j hence q will be 


* 


equal to fwice the ſquare root of © — or the ſquare root if 5; ; and that i in 


the latter caſe q will be equal to o; fa that q has it's 7 as well as the 
root of the equation. Moreover it will appear from the demonſtration of this 
rule, that when the affirmative root riſes to it's higheſt limit aa, the rule here 
given will be exact, and that it will fail moſt when the affirmattve root falls 
into it's loweſt limit ay/3, where q=o. Let us therefore try the rule in 
this moſt diſadvantageous caſe, and let us fee whether even in this caſe 
it will not give us a root true to three places. 

Let the equation to be reſolved be xi—3x=0, Here dividing by x, 
we have xx—3==0 ; whence x the affirmative root of the equation is 7/3, 
that is, 1732 &c, by which the foregoing rule may be tried : but be- 

fore I can apply it 1 muſt take notice, that as in this caſe a=1, we ſhall 
have z (which is the greateſt part of the root ſought) =1 .25; whence it 
| appears, that the three firſt figures of this root will conſiſt of one inte- 


| gral, 
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gral, and two decimal places; fo that the terms defined in this rule, where 
they are not exact, need not to be computed to above two decimal places 
thus:  p=3, o, al, bo, c. 23, d=. 48, — 5; therefore 
+ — 1.73, Which is the root of the equation propoſed, true to three 
places. 1 To ur mn no. 
Again, let the yo 45 — be xi—3x==.929203., Now when p==3 as in 
the preſent caſe, the higheſt limit q can arrive at is +2, and the low- 
eſt ©; therefore in the equation laſt propoſed, q is almoſt in the middle 
| between it's two limits, but ſomewhat nearer the loweſt : let us try how- 
ever whether in this caſe our rule will not give us the root of this equa- 
tion true to four places, obſerving here as before, that of the four firſt 
places of this root, one is integral and the other three decimal, and conſe- 
quently that the quantities 2, 4, 5; c, d, where they are not exact, muſt 
be computed to three decimal places thus: p=3, 9==.929, a=1, B=. 155, 
c==.229, d=.620, ja==1:250, ia+d=1.870: the true root is 1.87; 
therefore our rule finds the root of this equation true to four places. 

Again, let the equation of the laſt article be propoſed, to wit, x*—1 5x - 
. Here as p=1 5, the higheſt limit q can arrive at is / 500, that is, 
22 +, and the loweſt is nothing; therefore in this equation, 9 is ſo near 
its loweſt limit that we muſt not expect to have the root true to above 
three places, whereof one will be integral, and- the other two decimal, 
becauſe in this caſe a=y/ 5. Here then p==1 5, qzeq, a=2.24, b=.30, 
=1.15, d=1.20, 14 22.80, 5a+d=4.00 ; the true root is 4 by the 
laſt article. | . 

Laſtly, let the equation be 8x g, where rhe limits of are 8.7 and 
o. Here j=8, 9==3, aan 2.666667, 4 .= 1.633, . 306, =. 611, 
d=. 9 58, 5a=2.041, a d= 2. 999, which is too little by an unit in the 

fourth place; for the true root is 3. 

I obſerved before, that though an equation of this kind cannot be re- 
ſolved in a direct way even when the root is rational, yet indirectly it 
may ; for who can ſee the root thus found approaching MA very near the 
number 3, without trying the number z itſelf? and if he does, he will find . 

4 it to be the true root of the equation. I oth „ 
Being now to demonſtrate the foregoing rule, I ſhall only obſerve be- 

fore hand that the affirmative root of a cubic equation is comprehended 
within much narrower limits than either of the other two, which is the 
reafon why it is the moſt eaſily found: for betwixt the higheſt limit 22, 

and the loweſt 4/3 is little more than 1 difference; ſo that if 2a—e be 

put equal to the affirmative root fought, the quantity e when leaſt may - 


be 


* 


—— 
we 
* 


proaches to 


. 
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be equal to nothing, and when greateſt can never much exceed 14. Thi? 


being obſerved, put 2a—e for the affirmative root » in the equation . 
f, Of x*—38ax==q, and you will have x*==84'—1 2a09e-ba&—0v, 
za - ,- zaae, and x — gau. d- gaae Ge -= : now 
from what has been already obſerved, the quantity e will be but ſmall in 
reſpect of 24 the other part of the root joined with it; and if fo, it's cube 
& is of ſo {mall account in the foregoing equation, that if it be thrown 
out, the equation will not be much affected by it : let it then be thrown 
out, and the equation will be 64z&—gage-+24'=q, or baee—gage=q— 
20: divide all by 6a, and you will have ——2 ger —5—— : but 65 = 


| 6. 25 and 6a _—_— 3 5 therefore et — 2 ae+ 16 ad 
RE eee „ eee. * 4 „ Big 
F han” L600” San? 6a al 


6.—5 ac Saab: extract che ſquare root, and you will have 
£—21a===\/b+c===d; whence e a d: but e in the ſenſe it is 
here taken, cannot be 34-4, becauſe it can never much exceed! a; there- 
fore e muſt be :a—d, and 24—e or the affirmative root ſought muſt be 


Za very near; and nearer, as e approaches nearer to nothing, that is, as 


the affirmative root approaches nearer to its higheſt limit 29, or as q ap- | 
27 


DEFINITIONS. 


449. All cubic equations comprehended under the two firſt caſes, that 


ie, where x*+px===q, or where p g, and the cube of 5 af- 


firmatively taken is leſs than the ſquare of : ; all theſe equations] ſay, may 


| he reſolved two ways, either groſſly by the foregoing rules, and then 


more correctly by an approximation, or elſe at once by a more accurate 


extraction of the ſquare and cube roots without any further correction, as 
was ſhewn at the latter end of art. 446 ; and this cannot be more expedi- 
tiouſly performed than by a good table of logarithms. And as theſe two 
caſes may be reſolved by a canon of logarithms, ſo may the third and laſt 
caſe be reſolved by a canon of fines, as will be taught hereafter : but firſt 


_— proper to acquaint the reader (if he knows it not already) what the 


ſine of an arc or an angle is, and what is meant by a canon of lines, 
ff The 
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Art. 449, 450. OF CUBIC EQUATIONS, of 

The fine then of any arc of a circle, is a line drdun from either extrenityof 
that arc, perpendicular to a diameter paſſing through the other extremity of 
the fame arc. Thus in the circle ABCD (Fig. 62,) whoſe diameter is 
AEC, — 2 of the arc 2 1 the line BE, which falls from B _ ex- 
tremity of that arc perpendicularly upon a diameter paſſing through A the 
other extremity : b. definition it appears du che Lune YE is 
alſo the fine of the arc BC; for it falls from B one extremity of that are, 
perpendicularly upon a diameter that paſſes through C the other extremi- 
ty of the ſame arc: fo that whatever line is the fine of any arc, the ſame 
will alfo be the ſine of its complement to a ſemicircle. It follows alſo 
from this definition, that The ſine of any arc is half the chord of twice that 
arc : for if BE be produced: through E till it again meets the circle in 
D, the line BE will be half the line BD ; and that line BD will be the 
chord of the arc BAD which is twice the arc BA; and the fame line BD 
will be alſo the chord of the arc BCD which is twice the are BG. 

The fine of an angle is nothing elſe but the fine of the are. that meaſures 
it: as if F be the center of the circle ABED, and the line BF be drawn, 
the line BE may be ſaid to be the ſine of the angle AFB, becauſe it is the 
ſine of the arc AB; and it may alſo. be ſaid to be the ſine of the angle BFC, 
becauſe it is the fine of the are BC. | 

A canon of fines is a table orderly exhibiting the fines of all arcs from one 

minute to ninety degrees: that is, ſuppoſing the radius of every circle to be 
divided into ten millions of equal parts, the canon expreſſes how. many 
of theſe parts are contained in the ſine of every degree and minute of a de- 
gree, from one minute to'go degrees: and they need go no further, becauſe 
(as I obſerved before) whatever line is the ſine of any arc, the ſame will 
alſo be the fine of its complement to a ſemicircle; therefore if I want the. 
ſine of an arc of 150 degrees, I muſt look in the tables for the ſine of 30 
degrees: now over againſt 30 degrees in the canon of fines I find thisnum-- 
ber, 5000000, which ſhews that if the radius of a circle be divided into 
10000000 of equal parts, the fine of 30 degrees will contain 5000000. of 
thoſe parts, and conſequently that the fine of an arc or an angle of 30 or 
1 50 degrees is equal to half the radius; and ſo of the reſt. | 
Note. Whenever the fine of an arc is mentioned without the radius, 
the tabular fine muſt always be underſtood, whoſe radius is known to be 
100000 %00. | i 1 

Note alſo, that a degree is the 3 Coth part of the circumference of any 
circle, and a minute the 6oth part of a degree. 

5 ALL WMA. 

450. In every quadri lateral figure inſcribed in a circle, the rectangle un- 
der the diagonals is equal to both the rectangles under the oppoſite fides taken 
together. (Fig. 63.) o | Ee 
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Let ABCD bea quadrilateral figure inſcribed in a circle whoſe di 


nals are AC and BD: I fay then that the rectangle ACx BD is 


5 ns 
the two rectangles ABCD and AD x BC taken together. For from the 
angle A to the diagonal BD draw the line AE, fo as to make the angle 


BAE equal to the angle CAD ; then if the intermediate angle CAE be | 
added to both, you will have the angle CAB equal to the angle EAD: 
moreover the * ABE and 405 are 

fame arc AD ; and for a like reaſon the angle ADE is equal to the angle 


eq 
Ac a ſtanding both. on the fame arc AB. This equality of angles gives 


us two pair of Emvilar triangles, to wit ABE, ACD, and ADE, ACB : in 
the. former ſimilar triangles, to wit ABE and ACD we have AB to BE 
as A to ; whence ARE ABCD: in the other fimilar trian- 
gles, to wit ADE and ACB we have AD to DE as Ac to B; whence 
 ACx%ED=AD&xBC. Join both theſe equations together, and you. will have . 
ACxBE+ ACxED= ABxCD-+ ADxBC:. but the two rectangles AC BE 
+ACXED are equal to the rectangle ACxBD; therefore ACxBD—=AB 
„ D -ADx BC, that is, the rectangle under che diagonals 3 is equal t to both 
the een under * 5 des: 2 ee Mi) D. 


equal to : 


4 51. Let AB C ze an e. . nſcribed in a. FOE 5 7 "i 
one of it's angles A, let a line as ADE be drawn, cutting the oppoſite - 
ad BC in D, and the circle in E; and join the chords BE, CE: I ſoy 
then that the chord AE will be equal to the ſum US the two chords B E and 
CE put together. 

For by the foregoing lemma. the quadrilateral fgure ABEC gives the 
following equation, AEX BC. ABxEC+ACxEB: but the three tides of 
dhe triangle ABC are equal by the ſuppoſition: cancel them then in the 
foregoing equation, and you will have AE=BE+EC. 2. E. D. 


NB. This lemma might have been demonſtrated without the x help of 
the former ; but Wwe ſhall have occaſion for them both. 


A PROBLEM. (Fig. 65, 66.) 


4 52. by ABCD be an arc of @ given circle whoſe l is AF, * 5 
let the arc AB be a third part of the while arc ABCD: It is requi- 
red, having given the chord of the arc ABD, to find the chord of the 


arc AB; and that, whether the arc ABD be leſs than a ſemi, GER = 
in the fixryfiftb figure, or greater as in the fixtyfixth ; tbe notation, 
_ the reaſoning and the concluſion in both caſes being the ſame, 

Set off the arc BC equal to the arc BA, ſo that the three arcs AB, BC 


| £D Ig be equal to one another: alſo from F the end of the diameter, 
ſet 


equal, as ſtanding both on the 
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ſet off on each fide the arcs FE and FG, equal each to the arc AB; and 
then join the chords AB, BC, CD, DA, AC, BD; as alſo the chords 
AE, EF, FG, GA, GE: call the known diameter AF 2a, and the known 
chord AD 26; call the chord AB or BC or CD or EF or FG x, and 
the chord AC or BD or EG y: and becauſe the triangle AEF in a ſemi- 
circle is right-angled at E, we ſhall have AE'==AF*—FE'=4aa—xx, 
and AE or AG=\/ 4aa—xx, Theſe poſitions being obſerved, the two 
quadrilateral figures ABC D and AEFG furniſh the two following equa- 
tions by art. 450, to wit, AC%BD=ABxCD+ ADxBC, that is, y M x 
 +2bx ; and AFXEG==AExFG+AGxEF, that is, 2 = -NR 


<4 I 440—xxXx - 4aaxx—. ; . 
whence wr , and yy=———: but in the former equa - 
„ | | ;  400XX——=x b 
tion we had yy==xx-+26x ; therefore Ron —=x--26x; multiply 


by aa and divide by x, and you will have 4aax—x*=eax++2aab ; and 
by tranſpoſition 34ax—x*==2aab or x*—J3aax==—2aab: whence it ap- 
pears at laſt, that the chord AB will be one of the affirmative roots of this 
cubic equation x'——3aax=—2aab ; and if fo, then the chord of a third 
part of the other arc on the other ſide AD muſt be the other affirmative 
root of the ſame equation: for whether x be put for the chord of a third 
part of one arc or the other, the equation will be the fame, and therefore 
muſt equally reſpe& both chords: this will appear by applying the ſame 
reaſoning to both figures: but here we are to take notice, that in the equa- 
tion x%—34ax=—2aab, the quantity 6 affirmatively conſidered muſt not 


be greater than a; for then 25 er the chord AD would be greater than 


24 or the diameter AF, e 
A PROBLEM. 


45 3. Allowing the triſection of a circular arc, it is required to confleutt 


a cubic equation of this form $#—px====q, where the cube of : oa 


ſuppoſed to be greater (or not leſs) than the ſquare of 2 


Throw the equation into this form #——3aaxz===2aab by art. 440 ; 
| 


then fince — is greater than 7 that is, ſince ae“ is greater than %, we 


ſhall have aa greater than 50, and a greater than 6. 5, Mg 
With the radius a deſcribe a circle (Fig. 67,) wherein let be inſcribed 


the chord AD Dab; take the arc AB equal to a third part of the whole arc | 


ABD, and from the angle B inſcribe in the circle the equilateral triangle 
| | þ.> © i « | BHK. 


7¹3 


7 | 
wi 
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BHK, and join the chords AB, AH, AK: I ay then that theſe three chords 
with proper ſigns before them will be the three roots of the equation propoſed. 
For firſt, let the equation be x*—34aax==—2aa6: then it is plain from 
the laſt article, that the chord AB, that is, a chord of a third part of the 
arc ABD will be one of the affirmative roots of the equation pon; and 
that the chord of a third part of the are A will be the other: but the 
chord AK is the chord of a third part of the arc AK D, which I thus de- 
monſtrate: The two arcs ABD and AKD make both together an entire 
circumference, and the two arcs AB and AK make up a third part of that 
circumference by the conſtruction: but the arc AB 1s a third part of the | 
arc ABD by the conſtruction; therefore the arc AK is a third part of 
the arc AKD : therefore the two chords AB and AK will be the two 
affirmative roots of the equation propoſed, and their ſum with it's ſign 
changed will be the third root, becauſe the ſecond term of the equation is 
wanting: but the ſum of the two chords AB and AK is AH by art. 451; 
therefore the three roots of the equation propoſed are the chords + 4B, 
AK and —AH, Therefore ſecondly, if the equation be x*—-3aax=—+ 
2aab, it's three roots will be the chords + AH, —AB and — AK. 
VN. B. In this conſtruction, the quantities a, 5 and x are ſuppoſed ei- 

| ther to be lines, or to be repreſented by lines. 


A PROBLEM, 


454. Suppofing all things as in the laſt article, let it new be required to © 
reſolve the foregoing equation by the help of a canon of ines. (Fig. y.) 

Let p repreſent in degrees and minutes the arc whole ſine is &, that is, 

half the arc ABD; then we ſhall have the are AB DD ap, the arc 


AB=E, and the chord AB equal to twice the fine of the arc E : again, 
fince the arc BAK is a third part of the whole circumference, that is, 
55 5 we ſhall have the are AE . and the chord AK equal to 


| | 80 — 
twice the ſine of the arc a : laſtly, the arc AB H is equal to 


4 EL „ and therefore the chord AH is twice the ſine of the arc 


180-+p 


: but the arc 180—p is the complement of the arc p to a ſemi- 


circle, and the arc 180-+p is the complement of the arc 180—p to an 
entire circle: find therefore, in a circle whoſe radius is a, three arcs, p, 9 
and 7, whereof p is the arc whoſe ſine is 6, q is the complement of þ to a 

| N ſemicircle, 
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ſemicircle, and r the complement of q to an entire circle, and the three 


roots of the equation propoſed will be the double ſines of the arcs 7 4 


and 7 their ſigns being determined as in the laſt article. 


N. B. The more exactly the arc p is taken, the more exact will be the 
roots; but if there be any error in taking that are, (and ſome there muſt 


be, ) it will affect the ſine of © moſt, and the fine of = leaſt; therefore as 
there is no occaſion to find above one of theſe roots trigonometrically, it 
will be moſt convenient to find the fine of the arc 5 


Before I proceed to give an example of this caſe, I muſt advertiſe the 
young learner, that in a table of fines, we have not only the fines of all arcs 
that can be expreſſed in degrees and minutes to go degrees, but their loga- 
_ rithms alſo, placed over againſt them, to fave the trouble of taking them 

out of a table of logarithms ; and the logarithm of the fine of go degrees 
or of the radius is 10 0000000, of 

This premiſed, let the equation to be reſolved be x%—1 17x==324: 
here a=\/ 39, and ; therefore in this caſe the radius of the circle 
ABHKis \/ 39, and the ſine of the arc p in this circle is g: but the arc p 
cannot be known by this fine, becauſe we have no tables calculated for 
this radius. Since then the arc p can only be known by its tabular fine, 
that muſt be found by the rule of proportion thus: as / 39 the radius of 
the circle AB HK whoſe logarithm is 0.795 5323, is to the tabular radius 
whoſe logarithm is 10.0000000, fo is ; the {ine of the arc p in the cir- 
cle ABHK, whoſe logarithm is o. 6184 504, to the tabular fine of the 

fame arc, whoſe logarithm is 9. 8229181, This logarithm was found by 
adding together the logarithms of the ſecend and third terms of the pro- 
portion, and ſubtracting from the ſum the logarithm of the firſt, - 
Having thus got the logarithmic fine of the arc p, the arc p itſelf is 
found thus: amongſt the logarithmic ſines, and over againſt g .8228302, 
J find 41 degrees 41 minutes, and over againſt 9. 8229721, 41 degrees 42 
minutes; therefore the arc p lies between 41 degrees 41 minutes, and 
41 degrees 42 minutes; and to find it, I take not only the difference of 
the two neareſt logarithmic ſines above mentioned that lie on each ſide 
the fine of p, but alſo the difference between the fine of p and the neareſt 
leſs tabular fine : the former difference I find to be 1419, and the latter 
879; then I ſay, as 1419, the difference between the two neareſt fines on 
each ſide the fine of p, is to one minute, the difference of their arcs, ſo is 
879, the difference between the ſine of p and the neareſt leſs tabular fine, to 
KLE 12 .619, 
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619, the difference between the arc þ and the neareſt leſs tabular arc: 
ſince then the neareſt leſs tabular arc is 41 degrees 41 minutes, the arc 
will be 41 degrees 41.619 minutes. Subtract now the arc p from a ſemi- 
circle, that is, from 180 degrees oo minutes, and you will have the arc 
=138 degrees 18.381 minutes; ſubtract again this arc q from an entire 
circle, that is, from 360 degrees oo minutes, and you will have the arc 


r=221 degrees 47.619 minutes; whenee : = 77 degrees 53.873 mi- 


autes. Now before we can find tlie fine of the arc T in the circle AHK, 

we muſt find it's tabular fine thus: the logarithmic fine of 73 degrees 53 
minutes is 9.982 5871, and the logarithmic ſine of 73 degrees 54 minutes 
is 9.9826236, and their difference is 365: therefore I fay, as one mi 


— 
\ 


nute, the difference between the two tabular arcs on each fide the arc : : 
is to 365, the difference between the ſines of thoſe arcs, fo is. 873, 
the difference between the arc 1 and the neareſt leſs tabular ar, to. 195 


the difference between the fine of the arc 1 and the neareſt leſs tabular ſine: 
therefore the tabular ſine of the are : is 9.9826150. 


I now come to find the fine of the ſame arc in the circle IAB H thus: 


as the tabular radius, whoſe logarithm is 10 .000c000, is toy/39 the ra- 
dius of the circle ABHK, whoſe logarithm is 0.795 5323, fo is the tabu- 


ur fine of the arc 7, whoſe logarithm is 9. 9826 190, to the fine of the ſame 


arc in the circle ABHK, whoſe logarithm is 0.7781 513. This work muſt 
olſo be performed by logarithms, but the intermediate proportions muſt 
be wrought the common way. 


Having now got 0.7781 513 the logarithmic fine of the arc = in the 


circle AB HK, I take the natural number belonging to it out of oe table 
of logarithms, and find it to be 6.000000 ; and the double of this nature 


fine is the root of the equation, to wit 12. c00000. I try with the num- 
ber 12, and 1t ſucceeds, . 


This root 12 being found, the other two roots will be eaſily obtaine. 
by diviſion as uſual, thus: according to art. 431 and 432, throw tho 
equation propoſed x%—117x==324. to one ſide, and then divide x*—1 17x 


—324 
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—324 by x—12, and the quotient will be x ＋E 1 2x+-27==0,; reſolve this 
equation, and you will have —9 and —3 for the roots; therefore the 
three roots of the equation propoſed are ＋ 12, —9 and —3. 


A PROBLEM. 


455. To find two mean proportionals betæveen any tuo given numbers. 
Let a and & be the two given extremes, and let x and y be the two 
mean proportionals ſought, that is, let a, x, y and 6 be continual propor- 


tionals: then ſince à is to x as x is to ”, and as y is to i; the fractions -, - 
and ; will be all equal, and we ſhall have * x © g., that i 5 . = 


a PP 1 oy, | 
7 : the firſt equation 5 = 25 gives x=4q/a*b, and the ſecond equation 
4 7 
x = — gives y= * ab, In words thus: Multiply the ſquare of the grea- 
ter extreme into the leſs, and the ſquare of the leſs into the greater, and the 
cube roots of the tao products will be the two mean proportionals ſought. As 
for inſtance, let it be required to find two mean proportionals between the 
numbers 27 and 8 : now the ſquare of 27 is 729, which multiplied by 8 
the other extreme, gives 5832, whoſe cube: root is 18 the greater mean: 
again, the ſquare of 8 is 64, which-multiplied by 27 the other extreme, 
gives 1728, and the cube: root of this is 12 the. leſſer mean: ſo that the 
two mean proportionals ſought are 18 and 12, and the numbers 27, 18, 
12 and 8 are in continual proportion, the common ratio being that of 3 to 2. 
When the two middle proportionals ſought are irrational. numbers, thty 
will beſt be found by their hgarithms thus: to twice the logarithm of the 
greater extreme add the logarithm of the leſſer extreme, and a third part 
of their ſum will be the logarithm of the greater mean ſought: again, to 
twice the logarithm of the leſſer extreme add the logarithm of the greater, 
and a third part of their ſum will be the logarithm of the leſſer mean ſought. 
For the better underſtanding the following article, it may be proper to 
take notice, that this invention of two mean proportionals between two 
given extremes, is in other words called % triſection of a ratio. Thus 
ſince the ratio of 27 to 18 is equal to that of 18 to 12, and this again is 
equal to the ratio of 12 to 8, the ratio of 27 to 8 1s juſtly ſaid to be di- 
vided into three equal ratios by the intervention of the terms 18 and 12; 
and fo the ratio of 27 to 8 is ſaid to be three times the ratio of 27 to 18, 
or three times the ratio of 3 to 2: and on the other hand, the ratio of 3 
to 2, or of 27 to 18 is ſaid to be a third part of the ratio of 27 to 8. 
8 
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| Mr. Cotes's method of reſolving cubic equations confi dered 
- and demonſtrated. (See Fig. 68.) 


456. The late ingenious Mr. Cotes in his Logometria, page 29, con- 
ſidering all cubic equations as under this form x*==3aax===2aa6, re- 
ſolves all the three caſes by the help of a right-angled triangle ABC, 
right-angled at A, whereof two fides are always given, as repreſenting the 
-known quantities @ and 6b in the equation, thus. N 


U 


| CAS E 1, = h 

If the equation be *-+-3aax===2aab, mate AB==a, AC=b, and let 

m and n be two mean proportionals between BC CA and BE—CA : then 
will m—n be the only poſſible affirmative root, or n—m the only poſſible ne- 


gative root of the equation, according as the abſolute term is +2aab or = 
.—2aab. | 


Tf the equation be X*—7aax====2aab, and a be leſs than b; make AB==a, 
BC==b, and let m and n be tuo mean proportionals between BC CA and 
BCA; and mn will be the only poſſible affirmative root, or —r—n 
the only poſſible negative root, according as the abſolute term is + or —2aab. 

| as 3. - 5 

F the equation be $\—73aax====2aab, and a be greater than b; make 
AB==b, BC a, and let m be the fine of a third part of the ſum of the tao 
angles A and B, and n the fine of a third part of their difference, in a circle 
hoſe radius is 2BC; and the three roots of the equation will be mn, —m 
and —n, or m, -+n and —m—n, according as the abſolute term is 
+ or-—2aab, . | 

Ihe analogy of theſe three caſes conſiſts in this; that whereas the two 
firſt caſes were reſolved by the ſum and difference of the two ſides BC 
and CA, the laſt caſe is reſolved by the ſum and difference of their op- 
Polite angles A and B; and whereas in the two firſt caſes, the roots were 
obtained by the triſection of a ratio, in the laſt they are had by the triſec- 
tion of an angle; and indeed nothing is more common in nature than a 
_ tranſition from a ſection of a ratio to a like ſection of an angle; innumera- 

ble inſtances whereof we have in that incomparable treatiſe above cited. 

Tf the curious reader would fee a demonſtration of theſe three caſes, he 
muſt not ſcruple being ſent back to the 44 5th article for the two firſt, and 


to the 453dand 454th for the laſt to refreſh his memory, and the de- 
monſtration is as follows. | | 


. 


— 
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CAS RE 1. | 
Let the equation be x%+3aax=-+2aa6; then will p=3a0, q=2a06, 5 
A el, - — x22FÞ6: make co-+bb=hb, that 
is, in the triangle ABC right-angled at A, make AB==a, AC=6, and BC 
==b, and you will have gs =, 5s==aah, = or m==aah4aab==aa x 
Lö: but aa bb ; therefore 1 =þ+bxh+bxh<T, | 
In like manner we ſhall find Ls or — 2 D „; endo 


nen Kan ; therefore m and n, whoſe difference is the root of the 
equation, are two middle proportionals between B- and b—b by the laſt 


article, that is, between BC+CA and BC—CA. | 


Let the equation be x\—3aax==-+2aab, and let @ be les than 5: then 
we ſhall have gs ab- h b be -a: make bb—aa==hb, that is, in 
the abovementioned triangle, let AB==a, BC==6b, and CA=b, and you 
bb—hb==b+hxb—b ; therefore m==b+h x b+h x b—b ; and for a like 
reaſon, =; therefore m and , whoſe ſum is the root 
of the equation, are two middle proportionals between Yb and , that 


is, between B C-+ CA and BC - (A. 
CASE 3. 


will have ss =, s==aab, s or — : but in this caſe aa 


Laſtly, let the equation be x%—3aax=-+-2aa6, and let a be greater 
than 4: then if in the abovementioned right-angled triangle ABC we ſup- 
poſe AB==b, and BC a; the line BA or b will be the fine of the angle 
C in a circle whoſe radius is a: for if upon the center C, and with the a- 
dius CB an arc of a circle be deſcribed, cutting the leg CA produced in D, 
BA will be the fine of the arc BD, aud conſequently of the angle C which 
it meaſures; therefore BD is the arc which in art. 4.54 we called 2; there- 
fore p expreſſes in degrees and minutes the quantity of the angle C: but 
the angle C is the difference of the two angles A and B, and may be ex- 
preſſed by A—B ; therefore p=4—B : ſubtract this from 180 — 5 

| & 


F20 THE RESOLUTION: Book x. 


that is, from 2.4, and you will have g=4-+B ; but and are the two 


arcs or angles whoſe double fines in. a circle whoſe radius is BC or a, or 
whoſe ſingle fines in a circle whoſe radius is 2BC, are the two negative 
roots of the equation; therefore if m be the fine of = and x the ſine 


of 2 i 


., 
„ 


in a circle whoſe radius is 2 BC, the three roots of the equation 


will be nun, — and — . The other caſes where the abſolute term 
_2aab is negative, are the reverſe of theſe by art. 439. 


_ Another method of reſolving cubic equations, which finds 
 ,all-the three roots at once. | 
0 - 15 
457. Having given this account of Mr. Cotes's method of reſolving 
cubic equations, I ſhall: but juſt touch upon another, which nevertheleſs 
for its elegancy deſerves a more diftinet conſideration than I can here al- 
low it, having faid ſo much already upon this ſubject. The method J here 
peak of is in the Philoſophical Tranſactions, Ne. 309, by the learned 
Mr. Jolm Colſon, a Gentleman whoſe great genius and known abilities in 
theſe ſciences. I ſhall always have in the higheſt admiration and..eſteem. 
Mr. Colſon's method is univerſal, but for brevity's fake I ſhall here apply 
it only to ſuch cubic equations as have their ſecond term wanting or taken 
away; nor will there be occaſion to conſider above one caſe of theſe, 
from whence a tranſition may be eaſfly:made to all the reſt to which this 
P 


method extends. Let then the equation bex*+ px=q and let 9 * 25 =88 


7 
s in art. 445; and let the cube root of the irrational- binomial > s be 
.d+ye: I fay then that the three roots of this equation will be, firſt 2d, 
| | ſecondly —d + /— ze, and thirdly — d — ze: for if d+ye be the 


cube root of the binomial © +5, d—y/e will be the cube root of © —-5 ; 


therefore 4e will be the fame with x in art. 445, and d—/e will 
be the fame with — ; whence #z—-7, which is one of the roots of the 
equation propoſed, will be 2d. Now to find the other two roots, let 
us divide the quantity x -e = oO by x—24 as uſual, and the quoti- 
ent wall be xx + 24x + 4dd+p ; and the remainder, though it hath the 
form of ſomething, will be actually nothing; ſee art. 443. Make then 
xx + 2dx+4d4d+p=0, and you will have xx + 2dx =—4dd—p, and 

| * 
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xX 2dx+dd==—13dd—þ: but if d, Ve m, and a- He-, we 
ſhall have — un dd — e, and — zum = 3dd—3e; but 3mn=p by art. 
445; and therefore — 3 n or +3dd—3e=—þ ; ſubſtitute now zal ze 
inſtead of —p, and you will have xx 2dx ＋ dd =- ze; therefore 
x+d===/—3e, and x -d ze, or —d—y/—3e, which are the 
other two roots of the equation propoſed. If s and conſequently Ve be 
poſſible, y—3e will be impoſſible in which caſe theſe two laſt roots of 
the equation will be impoſſible; but if s and conſequently Ye be im- 
poſſible, then S/—3e will be poſſible; whence it follows, that if the cube 

root of an impoſſible binomial could be extracted, this rule would extend 
itſelf to all the caſes of cubic equations. A few examples of this rule will 
be ſufficient. 


EXAMPLE 1. 


Let the equation be X*T+-JX=4., Here 2 =22, 731 oh — 2 Or 


3 27 
$12=5, Ns, 5 +$=2+4)/ 5; but the cube root of this irrational 


binomial 2+\/ 5 is — , ; therefore = \ Ve = V5, and 2d, 


which is one root of the equation, will be 1 : as for the other two roots, 
f | 


ſince He , we ſhall have e= ? NY ——_ . and - 36 


:/—15 ; therefore the other two roots are — ;: t 15, and —{— 
. 5 45 

EXAMPLE 2, 
Let the equatian be w—g6x=576, Here 7 288, F =? 27 


©” 
25 or = 50176, $=224, 5 ＋ 512, 2 s$=64, d+Ve=8, d—ye 


—— 


=4 ; add the two laſt equations together, and you will have 24= 12; 
ſubtract the latter from the former, and you will have 2y/e==4, whence 


ee, e, and —3e=—12; therefore the three roots of this equa- 
tion are, firſt 12, ſecondly —6+y/—1 2, and thirdly —6—y/—12. 


EXAMPLE 2, 
Let the equation be 39x—x%==70, or x%—J g&=—70, Here a —.— 
Pp 9g P 


355 1513. 4277 * S = — 972 218518 Xx—3, 5 218-3. 


ES, 


td DV 
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| 4 — 5+18\/—3, whoſe cube root is 12 —3, as will appear 
upon tryal ; therefore d+ye=1—2/—3, d=1, zd, Ve 
23, e=+4x—3=—12, —Je==+36, /—3e=b, —d+\/—3e 
=5;, —d—/—3e=—7, and the three roots of the equation are +2, 
+5 and —7. 


Newton's method of approximation applied to the reſolution 
F cubic equations. 5 

458. This method is beſt taught by 1 and a better cannot be 
produced than that given by the author himſelf. Let it then be required 
to approach as near as we pleaſe to the root of this cubic equation y—2y 
—5==0: here, according to the author's direction, We are firſt to find 
a number which differs not above a tenth part of itſelf from the true root; 
(and how to find a much more accurate number than this, if occaſion re- 
quired, is abundantly ſhewn in the foregoing articles ;) let that number be 
2, and accordingly let it be written down as the firſt figure in the quotient 
that is to exhibit the root ſought; let p repreſent the reſt of the root, that 
is, let 2+p==y in the equation %—2y—5==0, and you will have 
yY—25—;==þ*+6pp+10p—1==0, as may be ſeen by the work; only 
there, this latter quantity p%+6pp—+ 1 op—1 is inverted. Now the whole 
difficulty is reduced to this, to wit, to find the root of the equation 
PEP I- 1 o: to effect this, we are to take notice that the quan- 
tity p muſt be a proper fraction, as not being above a tenth part of the 
number 2 by the ſuppoſition; therefore p. will be leſs than p, and p# leſs 
than p; therefore if in the laſt equation the terms wherein p* and p are 
concerned are dropt, that is, the terms p3 and 6p*, and if the two remain- 
ing terms 10% 1 be made equal to nothing, the root of this equation 
will be nearly the fame with the root of the whole: make then 10p—1 


| . : I CK . ; 
==0, and you will have p=— or 0.1 Which. 1, muſt be written after 


2 in the quotient: ſometimes indeed it happens that three of the laſt terms 
are to be retained in order to obtain a proper value of p; but theſe caſes 

ſhall be more diſtinctly conſidered afterwards, Let us now reſume the 
former equation, to wit p3+6p*-10f—1=0 ; and having already found 
that p the root of this equation equals o. I nearly, let us make p=0,1-+9, 
and we hall have p'-6p*--10p—1=9+6.39+11.2394+0.061==0, as 
appears by the work: drop 96.3 as before, and you will have 


| . er : | 
11.2344+0,001==0 very near; whence qzz— — 230 reduce this frac- 


tion to a decimal, and you will have 7-0. co 54 nearly, which being 


negative, 
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negative, muſt be written in the lower part of the quotient for the con- 
veniency of ſubtracting it afterwards : and here it muſt be obſerved, that 
In dividing the numerator of the fraction by the denominator, the divifion 
muſt be continued to as many places from the firſt ſignificant figure inclu- 
ſively, as there are places between this firſt figure and the firſt figure of 
the main quotient excluſively : as for inſtance, the firſt ſignificant figure 
arifing from this diviſion is 5 in the third decimal place, and the firſt fi- 
gure in the main quotient is 2 in the place of units, and betwixt theſe two 
figures 2 and 5, and excluſive of both, are two places o and o; there- 
fore in dividing the numerator of the fraction by the denominator in or- 
der to reduce it to a decimal, the diviſion muſt not be continued to above 
two places, to wit 5 and 4, and fo 4 muſt be made equal to o. oo 547 
in the equation 9g*-+6.34q9-+11.234-+0,061=0: and thus may you pro- 
ceed to as many figures in the root as you pleaſe : there are indeed caſes 
wherein the abovementioned diviſion may be further continued than the 
rule here laid down allows; but it would not always be fafe to aſſume 
ſuch a liberty. If the next operation (where o. oo 54-+-r is made equal 
to q in the equation 9%-+6 .39*+11.2394+0.061=0) is intended to be 
the laſt, all thoſe terms wherein n and 7* are concerned may be neglected; 
for they muſt be dropt at laſt without ever being reſumed, and therefore 
they may as well be dropt at firſt; and then you will have, firſt 9j— 
0.00008748r —0.000000157464, ſecondly 6,394=—0 . 068047 + 
0,000183708, thirdly 11.23q=11.237—0.060642, fourthly 0,061 
==0.061 ; add theſe equations together, and you will have 66.37 
11.234+0.061=11.10204748r+0.000 541 5 50 536 o; whence = 
o. oo 5415 50 536 
11. 16204748 | 
the terms wherein * was concerned were omitted, as above: but let us 
now ſee whether there do not {till remain ſome parts which ought to be 
dropped, or rather, which ought not to have been taken notice of in the 
work: we have already two quotients, which both together will expreſs 
the root ſought to five places, to wit 2.1900 and —0.0054 ; therefore 
the firſt new figure gained by this operation will be in the ſixth place; 
but betwixt the firſt and ſixth places are included four intermediate ones; 
therefore according to the rule already laid down for continuing the divi- 
ſion, four new places are as many as can be expected from this opera- 
tion: if therefore in the fraction expreſſing the value of 7, be thrown 
out of the numerator all after the four firſt ſignificant figures, and out of 
the denominator all but four or five of the firſt, becauſe the firſt figures 
of the denominator are but ſmall, the fraction thus reduced will ſtill ex- 
hibit the value of 7 as accurately as can be expected from this operation. 
EFF £4 Thus 


. As this operation was intended for the laſt, A and 
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o. oo0 5416 


Thus then we have = 62 which when reduced to a decimal 


fraction is —0 .oooogs 52 ; place this to the other negative part of the 


quotient which is — © .0054, and the whole negative part will be 
— o. oo 5448 52; ſubtract this from the affirmative part which is 
-+2.10000000, and the remainder 2.09455 148 will be the root of the 
equation firſt propoſed, true to nine places: ſee the work, wherein all 


5 beyond the third decimal in the ſeveral coefficients of 7, and all beyond 


the ſeventh in the abſolute terms are cancelled by lines drawn through 
them. But if this operation is not intended for the laſt, then all the can- 
celled terms muſt be taken into the account, and —0.000048 52-+5 mult 
be made equal to r. | 


„ 


| 


{—0.00 54 


5 —25— 5 0. 0. oo 5448 52 


—_—_— S * — 


— 


[+2 .10000000 


WER 
2 N. 129 m—_— 


OO [H2c09455148 Ge =p 
—+ * + 8+ 12þp+6þ*+p* CE ro 
ſum iich GP. 


+ # []+0.001+ 0.03940 .39*+9* 
I+ =P, = 65 [0.06 ＋ 1.2 -+6.0 

; 7 ; --10p. —+— 1] .O ＋ IO. 

1 —1. 0 


; ſum 0.001+1 1.239+0 37 +9 


| 


—0.0200001 57 464+ 0.000987 48r —0 dr 677 
+ 0.34 [o. 000183788 — 0.06854 +6.3 (＋ 
＋ 11.237 — 0.060642 ＋ 11.23 

+ o. o |+0:061 


ſum |+0.0005416 


r. 


ttt. 


11.1627 


—0,000048 $2-+5=r 3 


3 


— _— 2 


459. The greateſt difficulty in theſe approximations is in the Grit, I 
mean, in finding a ſingle figure that ſhall be a ſufficient approximation to 
the quantity p; for though not above one ſingle figure is to be taken, yet 
if 2 5 caution be not uſed, even that figure may be miſtaken too. The 
10 N e to be obſerved in this caſe is as follows: Retaining the three 
aft figniſicant terms of the equation expreſſing the value of p, if the ſquare 
of the middle of theſe three _ be xe 5 or greater A 4 5 the 


product 
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product of the extremes, without any regard had to their {ens , then it will be 
ſufficient to make the tao laſt of thoſe three terms equal to nothing, and to 
take the firſt figure of the root of that fimple equation for an approximation 
to the quantity p: but if it happens otherwiſe, then make all the three terms 
equal to nothing, and extract the leſſer of the two roots of that quadratic 
equation whether it be affirmative or negative, and the firſt figure of this 
root vill be ſuch a part of p as will be proper to found the next approxima- 
tion upon. Thus in art. 458, the equation expreſſing the value of p was 
5 + 6 + lop—1==0, whereof the three laſt ſignificant terms were 
| 6p*-+10p—1 ; now the ſquare of the middle term 10p was 100p*, and 
the product of the extremes without regard to their ſigns was h: now 
as Ioop* was more than ten times 6p*, it was ſufficient to make the two 
laſt terms 10p—1==0, and fo to make the firſt and only figure of the 
root of that {ſimple equation the moſt conſiderable part of ; but if it had 
happened otherwiſe, then 6p*+10p—1 muſt have been made equal to 
nothing, and the firſt figure of the leſſer root of that equation muſt have 
been taken for the neareſt approach towards the quantity 7. 

The reaſon of this rule I thall eaſily deduce from the nature of a qua- 
dratic equation thus: let a = p e e ere repreſent any qua- 
dratic equation whatever, where the unknown quantity is p, and let us in 
the firſt place drop the firſt term , and then the equation will be redu- 
ced to this, — c o; where if the firſt part of the rule obtains, p will 


be equal to —7 nearly, as will preſently be ſhewn : let us now take in 


all the terms of the equation, and make ap*—bp—c==0, and we ſhall have 


. ; 'O „ ee ae 
Nn mme, lt A 


b —ybb 25 e e > | 
and 272 — ; 1 fay -b H4ac, becauſe the lefler root 


Lo : ; but Abba, 
whether it be extracted according to Newton's ſeries, or the common way, 


: 220 . - 2A4cc | 2ac 2 aa. 
18 b+ „ Se; therefore þ— Vb ꝗανe — e + a 


is to be extracted; whence we have p 


1 bb+4ac 1 . 
therefore — e. Ser thus then we have two different 


24 


roots drawn from two different equations; one leſs exact, as — 3 from a 


imple 
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acc 


_ {imple equation; the other more exact, as _—_ AY from a quadratic 


Kd NE; 1 | 
equation; and their difference 1s : now the queſtion is, what muſt be 
the relation of the three quantities a, þ and c one to another, ſo that this 
difference may not affect the firſt figure of the common part — ; for 


wherever this happens, one equation will be as much for our pur ole 
as the other: but this queſtion is ſoon anſwered ; for it is very eaſy to 
ſee, that if the common part be equal to or greater than ten times the dif- 
ference, then that difference cannot directly affect the firſt figure of the 
common part, but only thoſe that follow; fo that the rule as it firſt 
comes out, ſtands thus : if; be equal to, or greater than — 72 make the 
two laſt terms of the equation expreſſing the value of þ equal to nothing, 
otherwiſe make the three laſt terms equal to nothing: now if 7 be equal 


to, or greater than , then multiplying both ſides into 4 „vou will 
have 55 equal to, or greater than 10ac, and bbpp equal to, or greater than 
10acp*, agreeably to the rule firſt laid down. After the fame manner it 

may be demonſtrated, that J, of the three. laſt terms of the equation ex 
preſſing the value of p, the ſquare of the middle term be a hundred or a thou- 
ſand times greater than the product of the extremes, we may make the two 
laſt terms equal to nothing, and may take two or three of the firſt figures of 
the root of that equation, to found the next approximation upon. The author 

tells us, that if not only the firſt figure of the root, but all the reſt be tri- 

ed in the manner above deſcribed, that is, (if I apprehend him right,) if 

all the quantities p, q, 7 &c were found by the help of quadratic equations, 
the —— might then venture to take twice as many figures into the root 
at every operation, as he might do in a like caſe the other way: which 
is true; but then, if I am not miſtaken, that greater number of figures 
will be dearly bought by the laboriouſneſs of the work, unleſs the practi- 
tioner has ſagacity enough to foreſee and retrench all ſuch decimal places 
as cannot influence thoſe he intends to have in his concluſion ; nay what 
1s more, he that will make the beſt of this method, muſt have ſkill enough 
too, to avoid all ſuch ſuperfluous operations as are employed in finding 
numbers that afterwards deſtroy themſelves, and never enter into the main 
root. But I ſhall not here take upon me peremptorily to determine in 

matters where I have fo little experience; I ſhall rather chooſe to ſubmit 
| | the 


IS 
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the whole to the practice of the learner, having thus introduced him into 
the method G1 „ 

460. As in all theſe caſes we have occaſion to ſubſtitute quantities one 
for another, our author recommends another way of doing this, different 
from that already explained, and in ſome meaſure preferable to it, as be- 
ing a readier way: I ſhall explain it by an example or two thus: let it 
be required to ſubſtitute 2-+þ for y in the equation y—2y—5;==0 : for 
our better direction in making this ſubſtitution, we muſt firſt enquire in- 
to the gengſis or compoſition of the quantity 2) —5 thus: firſt, to the 
root y ſhould be added the coefficient of the ſecond term, and then that 
ſum ſhould be multiplyed by y; but as there is no ſecond term, multiply 
y itſelf by y, and the product will be ; add —2 the coefficient of the third 
term, and you will have yy—2 ; multiply this by y, and you will have 
yYi—2y ; to this product add —5 the numeral part, and you will have 
the quantity propoſed, to wit, y—2y—5;. This being obſerved, we 
muſt now begin again, and treat the quantity 2+p juſt after the ſame 
manner as before we did it's equal y thus: y==2-p ; now as the ſecond 
term of the equation, and conſequently its coefficient, is wanting, multiply 
the firſt ſide of this equation into y, and the latter fide into its equal 2-+p, 
and you will have yy=4+4p+p* ; add —2, the coefficient of the third 
term, to both ſides, and you will have yy—2==2+4p-+#* ; multiply the 
firſt fide by y, and the latter by 2-+p, and you will have Fd ee 105 
-+6p*-+#? ; add laſtly — 5, the numeral part, to both ſides, and you will 
have the quantity propoſed, y—29y—;=—14+10p+6p*+3, as in art. 
458. Again, let it be required to ſubſtitute o. 17 inſtead of p in the 
equation PD 1-1 : here p=0.14+9; add 6, the coefficient 
of the ſecond term, to both ſides, and you will have p+6==6.1+9; 
multiply the former fide by p, and the latter by 0.1-+9, and you will 
have p*+6p=0.61-+6.29+97%; add 10, the coefficient of the third term, 
to both ſides, and you will have p IO O. I. 27%; multiply 
the former ſide by p, and the latter by o. 14, and you will have p- 
10þp=1.001+11.239+6.39*+9; laſtly add 1, the numeral part, to both 
ſides, and you will have p 1 0p—1==0.061-F11.239+06.34+p, 

I choſe to multiply the latter ſides of the equations this way, that 
is, to begin with the numeral parts, not out of any neceſſity, but for 
convenience; becauſe wherever IJ have a mind to ſtop, I can by this 
means more conveniently come at the ſimple powers of the root, without 
carrying on the multiplication to the production of uſeleſs terms: as for 
inſtance, ſuppoſe I had a mind that the foregoing operation ſhould be the 
laſt, J ſhould then have carried it on thus: p=0.149 ; therefore p+6 
 =6.1+9; therefore p*+6p=0.61+6.29; therefore P io 
10. I. 29; therefore pi+6p*+1op =1.001-+11.23q; therefore 
f+bp*10p—1==0.001-+11.239. | This 
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ſimple equation; the other more exact, as 1 + _ from a quadratic 


equation; and their difference is .: now the queſtion is, what muſt be 


the relation of the three quantities a, 5 and c one to another, ſo that this 
difference may not affect the firſt figure of the common part — 3 for | 


wherever this happens, one equation will be as much for our purpoſe 
as the other: but this queſtion is ſoon anſwered ; for it is very eaſy to 
ſee, that if the common part be equal to or greater than ten times the dif- 
ference, then that difference cannot directly affect the firſt figure of the 
common part, but only thoſe that follow; fo that the rule as it firſt 

comes out, ſtands thus : if; be equal to, or greater than * = make the 
two laſt terms of the equation expreſſing the value of ↄ equal to nothing, 
otherwiſe make the three laſt terms equal to nothing: now if be equal 


to, or greater than — „then multiplying both ſides into 7. you will 
have bb equal to, or greater than 10ac, and bbpp equal to, or greater than 
loacp, agreeably to the rule firſt laid down. After the ſame manner it 
may be demonſtrated, that J, of the three laft terms of the equation ex- 

preſſing the value of p, the ſquare of the middle term be a hundred or a tho. 
ſand times greater than the product of the extremes, we may make the two 
laſt terms equal to nothing, and may take two or three of the firſt figures of 
the root of that equation, to found the next approximation upon. The author 
tells us, that 1f not only the firſt figure of the root, but all the reſt be tri- 
ed in the manner above deſcribed, that is, (if I apprehend him right,) if 

all the quantities p, q, 1 &c were found by the help of quadratic equations, 
the analyſt might then venture to take twice as many figures into the root 

at every operation, as he might do in a like caſe the other way: which 
is true; but then, if I am not miſtaken, that greater number of figures 
will be dearly bought by the laboriouſneſs of the work, unleſs the practi- 
tioner has ſagacity enough to foreſee and retrench all ſuch decimal places 
as cannot influence thoſe he intends to have in his concluſion ; nay what 
is more, he that will make the beſt of this method, muſt have ſkill enough 
00, to avoid all ſuch ſuperfluous operations as are employed in finding 
numbers that afterwards deſtroy themſelves, and never enter into the main 
root. But I ſhall not here take upon me peremptorily to determine in 
matters where I have ſo little experience: I ſhall rather chooſe to 9 
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the whole to the practice of the learner, having thus introduced him into 
the method itſelf, 5 3 
460. As in all theſe caſes we have occaſion to ſubſtitute quantities one 
for another, our author recommends another way of doing this, different 
from that already explained, and in ſome meaſure Nane to it, as be- 
ing a readier way: I ſhall explain it by an example or two thus: let it 
be required to ſubſtitute 2-+p for y in the equation y—2y—5;=0 : for 
our better direction in making this ſubſtitution, we muſt firſt enquire in- 
to the gene/is or compoſition of the r yY—2y—5 thus: firſt, to the 
root y ſhould be added the coefficient of the ſecond term, and then that 
ſum ſhould be multiplyed by y; but as there is no ſecond term, multiply 
y itſelf by y, and the product will be ; add —2 the coefficient of the third 
term, and you will have yy—2 ; multiply this by y, and you will have 
yYi—2y ; to this product add — 5 the numeral part, and you will have 
the quantity propoſed, to wit, y—2y—5. This being obſerved, we 
muſt now begin again, and treat the quantity 2+p juſt after the ſame 
manner as before we did it's equal y thus: y==2-+p ; now as the ſecond 
term of the equation, and conſequently its coefficient, is wanting, multiply 
the firſt ſide of this equation into y, and the latter fide into its equal 2+, 
and you will have yy=q4+4p+p* ; add —2, the coefficient of the third 
term, to both ſides, and you will have yy—2==2+4p--p* ; multiply the ih 
firſt ſide by y, and the latter by 2-+-p, and you will have y—2y==4+10p 1 
-+6p*+þ? ; add laſtly — 5, the numeral part, to both ſides, and you will | 
have the quantity propoſed, y—2y—;=—1+10p+06p*-+p?, as in art. it 
458. Again, let it be required to ſubſtitute 0.149 inſtead of p in the 1 
equation p I- i : here p=0.1+9; add 6, the coefficient 1 
of the ſecond term, to both ſides, and you will have p+6==6.1+g; _ i 
multiply the former ſide by p, and the latter by o. 1, and you will 
have p*+6p=0.61-+6.29+97; add 10, the coefficient of the third term, 
to both ſides, and you will have p*-+6p+10==10.61+6.29+9'; multiply 
the former fide by p, and the latter by o. 144, and you will have p 
1oþp=1.061+11.239+06.34 +93; laſtlyadd—1, the numeral part, to both 
ſides, and you will have PD 10p—1==0.0601-+-11 .234+06.34+F. 
I choſe to multiply the latter ſides of the equations this way, that 
is, to begin with the numeral parts, not out of any neceſſity, but for 3 Mm. 
convenience ; becauſe wherever I have a mind to ſtop, I can by this Will. 
means more conveniently come at the ſimple powers of the root, without " 
carrying on the multiplication to the production of uſeleſs terms: as for 
inſtance, ſuppoſe I had a mind that the foregoing operation ſhould be the 
laſt, I ſhould then have carried it on thus: p=0.14+9 ; therefore p+6 
 =6.1-+9; therefore p*'+6p=0.61+6.29; therefore po 
10.61+6.29; therefore pi+6p*+1op =1.001+11.23q; therefore "a 
f+6p*+10p—1==0.001+11.239. This * 
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This method of approximation is as applicable to all other equations as 

to cubics, provided a number can be found that approaches near enough 

to the true root; and this cannot be difficult to any one who knows ho .- 
to make proper conjectures for that purpoſe; I mean, by ſubſtituting o, 1, 
10, 100, 1000, &c for the unknown quantity, and ſo finding out between 
what limits it conſiſts; for when theſe limits are once known, it will be 
eaſy by a groſſer ſort of approximation to find out narrower limits, till 
we approach fo near the root as to be able to form a regular proceſs ac- 
cording to the directions given in art. 458. 

This invention, (if it deſerves the name of an invention,) I mean, of 
ſubſtituting o, 1, 10, 100, 1000, &c for the unknown quantity in an 
equation in order to diſcover its limits, is commonly aſcribed to one Simon 
Stevin, and is accordingly known by Simon Stevin's rule for reſolving all 
ſorts of equations whatever ; and whoever would know more of it, ma 


ſee it further explained and exemplified in Ker/ey's Algebra, book the ſe- 
cond, chapter the tenth. 


Of the reſolution of biquadratic equations. 


461. A biquadratic equation has been defined already to be an equa- 
tion that riſes to the fourth power of the unknown quantity; as if 
X*+px*+gxx+rx-+$=0 : where I muſt again advertiſe my reader, as I. 
have oftener than once done before, that the ſigns + do not ſo much fig- - 
nify that the terms of the equation are all affirmative, as that they are to 
he added all together, whether they be affirmative or negative. 8 

Of this ſort of equations the moſt ſimple form has been conſidered al- 
ready, I mean, when the ſecond and fourth terms are wanting; in which. 
caſe, the reſolution differs but little from that of a common quadratic ; 

I ſhall therefore take notice of only one particular form more, whereof I 


ſhall give a particular ſolution, and then proceed to the refolution of all 
biquadratic equations whatever. . 


| : Ws bo | A LEMM A. 


462. Let there be two quadratic equations formed out of the powers of a 
and x (whereof a is ſuppoſed to be known and x to be unknnon) in the man- 
ner following ; xx eax ＋aa go, and xx+fax-þaa==0, the extreme terms 
being xx and aa in both caſes : I ſay then that if theſe two quadratic equa- 
tions be multiplied together, they will produce a biquadratic equation of the 
following form, x*4+-pax*+qaaxx+pa'x-+at=0, where the coefficients of 
1 all the terms equidiſtant from the middle term on each fide are the ſame. 
| Thus the coefficients of the firſt and laſt-terms x+ and a+ are both equal to 
one, and thoſe of the ſecond and fourth terms pax* and paix are both 

| 23 equal 
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equal to p: for if the equation xx-eax-aa=0 be multiplied into the 
equation xx-+fax--aa=o, the equation thence ariſing will be „- 
xax%+2-befxaaxx+e+fxa'x+a*=0 : make e+f=þ, and 2-+ef=9q, 
and the equation will then be x*+pax*+gqaaxx+pax+a'=0, _ 

463. Hence e converſo, whenever we have a biguadratic equation of this 
form, X*4+-pax*+qaaxx+paix-+a*=0, where the coefficients of all the terms 
eguidiſtant from the middle term on each fide are the ſame, ſuch an equation 
Jay, with the limitation hereafter to be ſpecified, may be reſolved into taco 
quadratics, Xx-+eax-+aa==0, and xXX-+fax-+aa==0d, the four roots where 
F will be the ſame with the four roots of the equation firſt propoſed : for 
we ſhall always have theſe two equations for determining the values of 
the two unknown coefficients e and f, to wit e. b, and 2+ef=9 ; 


the former equation gives -e, and the latter gives f= _ ; there. 


fore pen „and pe—eemg—2, and ee—pe==2—q, and ee—pe 


+ifpft=I!p*+2—q: make ip*+2—q9==5ss, and you will have ee—pe-- 
8 and e—ip====s, and e=ip==s, which is as much as to ſay, 
that if e be taken equal to ps, F will be equal to ip—-s, becauſe e+f=þ. 
The rule then is this: Let the equation propoſed be x*+paxi-+qaaxx-+pa'x 
+a*=0 : make ipp+2—qz==ss, ip s- ge, and !p—s==f; and the equa- 
tion propoſed will reſolve itſelf into theſe two quadratics, to wit, xx-+eax 
FTaa go, and xx fax aao. 5 
Note firſt, If the coefficients of all the terms equidiſtant from the mid- 

dle be not the ſame, the equation muſt not be looked upon as falling un- 
der the form above deſcribed: thus the equation x*+pax*-+qaaxx+paix 
——a*=0 is not of the form above deſcribed, becauſe the coefficients of 
the firſt and laſt terms are different, being 4-1 and —1; and the fame 
may be obſerved of the coefficients of the ſecond and fourth terms when 
they are either different, or have different ſigns before them. 

| 2dly, If a==1, the equation will be changed into this, x*+px%4-gxx 
-+px+1==0; and therefore in every equation of this form, a. may be 
ſuppoſed equal to 1. 

Zaly, If q be greater than ipp+2, the reſolution will be impoſſible 
this way, | | 

yer" If the quantities e and / be found to have ſurds involved in them, 
they may however be taken as exactly as occaſion requires. | 


A numeral example of the foregoing reſolution, 


Let the equation to be reſolved be x—8x%4+gx*—8x-+1==0, Here a=, 
p=——$, =-. + 2—q Or K, SJ, 2p GT CEE], 7 —5 Or 
| Y - ALY — — 72-7; 
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f=—7 ; therefore the two quadratic equations into which the equation 
propoſed reſolves itſelf, are xx—x-+1==0, and xx—7x-+1==0: the two 


Toots of. the former 3 are impoſſible J being © LE = and 


_— 4, ; the roots of the latter — are poſlibl, being © 2 2 7 
and Ns | 


Sometimes it is not Fr to diſcern at firſt ſight, whether a biquadratic 
equation be of the foregoing form or not: as for inſtance, let the equa- 
tion be x*+ 18 * ＋ KX ＋ 162x +81==0: now if this equation 
be of the foregoing form, . will be equal to 81, and a, to 3: let us 


then ſuppoſe a==3, and we ſhall have firſt 18K , ſecondly OR 
3 | 


= Taxa, thirdly 1 bax=bo'x, and the whole equation will now be 


. 8 
* ＋ bar. aaxx+6a*x-+a*, which happens to be of the foregoing form; 


| 8 | | 

therefore a==3, p, (= iÞ*+2—q or SS= 5 . Fi 2 ＋ 0 . 
1 = I _—_— 

= 7? 1 . and the quadratic equations are xx TAN 


8 


10 | | 
So, and xx4+—ax-+aa=0: but —ax is tox, and —ax is 95 and ag 


is 9 ; therefore the two quadratic equations into which the biquadratic 
equation propoſed reſolves itſelf are xx - Io , and xx ESA EO = o 
therefore the four roots of the foregoing biquadratic equation are all . 


fible, being —1, —9, 40 and —4—V/7. 


A further illuſtration of the foregoing reſolution by a geome- 


trical problem out of Pappus, book the ſeventh, — tions 
the 71 and 7 2d. (Fig. 69.) 


464. Let ABCD be a given ſquare whoſe oppoſite ſides are AD and BC: 
Jt is required from the angle A to draw a line as AE to cut the fide DC 


produced beyond C in E, and the fide BC in F, ſo that the entercepted part 
EF may be equal to a line given. 8 


intra | | 
Call 4B the fide of the ſquare a, EF the given intercepted Part &; 63 
call alſo the unknown diſtance DE x, and conſequently AE \/ xx-+aa, 


and 


. 
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and CE x—a, and the ſimilar triangles EDA and ECF will give the fol- 
lowing proportion, to wit, ED to EA as EC to EF, and conſequently 
ED. to EA as EC. to EF", that is, according to our notation, xx to. 
xx aa as xx—2ax-+aa is to bb: multiply extremes and means, and you 
will have bbxx==x%*—24x*-+24axx— 24*x -, and by tranſpoſition 
X*==2ax*+240—bbxxx—24*x+8*%=0 : now to reduce this equation to 


the form of the laſt article, inſtead of making the middle term 24-0 


rr 4 


xxx, let us make it 2 due, and then the equation will ſtand in 


9 
form thus; xi—20x%+2——x00xx——20#+4a%=0 ; where p=—2, 
bb bb aa+bb 


mer A dm brunt” ate” Ae ok 


— 22 - \ | . 
* > a G ———— 8 rr — << . —1 
l — * - _— <—_—_— 8 — 
* 5 o w a — 2 
c —— AM re een clo 
\ = | pl > 
= = — r — = — — —— — 
= we — — — — — = q b 


* 
— — —̃— — VIEIRA. ans” 1 PT be 
— ͥ — 
— 
* » — 
= — — 3 
- — — = — — 


d ill h * 3 
an OU WI EYE M225 —. OBO 6”. NN $ OT (=2 — [ wu 
_ 7 Fn aa? a? JET * | = 


— 4 e 3 1 5 ——— | | - 28 
— — and 255 of = therefore the two quadratic equations 


a ; | 
into which the firſt reſolves itſelf will be theſe, xx D. ax a0=0, 


* 


— — 


and xx xax+aa==0, or rather theſe, xx —a+cxx +aa=0o, and 


XxX - -c ae = O. Now as c is greater than 4, (for it is equal to 


aa b,) it is manifeſt that all the three terms of the former quadra- 
tic equation will be affirmative, that is, they will all have the fame fign 
before them, and conſequently in paiſing from the firſt term to the laſt 
there will be no change of ſigns; therefore both the roots of that equa- 
.tion will be negative; and for a contrary reaſon the two roots of the lat- 
ter equation will be both affirmative ; therefore we will conſider this 


equation in the firſt place, to wit xx —a—cxxaa=0o., Make a+c=27r, 
and the equation will be xx—2rx+aa=o: now whoever conſiders this 
equation, will eaſily fee, that without any further reſolution it in a man- 
ner conſtructs itſelf; for if xx—2rx+aa==0o, that is, if 27x-—xx=a9, 
it is plain that à the fide of the ſquare muſt be a mean proportional be- 
tween x and 27r—x ; therefore if the diſtance DE can be ſo taken in the 
line DC produced beyond C, that the fide of the ſquare ſhall be a mean 
proportional between DE and 27—DE, the point E will be rightly at- 
ſigned, that is, DE will be one root of the equation, and the line 42 
will ſo cut the ſide BC in F, that the part EF ſhall be equal to &: but 
Pe n this 
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this may be eaſily effected in the following manner: produce AB beyond 
B to G, ſo that BG may be equal to c or Haa-＋ôᷣ, and conſequently 
AG to a-+c or to ar; then if upon the diameter AG a ſemicircle as AEG 
be deſcribed, cutting the fide DC produced beyond Cin E, that interſec- 
tion B will be the point required; for joining EG, and drawing EH per- 
pendicular to AG, the triangle AEG will be right-angled at E, as being 
in a ſemicircle; therefore EH, which is equal to the ſide of the ſquare, 
will be a mean proportional between AH and HG, that is, between DE 
and 27—DE as was required. But the ſemicircle AEG will alſo cut 
the line DE in ſome other point as L, and the line DL will be under 
the fame circumſtances as the line DE, that is, the fide of the ſquare will 
be a mean proportional between DL and 27—DL, as may eaſily be ſeen 
by a like way of reaſoning as before; therefore DL will be the other root 
of the equation, and a line as ALK drawn through L and cutting the 
fide BC produced beyond C in K will have it's part LR b. But for 
all this, as the problem was propoſed, the point L will not ſolve it; for 
the point that ſolves the problem mult lie in the line DC produced be- 
vond C, whereas the point L lies between D and C, as I ſhall thus de- 
monſtrate, | EL 3 
In art. 108 it was demonſtrated, that in a quadratic equation of this 
form and diſpoſition, Axx==Bx+C, the product of the two roots mul- 


tiplied together would always be equal to — : now if this theorem 


be applied to our equation, to wit, xx—2r7x+aa==0 or xx=2rx—aa, 
it will eaſily appear, that the rectangle of the two roots DE and DL will 
be equal to aa, that is, to DC.; therefore of the two lines DE and DL, 
one muſt be greater, and the other leſs than DC; but DE is greater than 
DC ex bypothefi ; therefore DL muſt be leſs, that is, the point L muſt 
lie between D and C, and conſequently cannot ſolve the problem. 

Wie come now to examine the other quadratic equation whereof the 
original biquadratic was compoſed, to wit, xx —a+cxx+aa==0. Make 
c- ar, and then the equation will be xx4+27x+aaz=o, whoſe roots 

will both be negative as was before obſerved :. but theſe negative roots 
may be eaſily changed into equal affirmative ones by changing the ſign of 
x in the equation; and this may ſafely be done, provided theſe new roots 
be taken on a contrary fide of D to the former ones: change then the 
ſign of x in the equation xx-+27x+ga==o, and you will have xx—2rx 
aao, an equation of the ſame form and conſtruction with the former, 
ing 27=6—4 inſtead of c as before: produce then the line BA 
beyond A to g, and take Bg equal to c, and conſequently Ag =- or 
ar; and if a ſemicircle upon the diameter Ag cuts the line CD produced 
| | beyond 


& 


, 


% 
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- bing D in two points e and i, the two lines De and D! will be the 
other two roots of the original biquadratic equation; inſomuch that if 
through the point A be drawn the lines e and IA, cutting the fide CB 


produced beyond B in Fand E reſpectively, the intercepted lines ef and Ik 


will each be equal to 5 : but if the point L would not ſolve the problem, 
much leſs will the points e and / do it. | ly 


That all theſe ſolutions might have been applicable to the foregoing pro- 


blem, it ought to have been comprehended in more general terms thus : 
Let ABCD be a given ſquare whoſe oppoſite ſides are AD and BC: It is re- 
quired from the angle A to draw an indefonite line as AE cutting the ſides 
CD and CB or thoſe fides any way produced in E and F Wa 94h fo that 


the intercepted part EF may be equal to b. Had this problem, I fay, been 


ſo much leſs confined is the nature of truth than that of human-under- 


ſtanding ; which by the narrowneſs of it's views often cramps even truth. 


itſelf, as I have frequently obſerved in the courſe of this work. 
N. B. In both theſe conſtructions both the ſemicircles AEG and Arg 


are ſuppoſed to be ſituate on the ſame ſide of the line Gg with the ſquare. 


In this problem, that the two roots laſt found, to wit De and Di, may- 
be poſſible, the ſquare of the given line EF or & muſt not be leſs than 
eight times the ſquare BD, which I thus demonſtrate ;. The equation 


xx—27x+aa==0 gives x=r==,\/rr—aa . therefore muſt not be leſs 
than a, nor conſequently muſt 27 be leſs than.2a; but 27=c—a ex hy- 
potheſt; therefore c—a muſt not he leſs than 29,. nor c leſs than 3a, nor 
cc leſs than gas ; but ce==aa4-bb-ex hypotheſi; therefore aa+6bb muſt not 
be leſs than gaa, nor 66 leſs than Bag; that is, the ſquare of the line EF- 
or of ef muſt not be leſs than eight times the ſquare BD. This is evi-- 
dent alſo from the foregoing conſtruction: for if the diameter Ag be greater 
than 2AD; the radius will be greater than AD and ſo the ſemicircle. 
reaching beyond the line De, will cut it in two points e and J; but the 
nearer the radius approaches in length to the line AD, the nearer will the. 
two points of inter ſection e and / approach towards one another; if the 
radius be equal to the fide AD}; the line De will then become a tangent. 
to the circle, and the two points of interſection e and / muſt now be 
looked upon as coaleſcing into one, and the roots De and Di as equal: 
let now the radius be leſs than AD, and the ſemicircle will not reach the 
line CD produced, fo that the points e and J, as well as the. roots De 
and Di will now become impoſſible; therefore that the roots De and: 
Dl may be poſhble, the radius muſt not be leſs than AD, nor the dia- 
meter Ag leſs than 2 AD, that is 27 muſt not be leſs than 24; bat it has 
been ſhewn before, that if 27 muſt not be leſs than 2a, neither muſt the 
ſquare. of EF be leſs than eight times the ſquare. BD; therefore, that the 


roots; 


thus propoſed, it would have admitted of four ſolutions inſtead of one: 


. — 


ced by it are impoſſible, yet there will always be other 
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roots De and Di may be poſſible, the ſquare of EF muſt he greater 
than eight times the ſquare BD. This then is another inſtance of tho 
neceſſity of two roots becoming impoſſible together from ' ſtate of equa- 
lity. See art. 107, and art. 111 obſervation the third. 

Me may alſo further obſerve, that though there may be ſome particu- 
lar caſes of a problem wherein ſome of the roots of the que tion produ- 
ced es of the ſame 
problem wherein they are all poſſible ; and therefore the form of the 
equation ought ſtill to be retained, even when ſome of the roots are be- 


come of no uſe. 


465. It very often happens that after we have any wa arrived at a 


truth, we can then diſcover other avenues to the fame truth more ſimple 
than thoſe we took, though 2 not always more natural: this hap- 


pens to be our caſe in the ſolution of the foregoing problem, where we 


repreſented the unknown diſtance DE by x, and ſo found that x had 
four fignifications, to wit DE, DL, De, Di; but in this ſolution it can- 


not but be obſerved, that the quantity BG has but two ſignifications, to 


wit + or — Jaa: had we therefore made BG the unknown quan- 


tity in the ſolution of this problem, that is, had we made BG==z, and fo 


formed a folution upon that poſition, we muſt neceſſarily at laſt have 


come to this very {imple equation, aa - E b, as will appear from the 

r Cy Sees Regs ; 
Suppoſe the point E as determined, and let, EG be perpendicular to 

AE, reſt of the conſtruction continuing as before; make BG, 


and conſequently AG a ; make alſo AF=y, and conſequentl 


AE Yb, and the ſimilar triangles ABF and AEG will give AB to A 


as AE to AG, that is, à to y as y-+b to a+z ; whence by multiplying 


extremes and means we have aa-+az==yy--by : further, as the triangle 
EHG is ſimilar to the triangle AEG, and that again ſimilar to the trian- 
gle ABF, it follows that the triangles EHG and ABF are ſimilar ; and I 
ſay, equal too, becauſe their homologous ſides EH and AB are equal; 


therefore their other homologous fides EG and AF are equal, that is, 


EG D: ſince then the right-angled triangle AEG gives AG.. AE. - EG., 


we ſhall have aa+24az+2z=yy+2by-+bb+yy=2yy4+2by+bb : thus 
then we have two equations for determining the two unknown quanti- 


ties Z and y, to wit a9+aZ==yy-+by, and aa+242+22==2yy-2by-+bb ; 


ſubtra& twice the former equation from the latter, and you will have 


 22—aa==bb, and z2=aa+bb, and z===/aa+bb ; which is as much 


as to ſay, that if the ou E be ſo taken in the line DCE, that the line 
En 


EF ſhall have ſuch a length as the problem requires, and if moreover EG 
be perpendicular to AE, cutting AB produced in G, the part BG will 
| be 
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be equal to \/aa-+6b; therefore e conver/ſo, if the point G be taken in 


the line ABG, fo that BG ſhall be equal to Va, and if moreover 
the point E be fo taken in the line DCE, that the angle AEG be a right 
angle, the line EF will have ſuch a length as the problem requires ; but 
the point E cannot exiſt in the line DCE and at the fame time the angle 
AEG be right, unleſs E be one of the points where a circle upon the 
diametet AG cuts the line DCE ; therefore if a circle upon the diame- 
ter AG cuts the line DCE in two points E and L, the lines EP and 
LK will have ſuch a length as the problem requires. In like manner 


it may be demonſtrated, that if the line Bg be taken equal to -a, Yb, 
that is, if Bg be taken on and contrary to BG, and if a circle upon 
the diameter Ag cuts the line CD produced in e and I, the lines F and 
tk will alſo have ſuch a length as the problem requires; fo that the lines 
EF, LK, ef and I& will each be equal to 5. 2 | 
Of the reſolution of all ſorts of biquadratic equations by 


the mediation of cubics. 
A LEMM A. | 
466. Let there be. two quadratic equations of the following form, to wi , 
xx+ex-+f=0, and xx—ex-+g=0, whoſe middle terms ex and —ex 
are equal and contrary one to the other: T jay then, that if theſe two equa- 
tions be multiplied together, they wwill produce a biquadratic equation whoſe 
ſecond term is wanting : for they will produce the equation 
| TEN +f * 955 
„ # +g xx * +fg=0. 
_— 


us fo Hence e converſo, whenever we have a biquadratic equation whoſe. 


ſecond term is wanting, (and how to take away the ſecond term of all ſorts 
of equations I have ſhewn in art. 437,) ſuch an equation may by the help of 
the laſt article be reſolved into two quadratic equations whoſe middle terms 
are equal and contrary one to the other. Let the equation propoſed be 
x*+qxx4+rx-+5==0 ; I fay that this equation may be reſolved into theſe 
two quadratics, xx-+ex+f=0, and xx—ex+g==0 : for from the fore- 


going lemma we may draw three equations for determining the three un- 


known quantities e, F and g thus: | 
Equ. iſt, f+g—ee=g, 
Equ. 2d, eg—ef==r, 
Equ. 3d, P 
From the firſt equation may be deduced 
Equ. 4th, 3 es. | 
From 
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, 


From the ſecond, Equ. 5th, g—f=—. 


| Subtract the fifth equation from the fourth, and take half the remainder, | 


and you will have 


Equ. 6th, f — TY 2 — 


5 Add ihe fourth and fifth equations together, and take half the the fur, 2 


and you will have 


Equ. 7th, BY - 6 | 
Multiply the fixth and ſeventh equations together, and you dl have 


1 
* 5 — but fg=s by the third equation ; ; therefore we 
hal Coop th—_t 
have 4 : Py ===, and Lage e. =4s5: mukiply both 


ſides by ee, and then put the equation into due form, and it will ſtand 
thus, da one put y for ee to reduce the bicubic to a cu- 


bic equation, 2 you will have Y-E2gy+ J9y—rr=0. The rule there- 
—4s 

fore is as follows: Let the equation propoſed be x*4+-qxx-+rx-+8=0, and > 
ind y the root of this cubic equation VT qq rr, then ma- 

Key: 1 q Nee 2 

king / y=e, — * =f, and — - g, the two quadratic equa- 
tions into which the original one may be reſolved will be xx ex- fro, and 
XX—EX—+ =O. 

Of this method take the following example ; let it be 1 to 

reſolve the biquadratic equation æ·.— 3 xx — 4 x— 3==0 into two qua- 


Araties in order to find it's roots; where qzz—3, r=—4 and j=—; : 


firſt then we muſt reſolve this cubic equation . — 6yy+ 215 — 16 „%; 
and to do this, we muſt take away the ſecond term by ſubſtituting 
zx ＋— 2 for y, and then the equation will be transformed into this, 
v Er- ＋ loo, whole root being extracted according to rules formerly - 
given, we have z==—1, the other two roots being impoſſible: but if 


4 —— 
2——1 2 —— and — or e==1 ; whence * 


— — 4 — 
: 2 : : Rag ; therefore 


the 


2 
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the two quadratics. ſought are xx-+x-+1==0, and xx—x—3==0 ; the 


. . » —I=/— 
two roots of the former equation are impoſlible, being uns K e . 


2 
+I=/ 13 


and the roots of the latter are poſſible, being 


468. For the better comprehending of what has been delivered in the 
laſt article, it may not be amiſs to look a little into the compoſition of a 
biquadratic equation whoſe ſecond term is wanting, as thus: let x*—27xx 
—14x++120==0 be a biquadratic equation whoſe four roots are all poſ- 


ſible, to wit +2, —3, —4 and +5, (for the ſum of the affirmative - 


roots muſt always be equal to the ſum of the negative ones, to take away 
the ſecond term, which in all theſe caſes is ſuppoſed to be wanting :) now 
from what has heretofore been demonſtrated concerning the nature of 
equations in general it is evident, that this of ours muſt be formed from 
a continual multiplication of theſe four ſimple equations, to wit x—2=0, 
x+3==0, x+4==0 and x—5==0 : it is 996 alſo, that out of theſe ſim- 
ple equations may be formed ſeveral combinations of quadratics two and 


two together, and that the two quadratics in every combination being 


multiplied together will produce the original equation: as fr/t, if the 
roots +2 and —3, and the roots —4 and +5 be joined together, they 


will form theſe two quadratics, x—2xx+3==0, and x+qxx—5==0, 
that is, xx-+x—6=0, and xx—x—20==0, where e the coefficient of 
the ſecond term is ==1 : ſecondly, if the roots +2 and —4, and the roots 
z and +5 be joined together, there will be formed another combina. 


tion of quadratics, as x—2xx+4=0, and x Xx r o, that js, 
xx+2x—8=0, and xx—2x—1 ,==0, where ez===2 : thirdly, if the 
roots 2 and 5 and the roots — 3 and —4. be joined together, you will have 


xX—2XX—5==0, and x XX A=, that is, xx!“ — X ＋ IO , and 
xx+7x+12==0, where e===7, 

Beſides theſe three combinations of quadratics, there can be formed no 
other ; and therefore if every one of theſe combinations be repreſented in- 
differently by this general one, xx+ex+f=0 and xx—ex-+-g==0, the 
coefficient e can have no fewer than fix different ſignifications, to wit ==1, 
=2 and ; but it's ſquare ee will have but three ſignifications, to wit 
1, 4 and 49; whence it follows, that whenever the equation x'—27xx 
—14%x-+120==0 comes to be reſolved into two quadratics by this me- 
thod, the cubic equation by means whereof the quantity ee is determined, 
mult have all it's roots poſlible, to wit 1, 4 and 49; and hence ariſes the 
neceſſity of the intervention of a cubic equation in the reſolution of a bi- 


— 


quadratic into two quadratics. 


A A I 


= = = 
* 

——— 
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If all the poſſible roots of the cubic equation, by means whereof any 
biquadratic is to be ſplit, be negative, that is, if ee be negative, the quan- 


tities e and - will be impoſlible, and ſo will all the quantities e, Fand g 
in which caſe all the four roots of the biquadratic propoſed will alſo be 


impoſſible: for the roots of the equation xe. are — , 


Terre. Þ 
= - r | there- 


fore when the quantities e, F and g are impoſſible, theſe roots will be fo 
too; therefore it can never be impoſſible to reſolve a biquadratic equa- 
tion into two quadratics, whenever ſuch a reſolution can be of any uſe. 
469. But there is one form of biquadratic equations which falls under 
the general one here reſolved, and which muſt by no means be over 
looked in this place, becauſe it may perhaps puzzle an unexperienced Ana- 
Iyſt if ever he ſhould have the curioſity to attempt it this way; I mean a 
a biquadratic equation whoſe ſecond and fourth terms are both wanting : 
it may probably be objected, that the roots of ſuch an equation are beſt 
obtained by treating it as a quadratic, which is true ; but I am not here 
ſo ſollicitous about finding the roots of ſuch an equation, as I am about 
gratifying the curioſity of my young Analyſt, by finding them according 
to the method laſt explained: for certainly if a rule be calculated for any 
general form of equations, it ought to be applicable to all particular forms 
that fall under that general one. Let then x*—5xx-+4=0 be an equa- 
tion propoſed to be reſolved by this. laſt method; where q=—5, r=o, 
and 5=-+4 : here the cubic equation which muſt firſt be reſolved, is 
„lo -er o, or becauſe rr So, the equation will be y—1oyy 
y o: now as in this equation y is found in every ſignificant term, it 
it is plain from the latter end of art. 429, that one of the values of y muſt 
be nothing: divide now the whole equation by y, in order to diſcover the 
other two roots, and you will have the equation yy—10y-+9g==0, whoſe 
roots are 9 and 1 ; therefore the three values of y, or ee in the above 
mentioned cubic equation were 9, 1 and o; therefore the values of e 


in the reſolution will be 3, 1 and 0: if e=3, we ſhall have 17 


ee. h 8 
- or g=, becauſe r and conſequently 503 


and ſo the equations derived from this ſuppoſition will be xx+3x+2==0 
and xx—3x+2==0: if e=1, we ſhall have f=—2, and g=—2, and 
the equations will be xx+x—2==0, and xx—x—2==0 : if eo, and 


conſe- 


and the roots of the equation xx—ex+g=0 are 


29 


2 
or f—=-+2, and ED: 
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5 ＋ * 
conſequently ee go, the quantities F and g will then be — and = 


but the chief difficulty in this caſe is to determine the value of the fraction 
5 , Whoſe terms are both equal to nothing; for though the quantities - 


and e, may be juſtly eſteemed equally nothing in any caſe where they are 
conſidered in conjunction with finite quantities, yet when compared one 
with another, they may be in any ratio one to another, and the value of 


the fraction 4 may be any thing, unleſs we can meet with ſome circum- 


ſtance or other more than what we have hitherto taken notice of, to fix 
it. Now to forward our enquiry in this difficulty, let us firſt of all ſup- 
poſe the quantities 7 and e to be finite, but to paſs in a finite time from 

ſomething through all degrees of magnitude into nothing, fo as to vaniſh 
both together: if then upon this ſuppoſition we can diſcover the ultimate 
ratio of 7 to e, we ſhall then at the ſame time ſee the ultimate magni- 


tude of the fraction - „and fo ſhall have all we want. And certainly there 


can be no abſurdity or inconſiſtency in this ſuppoſition ; for what abſur- 
dity can there be in ſuppoſing two quantities 7 and e to paſs by degrees 
from ſomething to nothing in a finite limited time? and if they do, there 
muſt be ſome ſuch thing as a laſt inſtant of their exiſtence, which will 
be the inſtant that terminates this limited time, though they cannot be 
ſuppoſed to have any laſt magnitude, becauſe no limit is preſcribed to their 
diminution : now if upon enquiry it ſhall be found, that in the very laſt. 
inſtant of their exiſtence, the quantity 7 ſhall be to the quantity e in a 
certain finite ratio, this is all we would be underſtood to mean by the ulti- 
mate ratio of 7 to e. To proceed then; the equation that expreſſed the re- 
lation of 7 to e or rather of 7 to y in general, whether finite or infinitely 
ſmall, was this, y—10oyy-+gy—rr==0; where by y in the preſent caſe 
muſt be underſtood the leaſt root of that equation: now by this equa» 
tion it is plain that when 7 is ſomething, y will be ſomething, and when 
r is nothing, y will be nothing; therefore r and y will both vaniſh to- 
gether : it is plain alſo, that when y is equal to nothing, or rather in the 
laſt inſtant of the exiſtence of y, the firſt term of the equation which is 
4* will be infinitely leſs than the ſecond which is 10yy, becauſe y which 
is nothing is infinitely leſs than 10 which is ſomething : for the fame rea- 
ſon the ſecond term which is 1oyy will be infinitely leſs than the third 
gy; therefore in our preſent caſe, the two laſt terms of the equation will 
give the laſt relation of 7 to y as effectually as the whole: let us then re- 
ject the two firſt terms of the equation as having no influence upon the 
7 4 08 concluſion, 
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concluſion, and we ſhall then have y ro, and =o and Jy or e 
1 | == thus then at laſt we have found the ultimate ratio of 7 to e, which 


EY 3 ö 7 a | ; ; | ; | 
is that of 7 to 3 that is, of 3 to 1, and the ultimate magnitude of the 


fraction — 18 = or 3: this being known, we ſhall have 2 * or — 
. e ee | A 
and —= » or g—1, and the equations derived from this ſuppoſition 


of eo will be xx—q4=0o, and xx—1=—0. 


How others may reliſh theſe mathematical myſteries I know not; but 
for my own part I muſtiown, it is not without the utmoſt pleaſure and 
ſurprize that I obſerve, what admirable ſhifts nature hath to bring her- 
ſelf off upon all occaſions when ſhe ſeems to be ſurrounded with inſupe- 
Table difficulties; ſhifts ſo far beyond all human contrivance, that it is 
not always in the power of human underſtanding to trace out her ſteps 
and follow her, much leſs to preſcribe to her: but the ſublimer parts 
of Mathematics, and more particularly the doctrine of Fluxions, furniſh 
us with ſtill more frequent and pregnant inſtances of this kind, inſomuch 
that the ancient Sage (whether he knew it or not) had a great deal of 
reaſon on his fide when he cried out as he did, 
Magna eſt veritas, et praevalebit. 
The Metaphyſicians tell us, that the material world is nothing elſe but 
an emanation from the ideal: and it may be fo, for ought I know ; but in 
the mean time I cannot but be ſurprized to hear Gentlemen talk at this 
high-flown rate, who know fo little either of one world or the other, It 
is in Mathematics only that truth, that is, rational truth, appears moſt con- 
ſpicuous, and ſhines in her ſtrongeſt luſtre: in all other ſciences ſhe is either 
ſelf- evident, or lies fo near the day as to afford but little pleaſure in the 
diſcovery; or if ſhe lies deeper and muſt be dug for, ſhe is ſeen for the 
moſt part through ſo much droſs, obſcurity and confuſion, that falſhood 
Herſelf under a plauſible diſguiſe often paſſes for truth. Whoſoever then 
would be thoroughly acquainted with the nature, beauty and harmon 
of truth; whoſoever to the utmoſt of his finite capacity would fee truth 
| as it has actually exiſted in the mind of God from all eternity, he muſt 
ſtudy Mathematics more than Metaphyſics : in Mathematics there ap- 
, . pears an uninterrupted vein of truth, which the ſearcher is at liberty to 
purſue, or any particular branch of it, as far as he pleaſes, making every 
known truth ſubſervient to the diſcovery of ſome other: but in 


moſt 


other 
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other ſciences, all that beautiful analogy, all that harmonious connexion 
and conſiſtency is quite loſt; and thoſe truths that are diſcovered, appear 
fo ſcattered, and ſo very independent one of another, that they ſeem to - 
have no manner of relation one to another, though it is certain that all 
truths have : upon all theſe accounts it is no wonder that much greater 
advances have been made in and by the Mathematical ſciences, than in all 
the reſt put together without them. obs 5 

As to the material world, if nature be not governed by conſtant and 
ſteady laws, all Philoſophy is vain and fruitleſs: but if on the contrary 
ſhe be always conſiſtent with herſelf, if ſhe will ſooner produce a monſter 

than deviate in the leaſt from any of her own laws, ſhe will then ſubmit 
in all caſes to be examined and tried by thoſe laws: whether they be ſuch 
as fall immediately under common obſervation and experience, or others 
leſs obvious that are only by reaſon deducible from theſe, we ſhall always 
find nature as much obliged by her own laws, as truth by the neceſſity and 
reaſon of things; ſo that we never need to doubt of our following nature, 
if we reaſon juſtly from things known to things unknown, whether it be 
from effects to their cauſes, or from cauſes to their effects. But then we 
ought to be cautious in the ſeveral ſteps we take, and enquire firſt, whe- 
ther the cauſes ſuch and ſuch Phenomena are to be aſcribed to, have them- 
ſelves a real exiſtence in nature or not; and if they have, ſecondly, whe- 
ther they are or can be naturally productive of thoſe effects; and if the 
are, laſtly, whether they be efficacious enough to produce them in fach 
quantities and degrees as we find them in nature: by this means we ſhall 
find many effects that were vulgarly aſcribed to different cauſes, actually 
_ proceeding from one and the fame cauſe; and as our natural knowledge 

improves, the number of natural cauſes will be reduced, and nature, every 
Nep we take, will appear more ſimple and uniform. But then theſe de- 
ductions, theſe enquiries cannot poſſibly be made to any degree of cer- 
tainty without a thorough knowledge of quantity and proportion: and 
hence ariſes the very great uſe and even neceſſity of the Mathematical 
ſciences in natural Philoſophy ; and I doubt not but this was one main 
end of the allwiſe Author of nature in beſtowing ſo ineſtimable a gift up- 
on rational creatures; for this method of reaſoning, if duely cultivated 
and purſued, would bring us ncarer to a true knowledge of God in his 
creation than all the metaphyſical jargon of the ſchools. This was the me- 
thod the great Newton took; and how he ſucceeded in it is ſufficiently 
known to all the ſober and thinking part of the learned world. 

It is not to be denied indeed but that Mathematicians may, and very 
often do fail in their reſearches after nature, ſometimes from a too raſh and 
inconſiderate application of their principles, but oftener from the difficult 
of their ſubjects: but what then? becauſe theſe Gentlemen ſometimes fail 


1 
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in their attempts, muſt other minute Philoſophers, that are wholly deſti- 
tute of theſe main qualifications, think they have nature more in their 
power ? Sure I am that theſe, as they have no foundation, ſo neither can 
they have the leaſt colour of pretence to any ſuch enquiries: all that theſe 
can do to keep their ignorance in countenance, muſt be ſeemingly to de- 
ſpiſe and heartily to rail at what they do not underſtand; as if they vo- 
luntarily declined a part of learning, which their want of application and 
genius have rendered them altogether unfit for. Sf 3 
But the undoubted experience of this and the laſt age have ſufficiently 
eſtabliſhed the uſe of Mathematical Learning in Mechanical and Natural 
Philoſophy beyond all that has been or perhaps can be ſaid againſt it. Nor 
have the Moderns, eſpecially thoſe of our own Nation, ſtopped here; 
for they have endeavoured to the utmoſt of their power to purge it from 
all thoſe metaphyſical diſputes and ſubtilties wherewith it hath fo long 
been overrun, poiſoned and ſtifled in it's growth; ſubtilties which at beſt 
amount to little more than a ſort of legerdemain tricks, contrived by Phi- 
loſophers purely to cover their own ignorance by bewildering the minds 
of others, depraving their taſtes, and often giving them ſuch an unhappy 
turn of thought as utterly to diſqualify them for all ſober and rational en- 
uiries: but as the evil we are here complaining of, and the malign in- 
e it has upon the minds of thoſe who are in any meaſure tainted with 
it, begins now (God be thanked) to be pretty well known, it is to be 
hoped that all wiſe men will guard againſt a diſtemper ſo eaſily catched, 
and fo very difficultly cured. I do not know whether my zeal for truth 
may not have carried me too far in this digreſſion: but I thought too much 
cantion could not be given to all ſober and ingenuous Youths, eſpecially 
at their firſt ſetting out in their ſtudies, againſt a falſe taſte, which has 
done ſo much miſchief in the world by extinguiſhing that exquiſite and 
refined pleaſure which mankind naturally feel in the contemplation of 
truth, where it is genuine and uncorrupted by a falſe alloy; a pleaſure 
not founded in our appetites, paſſions or humours, but belonging to us 
purely as thinking, reaſoning creatures; and if ſtrictly enquired into, and 
it's abſtracted nature thoroughly weighed, will perhaps be found the only 
one the preſent ſtate of Man is capable of in common with ſuperior Beings, 
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APPENDIX. 
AIR. Abraham de Moivre having with great ſagacity not only diſco- 

vered a method for extracting the cube root of an impoſſible bi- 
nomial, ſuch as a+,/—5, but alſo rendered that method univerſal, by 
ſhewing how to extract any other root of the ſaid binomial, and likewile 
how to extract any root out of any given power thereof, hath been pleaſed 
to communicate it, in order to it's being publiſhed by way of Appendix 
to theſe Elements. This important diſcovery is a freſh inſtance o Ne pe- 
netration and {kill of the ingenious Author, and cannot but be very ac- 
ceptable to thoſe who deſire to improve themſelves in Algebra. Dr. Saun- 
derſon had formerly conſulted Mr. de Moi ure upon the ſubject of extracting 
the cube root of an impoſſible binomial in the following Letter, which 
Letter was principally deſigned to return him thanks for the ſolution of 
the latter of his two curious problems about proportionals, and for con- 
ſenting to have them both inſerted into his book; whereby alſo it appears, 


how highly our late Profeſſor eſteemed the great abilities of his learned 
Friend. 


To Mr. Abraham de Moivre. 
Dear Sir, Cambridge, Septemb. 26. 173 8. 


This is the firſt opportunity I could get to acknowledge the favour of 
your's, and to thank you for your ſolution of you ſecond problem, and 
for your having fo frankly and without the leaſt reſerve, conſented to 
have them inſerted into my book, which will certainly be the greateſt 
. ornament it can receive, and the greateſt recommendation of it to the 
world. In this laſt ſolution you have ſhewn (if poſſible) more art and 
penetration than in the former; but they are both maſter- pieces in their 
kind, and do a great deal of honour not only to yourſelf, but alſo to the 
art in general, by whoſe irreſiſtible (and J had almoſt ſaid, unlimited) 
power, ſuch great things can be effected, beyond the compaſs of all other 
ſciences, eſpecially when applied by one of your extraordinary ſagacity and 
genius. I find you and J have both hit upon the ſame thought in divi- 
ding one © vg by another in order to obtain a more ſimple one; 
though you have made a much better uſe of it than I have done, or in- 
deed had occafion to do. Pray, when you write next, be ſo good as to 
let me know, whether you have any thing by you relating to the extrac- 

| tion 
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tion of the cube root of an impoſſible binomial, ſuch as —5+/—2, or 
—5—/—2, or whether in your reading you have met with any way. 
of doing this with the fame certainty as in the caſe of a poſſible binomial ; 
for my own part, I have met with nothing to the purpoſe about it, not 
even in Walls himſelf, who attempts it. I am 

le. | Dear Sir, 


moſt affectionately your's, 
N. Saunderſon. 


P. S. I would not for all the world have been without this laſt ſolu- 
tion, becauſe they both together more compleatly illuſtrate your method, 
than would either of them alone; a method wherein you have fo well 
ſucceeded, and which I am ſure every one muſt make uſe of, that intends 
to penetrate any further into theſe difficulties, 


To the Editor of Dr. Saunderſon's Algebra. 
Sir, | | 


Among ſeveral letters which I have received from my late worthy 
Friend Dr. Saunderſon, there is one wherein he was pleaſed to put a que- 
ſtion to me, which was, whether I had any method of extracting the 
cube root of an impoſſible binomial, ſuch as a+,/—5, adding, that what 
Dr. Wallis had writ upon that ſubject, did not ſatisfy him. I do not ex- 
actly remember the terms of my anſwer ; but it was to this purpoſe, v2. 
that I had long ago demonſtrated, that the rule given by Dr. Wallis was 
no more than a etitio principii, or at beſt, a trial which could not ſuc- 
ceed in many caſes; yet, that as my demonſtration lay in a heap of many 
other papers, I could not readily come at it: but now that J have reco- 
vered it, I hereby fend it you. f 
But it is neceſſary to premiſe one thing; which is, that the Doctor's 
deſign was to ſhew, that in cubic equations there is no caſe inexplicable, 
notwithſtanding the common received opinion of the contrary. One of 
theſe caſes appears in the equation by him mentioned, 73—63r=162; 
wherein if we take the value of r according to the rule commonly aſcribed 


3 3 5 | 
to Cardan, we ſhall have r=y/814+\/—2700+4//8I—\/—2700 ; 
which value conſiſts of two parts, each of which includes the imaginary 
quantity v/—2700, Now Dr. Wallis in order to prove the raſhneſs of 
thoſe who had afferted, that in cubic equations there are ſome caſes irre- 
ducible, or (as he calls them) impracticable, ſays, that the cubic root of 
81＋ 94 25700 may be extracted by another impoſſible binomial, we: 

| y 
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by zz; and in the fame manner, that the cubic root of 81 
Y—2700 may be extracted, and ſhews it to be - 0/—z from whenee 
he infers, that 2+:\//—3, 493, or barely , is one of the roots 
of the equation propoſed, viz, r—63r==162 : he alſo finds the other 9 
two roots, —6, —3. 5 Ft ; 5 3 
It muſt be owned, that :/ —z is the cubic root of 814+-y/—2700, 
and that his inference is true : but thoſe who will conſult his Algebra, 
page 190 and 191, will plainly ſee, that the rule he gives is nothing but 
a trial, both in determining that part of the root which is out of the ra- 
dical ſign, and that part which is within; and that if the original equa- 
tion had been ſuch, as to have it's roots irrational, his trial would never 
have ſucceeded. But farther I ſhall prove, that the extracting the cube 
root of 81 94-2700 is of the fame degree of difficulty as that of ex- 
tracting the root of the original equation 6371, and that both re- 
quire the triſection of an angle for a perfect ſolution: in order to which, 
let the following general problem be propoſed. | 


To extraf the cubic root of the binomial a V —b. 


8O0LVUT TON. 


Let the cube root of a＋ - be x+\/—y : therefore the cube of 
x+4/—y is equal to a+\/—6 ; but the cube of it is 4 3X 
zy- -◻Ꝙά: make the rational parts equal to a, and the irrational equal 
to 6: hence we have theſe two equations, | | 

; XKI=—}Xy=a, 
| zxx—yx/ —y=/—b,; 
and by ſquaring both 62 TEM we ſhall have 
x*—bx*y-+gxxyy==aa, 
and —gxt%y+bxxy—y==—b: 
then taking the difference of theſe two equations, we ſhall have 
g- -T aa Eb; 


f 39 | 3 
and extracting the cube root on both ſides, we ſhall have xx+y=y/aa+56: 
let (for ſhortneſs's ſake) 1 aa Lb be ſuppoſed =; we have therefore 


y==m—xx : but from the firſt equation, viz. x*—3xy=a, we have 


LO | X — 2 | 
„ wherefore . — XxX _ and gme—3x*==x'—a, or 4xi 


zur =: but it is known, that if y be the radius, I the coſine of an 

arc, and x the coſine of the third part of that arc, then the equation ex- 

preſſing the relation between I and x, will be 4q%—3r7rx==77/: which 

equation is of the tame nature with * preceding, as appears by ſuppo- 
| — ung 
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ſing rrn, or n, and rri=a, or m=a, or 1 =: and therefore 
we may now draw this concluſion, that if with a radius m, we de- 
ſcribe a circle, and take an arc, of which the coline ſhall be = then ſhall 
the coſine of the third part of that arc be the value of x ; which value 


being known, the value of y will alſo be known, it being always equal to 
nde, as we have ſhewn before. Sor RS RY 


Still we cannot be ſure that the equation 4x%—3 mx==a depends upon 


the triſection of an arc, unleſs we know previouſly that the cube of . is 


greater than the ſquare of a; but we may ſoon, be fatisfied of it, if we 


conſider that m has been ſuppoſed . therefore M a . e, 

which by inſpection appears bigger than aa. = 
But before we proceed any farther, it will be proper to obſerve that 

there are three different values of x, and as many of y: for let C repre- 


ſent the whole circumference of the circle, of which the radius is n, 
and A the arc, of which the coſine is = then the colines of — 


— — ͤ w——- 
* 


9 


- will be fo many different values of x; and therefore there will 
be ſo many different values of y, it having been proved before that y is 


always ==m—xXx. 


But to apply this to the caſe propoſed by Dr. Wallis, which was to ex- 


tract the cube root of 814+,/—2700; make a=81, and b=2700 ; 


| 3 
therefore aa gab, and conſequently m=1/9261==2 1, and therefore 


our radius 1SY21. Again, the ooſine » == _ 2 now it will be found by 


an eaſy trigonometrical calculation, that if / 2 ĩ be the radius of a circle, and | 


hae 


the coſine of an arc, then this arc will be 32. 42 nearly, repreſenting the 


* and therefore (— A will be 327. 18“, and C+A=3925. 42“: then 
the thirds of thoſe arcs will be 10°. 54, 1099. ot“, 130%. 54'; whereof 
the firſt being leſs than a quadrant, it's coſine, that is, the fine of 79e. oc 
muſt be looked upon as poſitive, and the other two being greater than 
quadrants, their coſines, that is, the fines of 19% 05 and 405. 54, mutt 
be looked upon as negatives. This being laid down, it will be found by 


the rules of trigonometry that the fines of 792. 00”, 199. 000, 40°. 54, to 


radius Hat, will reſpectively be 4.4999, —1 . 4999, —3 . 0000, or 2, 
z; and conſequently that the three values of y, which (as we have 
= ſhewn 


Append, * or any other root of the binomial a-. bb. 747 
ſhewn AO are univerſally expreſſed by m—xx, will reſpectively be 
21, 21—2, 21=—9, or © 75 12; of which the ſquare roots are 
11/3, V3, 2/z; and therefore the three values of - will be 7 —3, 
3, 2/—3 ; from all which we may conclude, that the three roats 
T are HY), HY =, —3+2/—7 : 

and by the ſame way of arguing we may prove that the three roots of 


— TC OeTn—o_— 


1 — | 
But to illuſtrate what I have Ba, let it be Pp to find the equa- 


tion which would reſult from the addition of the two binomiials a 


3— Ls | 
+/4—y/—b in order to free them from their radicality : which to 
find, let us ſuppoſe TO | | 
I”, B=a+y/—=b; 
2% ra-; 
En 8 8 3, $+V==x, | 
By the two firſt equations it appears that 23-+-v%=2a ; by the third, that 
otic * | br 3 ry | | : 
. ut — = - e u, and 


z ＋ uv x; therefore 


therefore we may conclude that 82—2v+vv==—; but ſquaring 


the third equation, we have 224+22v+vv=xx; then ſubtracting the 
firſt of theſe two laſt equations from the ſecond, we ſhall have 32zv=x —_— 
but if 2*be multiplied by v, and a+y/—bbya—y/—8, we ſhall have viz? 


3 3 
| =2a>+b ; therefore vz=\/aa-+b, and 3vz=3/aa-+b ; or ſuppoſing 


: * aa m, then 3vz==3m ; but we had found before, that 3vz==xx 
24 24 

—7 therefore XX gm, or x%—24==3mx, or x. — 3e 24; 

which to reſolve, the triſection of an angle is required, it being of the ſame 

nature as the former was, viz. 4x*—3mx==a; for if in the equation 

xi—3mx==20, inſtead of x we write 2x, we ſhall have 8x*—bmx==2a, 

Or 4xX*——JMXEZO, 


But to go {till farther, let it be propoſed to extract ſuch root of the bi- 


nomial a- as may be denominated by u, viz. Harb. Let 


x-+y/—y be that root: then ſuppoſing n let a circle be de- 
ſcribed 
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any given power of the binomial a,b. 


ſetibed of which the radius ſhall be equal” to Vn m: moreover ſuppoſing 


I 


; =, (no matter whether 1 u be an odd. or an even number, provided | 


* an integer, take, in that circle, an arc, of which the coſine ſhall be 
> ; and let that arc be ſuppoſed = =, let C repreſent the whole circum- 
ference ; then the coſines of the arcs 4 CA gr 2C—4 2+4 ; 


| 212 3 8 . 
&c to the ſame radius m, will be ſo many different values of x. But 
it is to be obſerved, chat 10 many of _ coſines are to be taken as there 


are units in , and no more. 
I bave but one word to add, which is, that if it be required to extract 


any ot out of any given power of the binomial a =-, for inſtance, 


the cube root of the ſquare, the ſame may alſo be done thus: let a- he 
be raiſed to it's ſquare, and it will be a&—4+24,/— ; then ſuppoſing 


 aa—b==d, and 24% - or /—4aab=y/—e, nothing remains now to 
be done, but to extract the cube root of the binomial d- -e, which 


may be done as before. 


I think it would be needleſs to fay an thing more u this ſub) 
wherefore 1 now ſubſcribe myſelf 9 82 os 


Sir, G. 
April 29. 1740, A. De Moivre. 
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Hence, a W definition of proportionaiity. 289 


Or INCOMMENSURABLES, 


181. An apology for introducing the doctrine of Ircommenſurable 
into this place. 290 


182. Definitions with corollaries : and Axioms. _ 291 
183. Prop. 1. All commenſurable quantities are to one another as 
number to number; and vice verſa, all quantities that are 
to one another as number to number are commenſurable. 292 
184. Prop. 2, Incommenſurable quantities are not to each other as 
number to number; and vice verſa, quantities that are not 
to each other as number to number are incommenſiirable. 293 
185. Prop. 3. If four quantities a, b, c and d be proporttonable, ſ 
as that is to b as c to d; I 2 then that if the tao firſt a 
and b be commenſurable, the tao laſt c and d «vill alſo be 
commenſurable ; but if the two firſt a and b be incommenſura- 
* * 


ble, 
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Ble, the tavo laſt c and d will alſo be incommenſurable, ibid. 
186. Prop. 4. If two quantities be commenſurable to a third, they 
will be commenſurable to one another. Is 294. 
187, Prop. 5. As incommenſurable quantities cannot be equal to one 
another, ſo neither can any multiple, part or parts of one be 
equal to any multiple, part or parts of the other. 195 
188, Lemma. If of two homogeneous finite quantities a and q, from 
| the greater a be taken more than it's half, and from the re- 
mainder more than it's half, &c ; I ſay then that this ſub- 
traction may be continued to a remainder leſi than q. ibid. 
189. Prop. 6. Let a and b be any two homogeneous quantities; and 
BTK , from theſe two quantities let 
a. 5 = 
c drutfen be formed 
4124. 17. 7. 3.1. ». 9. ia manner following : divide 
a by b, and let the remainder be e; then divide b by c, and 
let the remainder be d; then divide c by d, and let the re- 
mainder be e, &c : I ſay then that the ſeries a, b, c, d, e &c 
© maybe continued to terms leſs than any aſſignable quantity, as q. 296 
190. Prop. 7. Suppoſing all things as in the laſt propofition ; I jay 
Then that whatever quantity will meaſure any tao terms of © 
the foregoing ſeries that lie next to one another, the ſame ll 
meaſure all the reſt both before and after them, | ibid. 
191. Prop. 8. Suppofing all things as in the two foregoing propoſi- 
tions, I jay that if the original terms a and b be commen- 
ſurable, the ſeries a, b, c, d, e &c will not run on ad infini- 
tum, but will break off, jo that the laſt term of the ſeries will 
be the greateſt common meaſure of a and b; and vice verſa, 
if the terms a, b, c, d, e &c do not run on ad infinitum, 
I ſay then that the original terms a and b will be commen- 
ſurabie. | 1 297 
192. Prop. 9. I is required, having given three commenſurable 
quantities a, b and c, to find their greateſt common meaſure. 298 
193. Prop. 10. All equal fractions, when reduced to their leaſt 
| terms, become one and the ſame fraction. W 299 
194. Prop. 11. If there be three numbers a, b and c, whereof a is 
prime to b, and bis a multiple of c ; T ſay then that a will 
be prime to c. 301 
195. Prop. 12. F two numbers a and b be both prime to a third 
number c; I fay then that their product ab will alſo be prime 
to the ſame third number c; or (which amounts to the ſame 
thing) that the product ab and the number c will have no 
common meaſure but unity, 302 


190, 
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196, Prop. 13. f there be three homogeneous quantities a, b and o 
| in continual proportion, and if the middle term be commenſura- 
ble to the extremes; T jay then that the leaſt numbers in the 
proportion of the extremes will be both ſquares. | 303 
197. Prop. 14. If there be three homogeneous quantities of any kind 
a4, b and c in continual proportion, whoſe extremes a and e 
are commenſurable to each other, and if the leaſt numbers in 
the proportion of theſe extremes be not both ſquares ; I ſay 
then that the middle quantity b will be incommenſurable to 
both the extremes. ON | 304 
198. Prop. 15. If there be any whole number as n, whoſe ſquare 
root cannot be. expreſſed by any other whole number; T ſay 
then that neither can it be expreſſed by any fraction what- 
:.. | os | ibid, 
199. Prop. 16, If there be two numbers a and b the leaſt in their 
proportion, and fuch whoſe ſquare roots are commenſurable one 
to the other ; I jay that the numbers a and b muſt be both 
0 ſquares. c 1 30 5 
200. Prop. 17. F two incommenſurable quantities as 2 and / be 


put together, ſo as to conſtitute a third quantity 24+/ 7; 
T jay then that the quantity fo conſtituted ſhall be incommenſu- 


rable to both the conſtituent parts. 306 
201. Prop. 18. The fide and diameter of a ſquare are incommen- 
| ſurable. ibid. 
Lemma. If a ſuare number be even, not only it's root, but it's 
half will be jo too. | ibid. 
202. Schol. 1, 2, 3. Objervations upon the whole, 307 


Problems admitting many anſwers, 


203. Prob. 1. Let a and b be two incommenſurable quantities, a a 
greater and b a leſs ; and ſuppoſing a continual divifien to be 
made from a and b, according to the method for finding the 
greateſt common meaſure, let the quantities thence ariſing be 
certain numbers always returning in the ſame order ad infini- 

tum: I is required to determine the value of the fraction 

: ; or (which is the ſame thing) to determine the proportion 
of a to b without any approximation, admitting ſurd numbers 
into the expreſſion. | 308 

Examples. | 5 311 

204. Prob. 2. I owe a friend a ſhilling, or ſome number of ſhillings, 
and we have nothing but guineas and louiſd ors about us; the 

| * 2 gilineas 
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guineas being valued at 21 ſhillings apiece, and the louife. 
dors at 17: The queſtion is, How muſt I acquit my ſelf 
of this debt? Ho © . 
205, A definition. YL | 315 
206, Prob. 3. It is required to find as many numbers as we pleaſe . 
| of this character, to wit, that if any one of them be divided 
7 two given diviſors, a a greater and b a leſs, they ſhall 
ave two given remainders d and e reſpeftively. 316 
Examples. 320 


Examp. 6. Suppoſe the preſent year of Chriſt to be 1739, and 
| that there was a year not above 200 years ago wherein the 
cycle of the Sun was 8, and the cycle of the Moon 10 : What 
was the number of the year? 322 
207. Prob. 4. To find as many numbers as we pleaſe with this 
Property, to wit, that if any one of them be ſeverally divided 
by three given diviſors a, b and c, whereof a is ſuppoſed the 
_ greateſt and c the leaſt, the remainders ſhall be three given 
numbers d, e and f reſpettively, 323 
Examples. 8 324 
Examp. 4. Let it be required to aſſign in what year of Chri 
the cycle of the Sun was 8, the cycle of the Moon 10, and-the 
cycle of the Indiction 10. | 327 
To find in what place of the Julian Period any year is, for 
which the three cycles of the Sun, Moon and Indiction are given. 328 
208, Prob. 5. Of te given numbers a and b, whereof a is the 
greater, to find two multiples whoje difference ſhall be any 
given number whatever that is diviſible by the greateſt 
common meaſure of a and b. 229 
209. Prob. 6. Having given two numbers a and b whoſe leaſt 
common multiple is c, and alſo a third number as d that ts 
divijible by the greateſt common meaſure of a and b; It is re- 
quired to find, 1f poſſible, tawo multiples of a and b whoſe ſum 
ſhall be that given number d, or (which is the ſame thing) it 
is required to divide the given number d into two ſuch parts, 
| that one part ſhall be a multiple of a, and the other a mul- 
tiple of b. | 331 


210. Lem. 12. Let - expreſs any fraction in it's teaſe terms, and 
let this fraction be multiplied by ſome whole number d, ſo 
| that the product re. may be alſo a whole number: Lſay then 
e that 
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that the multiplicator d muſt be either equal to, or ſome 
multiple of the denominator b. "433 
211, Prob. 7. Let a, b, c, d, e, &c be a number of hands like 
thoſe of a clock, all turning uniformly upon the ſame center, 
and all moving the ſame way; and let the ſame letters 
a, b, c, d, e, &c repreſent alſo their reſpective periodical 
times, or numbers proportionable to them : What will be the 
ſynodical period of the whole ſyſtem, that is, ſuppoſing theſe 
e to ſtart all together from the ſame point as 8, how 
long will it be before they all come together again for the 
firſt time, whether this conjunction happens in the point s, 
or in any other part of the circle wherein theſe motions 
are performed ? 


212, Prob. 8. Let there be three unknown quantities x, y ad , 


2, whoſe relation to each other is je an by the two fol- 
lowing equations, x+2y+JZ=20, and 4X-+5y-+6z=47 : 
It is required to find the values of x, y and 2 in integral 
and affirmative numbers, 3 337 
213. Lem. 13. Let a, b and c be three fixed or determinate whole 
numbers, whereof a and b are prime to each other; and let 
x and y be any two variable or indeterminate whole num- 
bers, whoſe relation to each other is conſtantly expreſſed by the 
equation ax by g: What will be the next whole number 
values of x and y, whoſe relation to each other can be ex- 
preſſed by the ſame equation? 339 
214. Prob. 9. 1t is required to divide 1co into three ſuch parts _ 
: x, y and 2, that gx+15y+202 may make 1500. 340 
215. Prob. 10. Let it be required to divide the number 24 into 
three ſuch parts x, y and 2, that X--8y+12z may 
marr 207. 341 
216. Prob. 11. Suppoſe one wou'd buy 40 birds, conſiſting of par- 
tridges, larks and quails for 98 pence, paying three 7 
apiece for partridges, halfpence anece for larks, and four 
pence apiece for quails : The queſtion is, Hou many muſt 
he have of each fort? | 


343 


217. Prob. 12. Suppoſe one would buy 20 birds for 20 pence, to 
dz ꝙit, ducks at twopence apiece, partridges at halfpence apiece, 
and geeſe at threepence apiece : How many muſt he have 
of each ſort? _ | a 346 
218. Prob. 13. Twenty perſons conſiſting of men, women and chil- 
dren at a collation paid 20 ſhillings, the men payins four 


ſullings 
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ſhillings apiece, the women fixpence apiece, and the children 
threepence apiece : How many avere there of each ſort ® 3 47 
219. Prob. 14. Forty one perſons coming of men, women and chil- | 

2 at a collation paid 40 ſbillings, the men paying four 

ings apiece, the women three ſhillings apiece, and the chil- 
4 four pence apiece: How many were there of each ſort ? ibid. 

220. Prob. 15. I is required to divide the number 30 into three 

ſuch integral parts x, y and 2, that 2x+ 99 +152 may 
make 419. 346 

A general problem. 


221. Prob. 16. To find, if poſſible, three numbers, all integral * 
affirmative, whoſe ſum is not only given, but al 2 the ſum of 
their products when multi 20 ed by three given 3 cators. 3 50 
Examples. 352 


Of the Ma gic Square. 


222. prob. 17. Let any odd ſquare number as 49 be ae OY 

Jquare root is 7 ; and let any ſquare figure be divided into 49 
leſſer ſquare cells, to wit, into ſeven ranks of cells, and ev 
rank into ſeven cells ; It is required to diſtribute among theſe 
cells all the natural numbers from one to 49 incluſtvely, ſo that 
the ſum of all the numbers in every row, whether taken hori20n- 
tally, perpendicularly or diagonally, may be the ſame ; which 
figure thus conſtructed is commonly called a Magic Square, 7 54 


SOON Yh. 
Of ſuch problems as uſually paſs under the name of Dio- 


phantine problems. 


223. Of Diophantus and his writings. 363 
224. Lemma. If all the three fides of a right-angled W be in- 
creaſed or diminiſhed in the ſame proportion, there will be 
fermed another right-angled triangle pmilar to the former. 365 
225. Prob, 1. I is required to divide a given ſquare number into two 
ſuch parts, that each part may 2 a ſquare number. 306 
226. Prob. 2. It is required to divide any ſquare number conſiſting 
of two ſquare numbers into two other ſquare numbers. 369 
227. Prob. 5 To find four right-angled triangles expreſſed i in whole _ 
numbers, which have all the ſame hypotenuſe. 37 


228. Lemma. Jy every right-angled triangle, if the double produtt 
of the legs be either added to or ſubtracted from the ſquare of 
the bypotenuſe, both the ſum and remainder will be ſquare 


377 
229, 


"numbers, 


229. 
230. 


415 


43 


233. 
2234. 


235. 
ey 
237.4 
238. 


239. 


240. 


. 


Z 
Prob. To find four numbers ſuch, that if to the product of 
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Prob. 4. To find a number with this property, to wit, that 
whether it be added to, or ſubtracted from it's ſquare, both 
the ſum and the remainder may be ſquare numbers. ibid, 
Prob. 5. To find four ſuch numbers as being ſeverally added to 
and ſubtracted from the ſquare of their ſum, will make both 
the ſums and the remainders all ſquare numbers. 379 
Prob. 6. To find two numbers whoſe difference ſhall be any 
| = 380 


number given. 
Lemma. a and b be any two quantities whereof aa is grea- 
ter than b; I ſay then, that a muſt be greater than b 


or leſs than — b. 382 
Prob. 7. To find a number, which being ſeverally added to two 
given numbers, will make them both ſquares. ibid. 


Prob. 8. To find a number, which being divided into any two 
parts whatever, the ſquare of either part, together with a 
hundred times the other part ſhall make a ſquare number. 486 

Prob. 9. To find two numbers ſuch, that the ſquare of each 
being added to the ſum of them both may make a ſquare 
number. A 387 

Prob. 10. To find tao numbers ſuch, that if their ſum be ei- 
ther added to or ſubtracted from the product of their multipli- 
cation, both the ſum and the remainder ſhall be ſquare num- 
bers. 5 | 

Prob. 11. To find three numbers ſuch, that not only the ſum 
of all three, but alſo the ſums of every two of them be ſquare 
numbers, 5 3 

Prob. 12. To find three numbers ſuch, that if to the product 

every two of them a given number be added, the ſums may 
be all ſquare numbers. Ct. | 

Prob. 13. To find four num bers ſuch, that if an unit or any 

other ſquare number be added to the produtt of every two of 
them, the fums may be all ſquares. 


7 


388 


399 


96 


every two of them any given number as c be added, the ſums 


ſhall be all ſquare numbers. | 398 
Prob. 14. IT is required to find three numbers ſuch, that the 


Product of every tas of them together with t times their ſum 
may make a ſquare number. 399 


241. Prob. 15. To find three numbers ſuch, that if t9 the product 
of every two of them be added t times the third, the ſums 


thence ariſing ſhall be all ſquares. POTN 403 
242. 
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242. Prob. 16. To find two numbers ſuch, that each and their ſum 
being ſeverally added to the Frog of their multi plication, 


the three numbers thence arifing ſhall be all ſquares. 405 
243. Prob. 17. To find two numbers ſuch, that if to the ſquare of 

the firſt number and to it's fide the ſecond i be added, there ſhall 
ariſe the ſquare of a third number and it's 


407 . 
244. Prob. 18. To find two numbers ſuch, that 1f to the 6 


uare of 
the firſt and it's fide, the ſecond be ſeverally added, Jus ſhall 


ariſe two numbers, ans the firſt is the fide of the ſec roy 


being a ſquare, 


245. Prob. 19. To find two e. uch, that the ſquare of the firſt 


being added to the ſecond may be equal to the ſquare of the ſe- 
cond when added to the firſt. 409 


246. Prob. 20. To find two numbers ſuch, that not only each num- 
ber, but alſo their ſum and their difference, being increaſed 

by unity, ſhall be all ſquares. 410 

247. Prob. 21. To find three numbers ſuch, that if to the ſquare of 


each be added the ſum of the other two, the numbers thence 
: ariſing ſhall be all ſquares. wap 411 
248, 249. Two Lemmas. 414 
2.50. Prob. 22. To find three numbers ſuch, that the exceſs of the 
greateſt above the middle number ſhall be to the exceſs of the 
middle number above the leaſt in a given ratio, ſuppoſe as 3 
to 1; and moreover that the ſum of every tube of theſe num- 
bers ſhall be a ſquare. 415 
251. A Lemmatical arr e To find tao Shakes num his with a 
| given diſference, a e = the leſſer of them ſhall be grea- 
ter than any aſſigned number, 420 
252. Prob. 23. To find three numbers in continual proportion, and 
_ That each with a certain given number added to it ſhall 
be a ſquare. 421 
253. Lemma. (See Plate i. fig. 1.) F ABC te a plain triangle, 
whoſe trod fides AB and BC comprehend between them an an- 
gle of 120 degrees, and are given; IT ſay then that the ſquare 
of the third fide AC may be had by adding the rectangle or 
nad of the two fides AB and BC to the ſum of their 
But if ADC be à plain triangle whereof the taw9 
Ades AD and DC comprehend between them an angle of 60 
«degrees.; I ſay then that the ſquare of the third fide AC may 
be had ly ſubtracting the re&angle or product of the two 
| 12 AD and DC from the ſum of their ſquares. 423 


254. 


108 
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254- prob 24. To find in whole numbers three fides of an obtuſang- 


kd triangle, whoſe obtuſe angle ſhall be 120 degrees, 424 

255. Prob. 25. To findin whole r three right-angled triau- 
5 got-ang 

gles * all the ſame area. 426 


2 56, Prob. 26. To find three numbers ſuch, that whether their ſum 
be added to or ſubtracted from the ſquare of every particular 
number, the eve thence ariſing ſhall be all ſquares, 427 


2557. OM 27 fn hen fill ** py numbers ſuch, that the ſum of 


: e a ſquare. 429 
258, Prob.” 28, dre quare 3 ſuch, that the fum W- 


their ſquares 75 be a 1 a ſquare number. 43 q 
2 59. Prob. 29. One buys in two ſorts of wines, a better ſort at the 
rate of 81. per hogsbead, and a worſe at the rate of 5; the 
price of the whole amounted to a ſquare number of pounds, 
which avith G added made another ſquare number, fu e 
es the number of ew ano 0 . ores put tog ether. I de- 
mand how many hogsheads he bought in of each fort. and what 
he paid for las 432 
260. Prob. 30. To find a number which being ſeverally multiplied 
568 * 18, and g being added to the former product and 


ſubtrafted from the latter, both the ſum and remainder ſhall 
be ſquare numbers... 436 


BOOK VII. Or PRoPORTION. 


261. Of the neceſſity of reſuming the dottrine of proportion, and re- 
moving ſome diffi tn culties which ſeem to attend it as delivered 
in the Elements. 


| 437 
262. A vindication of the fifth definition of the * book of Eu- 
clid's Elements. 


439 

263. Of the ſeventh definition of the fifth book of Euclid. 446 

264. A queſiton ariſing out of the foregoing article. bid. 

265, &c. The fifth book of Noch s Elements, Do” 


Of the Compoſition and Reſolution of ratios. 


292. Def. 1. Þ r ratios, that ratio is ſaid to be greater 
than, equal to, db 5 than another, whoſe antecedent hath a 


greater, or an A* or a leſs 5 proportion to it's conſequent, than 
the other's antecedent hath to it's conſequent. 467 


293. Def. 2. In a ſeries of quantities of any kind whatever increa- 
Ang or decreaſing from the firſt ta the laſt, the ratio of the ex- 
tremes is ſaid to be compounded of all the intermediate ratios. 469 


* * & 294, 
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294. Def. 3. As when 4 line is divided into any number of equal 
parts, the whole line is ſaid to be ſuch a multiple of any one 

of theſe parts as 1s Ta ap by the number of parts into which 

_ whole % 5 to be divided; ſo in a ſeries of continual 


tronals, where the intermediate ratios are all equal to 
one * and conſe ſome common ratio that in- 
differently repreſents t 2 yy a pop ratio of the extremes is ſaid 
to be ſuch a multiple 0 this common ratio, as ts expreſſed by 
the number of ratios from one extreme to the other. 


* 
5. Of the addition of ratios. ESD 471 
2 ee Of the ſubtrattion of rattos. : 474 
297. Of the multiplication and diviſion of ratios, 


298. Another way of multiplying and dividing ſmall ratios, that is, w_— 
 _ whoſe terms are large in compariſon of their di ference. 476 

299. Def. 4. If two variable quantities Q and R be of ſuch a na- 
ture, that R cannot be increaſed or diminiſhed in any porpor- 
tion, but Q muſt neceſſarily be increaſed or dimini 2 in * 
ſame proportion ; as A R cannot be changed into any other 
 walue r, but Q muſt alſo be changed into feme other value q, 
and fo changed, that Q_ ſhall always be to q in the ſame pro- 
Portion that R is to r; then is — to + as R directiy, 

or ſimply as R. 479 

Corollaries. ibid. 

30, Def. 5. F tuo variable quantities Q and R be of ſuch a na- 

ture, that R cannot be increaſed in any proportion whatever, 

but Q muſt neceſſarily be diminiſbed in a contrary proportion, 

or that R cannot be diminiſhed in any proportion whatever, 

but Q muſt neceſſarily be increaſed in a contrary proportion 

in a word, if R cannot be changed in the proportion of D to 

E, but Q mu neceſſarily be changed in the proportion of E 


to D; then is Q ſaid to be as R inverſely or reciprocally. 481 
Corollaries. 482 
30 1. Def. 6. F any qi. antity as . upon ſe ae others as 


R,S,T, V, X, all independent of one another, ſo that an 
one of them may be changed jag without er ng the reſt ; 
and if none of the quantities R, 8, T can be changed fingly, 
but Q muſt be changed in the ſame Proportion, nor any of the 
quantities V, X, but Q muſt be changed in a contrary pro- 
portion ; then is Q ſaid to be as R and S and T direct, 
and as V and X reciprocally or inverſely, 483 
N. B. If QbeasRaondsS and T directiy, without any reci- 


procals, then it is ſaid to be as R and 8 and T conjun- 
aim, ſoyntly. 484 
302. 
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302. A Theorem. If Q be as R andS and T direfth, and as V 

0 and X reciprocally ; and if the quantities R, 8, T, V, X 

be changed into r, s, t, v, x, fs, Q zntoq; I ſay then 

that the ratio of Q to q will be equal to the exceſs of all the 

direct ratios taken 5 above all the reciprocal ones taken 

together : as if the ratios of R to r, of 8 to s, and of T to t 

(which ] call direct ratios) when added together make the 

ratio f A to B; and if the ratios of V to v, and of X tox 

(which I call 1 ratios) when added together make 

the ratio ? C to D; I ſay then that the ratio of Q to q will 

be equal to the exceſs of the ratio of A to B above the ratio 


of C to D, | ibid. 
Corollaries. 48 5 
303. Examples to illuſtrate the foregoing theorem, where direct ra- 
tios are only concerned. 4.86 
304. Other examples, wherein direct and reciprocal ratios are mixt 
together. 490 


395. Another way of treating the examples in the to laſt articles, 494 
BOOK THE TARNI L 


The application of Algebra to plain Geometry. 


306. Requiſites for applying Aigebra to Geometry: and how nume- 
ral expreſſions of geometrical magnitudes are to be underſtood. 496 
307. Prob. 1. I is required, having given a and b the two « of 
a rigbt-angled triangle, whereof a is the greater, to find it's 
hypotenuſe, without the 47th of the firſt Element. 497 
308. Prob. 2. To find the area of a triangle whoſe three fides are 
_ given in numbers, n 
„ | 500 
309. A Lemmatical problem. To find in rational numbers 1 
right-angled triangles, having one leg the ſame in both. 501 
310. Prob. 3. To find as many oblique-angled triangles as we pleaſe 
050½ fades and areas are all expreſſible by rational numbers. 502 
311. Prob. 4. Having given the three fides of any triangle in num- 


bers, to find the ſemidiameter of an inſcribed circle. ibid, 

Corollaries. | 503 
312. Prob. 5, Having given the three ſides of any triangle in num- 

Beers, to find the diameter of a circumſeribing circle. 504 


313. A Lemma. F in a triangle a line be drawn from any angle 
; to the oppojite baſe, it will divide all lines parallel to the baſe 
in the ſame proportion as it divides the baſe 1tſelf. 50 5 
| * * * 2 | 3 14. 
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314. Prob. 6. To find the center of gravi of any given tria 1 
. that 1s, 1 , h a point in the FAS of « gives triangh as 


being ſuſtained upon © N of a 2 or otberwiſe, the whole 
ure ſhall be in æquilibrio ibid. 
315. Prob. 7. Eis required, having given the baſe BC of any tri- 
| angle, together with the adjacent angles B and C, to jou its 
cular altitude. 506 
316. Prob. 8. (Fig. 10.) Let ACDB, AEFB and AGHB be 
| three given right-angled parallagrams all fituate upon the 
| fame baſe AB, and all the ſame way, ſuppoſing the rectangle 
AGHB 7o be the greateſt, and the rectangle ACDB to be 
the leaft : It is required to draw the line KLMN parallel to 
AG or BH, and cutting the lines GH in K, EF in L, 
CD in M, and AB in N, /o that the Food of the reBlangles 
AK and BM may 1 equal to the middle reftangle AF. - 507 
317. Prob. 9. In a i boſe baſe and 3 are given, 
to inſcribe a rig pu ed rte whoſe baſe ſhall be 
| fart of, or coincident with the baſe of the triangle, and whoſe 
to contiguous fides ſhall be to each other in a given ratio. 509. 
318. Prob. 10. (Fig. 13.) Let AB and CD be two turrets, and 
BOD a hortzontal line paſſing from the foot of one to the foot of 
the other : It is required, having given in numbers the 
heights and i diſtance of of theſe © fro turrets, to find a 
lace as E in the line BD, — which the foot of a ladder 
eing. fixed, the ladder may equally ſerve to reach the top 0 
_ each turret ; or (which amounts. to the ſame thing) let it be 
required to "find a point as E in the line BD, from whence: 
the lines EA and EC being drawn, ſhall be equal one to 
the other. 515 
319. Prob. 11. It 1s required, having given in numbers the radius of | 
| any circle, together with the tangent of any arc thereof that 1s 
le/5. than bal If a quadrant, to find the tangent of twice that arc. 516 
There are two paſſages from affirmation to negation, to wit, 
through nothing, and through infinity. 5 
320. Prob. 12. To * a given line into two ſuch parts, that the 
rectangle thereof may be equal, if poſſible, to a given ſquare. 52.5 
321. Prob. 13. To divide a given line into two ſuch parts, that the 
um of their ſquares may be equal to a given ſquare. 


9 


526 


322. Prob. 14. Ja divide a given line in extreme and mean proportion. 528 
323. Prob. 15. To find three lines in continual proportion, having 


529 


four lines in continual freportion, whereof 


bath 


given both oo * and the ſum of their ſquares. 
324. Prob. 16, To fn 


Pad 


The CONTENTS. | 
*. . both the fum of the extremes and the ſum of the middle term. 
are given, | WO ol bas. 
325. A Lemma, Ir every rectilinear figure, all the angles taken to- 
gether are equal . to twice as many right ones, except four, 


48: the figure has ſides. | 33 
326. Prob. 17. In a given ſquare to inſcribe a leſſer ſquare fa F 
given area. ibid. 


327. Prob. 18. It is required, having given the difference between 
the hypotenuſe of a right-angled triangle and each leg ſepa- 
rately, to find the triangle. 534 


328. A Lemma. If four lines A, B, C, D be proportionable, and 


four others E, F, G, H be alſo proportionable, ſo that A is 

to Bas C is to D, and alſo E is to F as G is to H; TI ſay 

then that the rectangle AE will be to the rectangle BF as 

the rectangle CG is to the rectangle DH. 535 
329. Prob. 19. It is required, having given the hypotenuſe of a 

right-angled triangle, and it's area, to find the triangle. 536 
330. A Lemma, If four quantities R, B, C and D are proportionable, 

ſo that A is to B as C is to D; I ſay then that as A+B 

is to A, fois C+D r C. 539 


331. A Lemma. (Fig. 26, 27.) If ABC be 4 triangle whoſe baſe is 


AB, and whoſe vertical angle C is equal to any given acute 
angle DEF, or to it's complement to two right ones; and if 
from any point as D in the line ED be drawn DF perpendi- 
_ cular to EF; I ſay then, that as DE is to EF, ſo will 2ACB, 
the double reflangle under the legs. of the propoſed triangle, be 
to AC'+BC'—AB}, or to AB—AC'—BC, the diffe- 
rence between the ſquare of the baſe and the ſum of the ſquares 
of the'legs : the former caſe happens when the e angle 
AC is equal to the acute angle DEF, and the latter happens 
when the vertical angle AC: is equal to the complement of 
the angle DEF to taoo right ones. ibid. 
I jay likewiſe e converſo, that if DEF be any acute 
angle whatever, where DF is perpendicular to EF, and if 
DE be to EF as 2ACB is to AC*+BC*—AB? or to AB. 
—AC'—BC:; then the vertical angle ACB will be equal 
to the angle DEF in the former caſe, or to it's. complement to, 
tv right ones in the latter. N 540 
332. Prob. 20. 1tis required, having given the baſe, the ſum. of the 
legs, and'the angle oppoſite to the baſe in any triangle, to find 
the triangle. 5 ibid. 


333* 
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Prob. 2 T. Eis required, having given Fe fides triangle, 
333: together with it's area, to find the third fide, 9 544 
334. A Lemma. I} e be” 


_ lines AC and BD if theſe lines, being conti- 
nued beyond the 4 40 wo] _ D, be Apes Joe's concur 


but at an 1 I. ſay then, that any finite parts 
as AC and BD f of 25 e in 225 . ought to be taken for 
parallels, that is, they will have all the properties of parallel 


lines, ſo far as thoſe — can be expreſſed in fimte terms, 54.5 
335. Prob. 22. Jo divide a given triangle 4 any proportion by a 


line paſſing through a given point. 546 
336. 4 diſcourſe concerning * of both kinds, (that is, quanti- 


ties infinitely great and ung ſmall ) on bye of the 
Joreguing problem,. 554 


Of Geometrical Places. 


337. Definitions. (Fig. 39, 7 40.) Let APB be à line given in po- 
tion, and let PM be an indeterminate line making any given 

angle APM with the line AP: let this indeterminate line 

P Me ſuppoſed to move alon # the line AB in a pofition always 


parallel to 75 If, fo that all the PMs may be parallel to one 
another ; and at the ſame time that the 23 PM is carried 


along the line AB, let the point M be alſo ſuppoſed to move 
along the line PM „ ſo as by this com ne motion to deſcribe 
eme ſtreight or curve line : laſtly, let there be a conſtant re- 
lation between the lines AP and PM, and let this relation 
be expreſſed by an equation involving thoſe lines, or any po- 
wers of them multiplied or divided by known quantities : then 
is the ſtreight or curve line deſcri 2 ” the point M ſaid to 
be the locus of that equation; the indeterminate K PM is 
called the ordinate, and the indeterminate line AP, compre- 
hended between P, the foot of the ordinate, and the point A, 


which is ſuppoſed t be a fixed point, is called the abjcrſſe of the 
ordinate P 61 


33 8. A Lemma. (Fig 41.) Suppofing all e. as in the laſt article, 17 
the angle APM be always a right one, let p, q and r be given 
lines, and let the relation between x and y be frees by this 
equation, XKX—2px+ —2qy+qqz=rr. n the 

line AP (pr —— if 2 775 and 7 — 2 towards F. off 0 
AB —_ to p, and perpendicular to it draw BC equal to q, 
on the ſame fide of AB with the line PM: I fay then that 
the locus of the foregoing equation xx—2px-+ pp+yy—2qy 


T-qq 
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+qq==rr will be the circumference of a circle whoſe Cen 
ter is C and whoſe radius is r. 562 


339. Prob. 23. (Fig. 44.) It is required, "IP given tao points 
A an B, to find a third, as M, to which the lines AM and 
BM being drawn ſhall bei in a given ratio. 563 


BOOK VIII. PART U. | 
Of Priſms, Cylinders, Pyramids, Cones and Spheres. | 


340. A Lemma. If in a right-angled 1 ar one of * acute an- 


gles be zo agrees, or a third part of a right one, the oppoſite 
fide will be equal to half the hypotenuſe. n p 


56g 
341. A Lemma. (Fig. 49, 50.) Let ABC be a right-angled tri- 
angle, rigbt-angled at B; and ſi "ppofing -tawo ſimilar and 


equilateral polygons, one to be circumſeribed about a circle, 
and the other to be inſcribed in it, let the angle BAC be 


equal to half the angle at the center fubtended by a fade of ei- 
ther polygon : T ſay then that AB will be 10 BC as the diame- 
ter of the circle is to the fide far of the circumſcribed polygon; and 
that AC will be to BC as the diameter * the circle is to the 
| fide of the inſcribed polygon. ibid, 


342. A Theorem. The circumference of every circle is ſomewhat 
more than three diameters, 


$79 
343. A Theorem. If the diameter of a circle be called 1, the cir- 
| cumference will be ſomewhat leſs than 32. and | ſomewhat grea- 


ter than 3 1 


571 
344. T he moſt compendious way of obtaining the numbers i in the laſt 
article. 


3 
345. Van Ceulen's numbers expreſſing the circumference of a Rd 
D aohoſe diameter is 1. 574 
3 346. Why the circle cannot be ſquared geometrically. 57 5 
347. Corollaries drawn from art. 343. 576 


348. Prob. 1. To find the proportion betæucen the diameter of any 
circle and the fide of an equal ſquare. $77 
349. Prob. 2. To find the ſemidiameter of a circle that will compre- 
bend within it's circumference the quantity of an acre of 
land. 5 
o. Prob. 3. Let a firing of a given length be diſpoſed into the 
a 4 form a at i y = red 1 find a ok of this 
circle. ibid. 
351. Prob. 4. I is required to divide a given circle into any num- 


ber of equal parts by means of concentric circles drawn with- 
init, | 


78 


. 
352. 
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352 Prob. 5. Whoever makes a tour round the earth, muſt neceſſa- 
b 2 4 larger compaſi with bis head than "with bis * 
be queſtion is, how much larger? ibid. 
2 5 z. Prob. A T is required, having given the depth and diameter | 
| of the baſe of any cylindrical veſſel, to find it's content in ale 


354 icy. e e 
4. Prob. 7. To meafure a um of a cone, whoſe wcular 
7 altitude and the n 4 the tavo een are * ibid. 
355. A Lemma. 582 
356. A Lemma. 584 


5 37. A Theorem. All iſoſceles fs Fd equal brights are as their” 
* es; that is, t oa content 47 any one 1185 cone is to 


e ſolid content of any other of an equal height, as the baſe of 
| > former cone is to the baſe of the latter. ibid, 
358. A Theorem. Every 1/oſceles pyramid is equal to an iſoſceles 
cone of an equal baſe and height. 58 5 


| A Lemma. If from the center of any cube frei be lines be 
Y * imagined . to all it's Hr the — agen by this 
means be diſtinguiſbed into as many equal 1ſoſceles pyramids 
| as it has fiaes, to wit fix, whoſe baſes will be in the fides 9 
fl., be cube, and whoſe common vertex will be in the center, 586 
360. A Theorem. Every ijoſceles pyramid or cone is a third part of 
an i ſoſceles priſm or cylinder having an equal baſe, and an e- 8 
qual perpendicular beigbt. 587 
* A Lemma 51 AAR of of any hind be. ut by a lane pa- 
liel to its baſe, the quantity of the ſection, or (which is all 
js tbe 2 of the baſe of the pyramid cut off, will al- 
avays be the ſame, let the figure of the pyramid be what it 
will, ſo long as the baſe and perpendicular altitude of the 
whole pyramid, and the perpendicular altitude of the pyra- 


mid cut off continue the ſame: in which caſe, the — 3 
cular dift 3 the pris of the ſection 7 the plane of the 
baſe will 2 6 be the ſame. 588 


62. A Theorem. Pr a priſm or cylinder 0 kind be deſcribed 

F by the motion 9 a 16 es . ormly in 42 

zontal pofition to any plans height, the quantity of the ſolid 

thus generated will be the ſame, whether the 40 bing plain 

aſcends directiy or obliquely to the ſame height ; and conſe- 

ently all prifins and cylinders of what kind ſoever, that 

= equal baſes and equal perpendicular heights, are equal, 
whether they ſland upon thoſe baſes erect or reclining. 589 

0 3. A Theorem, All Bromide and cones Y what kind ſoever wah 
ave 
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Save equal baſes and equal perpendicular heights are equal. ibid. 
364. A Lemma. (Fig. 60.) Let ABCD be @ /quare wwhoſe baſe is 
AD and w 40 8 is AC; and — the center A, and 
with the radius AB deſeribe the quadrant or quarter of a 
circle BAD; draw alfo the line EF G H or EGFH a 
where within the ſquare, parallel to the baſe AD, cutting 
the fide AB in E, the quadrant BD in F, the diagonal AC in 
G, and the oppoſit e fide CD in H, and join AF: I jay then 
that the ſquare of EF and the 7 uare f EG put together 


ll akoays be equal to the ſquare of EN. 590 
365. A Theorem. Every ſphere is two thirds of a circumſcribing 
cylinder, that is, a cylinder that will juſt contain it. ibid. 


366. A Theorem. Every ſphere is equal to a cone or pyramid, whoſe 
baſe 15 the ſurface of the ſphere, and whoſe perpend: cular alti- 


tude is its ſemidiameter. 59 1 


367. A Theorem. The ſurface of every ſþhere is equal to * great 
circles of the ſame ſphere. 592 
368, Corollaries. 


593 
369. Prob. 1. To find hn many acres the ſurface of the whole 


earth contains, 592 


370. Prob. 2. What muſt be the diameter of 6: a concave ſphere that 
vill juſt bold an Englifh gallon ? 595 
371, Prob. 3. To find the weight of a globe of water of an inch dia- 
meter when wet gbed in air, upon a ſuppoſition that a cubic 
Foot of common rain-water when awer 'ghed in air at a middle 
' height F the barometer, weighs juſt 76 pounds Troy, ibid. 
372. Prob, 4. To find the diameter of a globe by weighing it firſt in 


air, and then in water, without any. regard to it's weight - 
in vacuo, 590 


Of the Spheroid. 


7 3. Def. if a er be reſokoed into an infinite number of in finitely 
thin cylinaric laminæ, and then theſe laminæ, retaining their 
circular figure, be all increaſed or all diminiſhed in the ſame 
proportion, they will conſtitute a figure called a Spheroid ; and 
it 1s ſaid to be prolate or oblong, according as theſe . tuent 
laminæ are increaſed or diminiſped. 598 

Corol. 1. Every ſpberoid is to a ſphere upon the ſame axis, as 
any one lamina in the former is to a like lamina in the latter 
from whence it is derived; or as any number of lamina in 
the former 1 75 to the ſame number of the like lamina in the lat- 


fer, that is, as any portion of the former comprehended betawcen 
* * N #920 
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wo parallel planes perpendicular to La g axis, is toà like por- 


tion of the latter, ibid. 
Corol. 2. Every ſpberoid as well as every bur, ts tao thirds 
of a circumſcribing cylinder. | ibid. 


1 374. A Lemma. The chord of any circular arc is a mean propor- 


tional between the verſed fine of that arc and the diameter. ibid, 
375. Prob. 5. To find the ſolid content of a fruſtum of a hemiſphere 
or hemiſpberoid comprehended between a great circle perpen- 
dicular to it's axis and any other leſſer circle parallel to it, ha- 

ving theſe tao oppoſite baſes and the height of the ſruſtum given. 599 


376. Prob. 6. To find the convex ſurface of any ſegment of a ſphere © 


whoſe baſe and height are given. 600 


377. Prob. 7. To find the ſolid content of a caſt, when it is a portion 


of a ſphere or ſpheroid, terminated at each end by two equal 
and parallel circles at right angles with it's axis, having gi- 


den the diameter at the head, the diameter at the Bung, 


and the length of the veſſel. | 602 
BOOK 1X. PART I. 5 
3 58 Of powers and their indexes, 3 | 603 
379. Obſervations, N 604 


380, 381. Of Newton's theorem for the evolution of a binomial, or 


rather the powers of a binomial, into ſerieſes finite or infini te, 
as the nature of ſuch power will admit. | 606 
382. Examples to the foregoing theorem. 608 
383. 1f any power of a binomial be to be multiplied by any given 
number as n, this may be effected two ways; to wit, either 
by multiplying every term whereof that power conſiſts by n, 
or elſe by multiplying only the firſt term, which will always 
be known, by n, and then (calling that Product A) deriving 
l the other terms from it as before. 60 


38 84. Ey the help of this aft article we may expreſs by a * es any 


given power of a * binomial whatever, as p Eq; by conſi- 
dering the e p+4q 48 "Ow product of two9 factors, to 


wit, 1+ h and p. ibid. 


3 $5. From what bas been here laid down it may be obſerved, 
that if m, the index of the power to whi 5 the binomial 
1-+x is to be raiſed, be integral and affirmative, the ſeries 
exhibiting that power will at laſt break off, and ſo conſiſt but 
of a finite number of terms ; otherwiſe the ſeries will run on 
ad infinitum. 610 


380, 
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386, 187. As +1 75 the _ of the fimple power CIT: 
will be the index of — * 611 


388, 38 1 As all powers if. a 1 whoſe exponents are integral 
rmative may be obtained by continual multiplication, 


0 T thoſe whoſe exponents are integral and negative ma be 
had by continual divifion. a : F 673 


BOOK IX. A 
Ot Logarithms, their uſe, and the beſt methods of compu- 

ting them. 616 
390. The definition of logarithms, and conſectaries drawn from it, ibid. 


391. Logarithms the meaſures of ratios. 619 
392. Of Briggs's Logarithms. a 620 
393. Some advantages of this ſyſtem. 621 
394. To find the cbaracteriſtic of Briggs's logarithm of any number. 622 
395. Another idea of logarithms. ibid. 
390. Precautions to be uſed 1 in working by "—_ s logarithms, 623 
397. How to uſe Sherwin's Tables. 624 


Of Logarithmotechny, or the e of Logarithms; ; 
And how to make the beſt uſe of Vlacq's Canon Magnus. 


39 8. Prop, 1. In the ſame ſiſtem, the evaneſcent logarithms of all 
numbers gradually approaching towards unity are as the dif- 


ferences of thoſe numbers from unity. 627 
399. Prop. 2. To find Napeir's bogarithm of any whole 88 or 
Fraction whatever. 62 
400. Prop. 3. To compute Napeir's Jogarithm of 10 by the help of 
the foregoing propoſition. 032 
401. Prop. 4. To find Briggs's hgarithm of any whole number or © 
 frattion whatever, 635 


402. Prop. 5. To conſtruct a table of Briggs's logarithms of all the - 


natural numbers from 1 to 100000. 


3. Prop. 6. To find the natural number to any of Napeirs ri. 


G2 
© 


thms given. 640 
404, 405. Prop. 7. To fd the logarithm of any number not exceed. 

1 ing ten places by Viacq's Canon magnus. 641 
406, Prop. 8. To find to ten places the abſolute number belonging to 

any logarithm in Vlacq's canon magnus. 645 

BOOK IX. PART II. 

Of the invention of diviſors. 647 

407. To find the diviſors of a ſimple quantity. I 648 

To find the ſimple diviſors of a compound quantity, ibid, 

| * K K N 2 408. 


40 


9 
410 
411 
An enquiry, whether a compound quanti 'y, which riſes to above 


a 
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. 4be quantities propoſed in the laſt article will not admit of any 


% 


other diviſors than ſuch as are obtained by the foregoing 


met bod. 3 | 649 

. An-enquiry, whether a compound quantity, after having been 

divided by all it's fimple arviſors, will admit of ſome compound 
diviſor of one dimenſion. | „ 

. An explication of the method already deſcribed. ES. - 

. If the quantity propoſed riſes not to above three dimenſions, and 
admits of a compound. ney of tao, it muſt neceſſarily have 
another diviſor of one dimenſion, to be found by the forego- 
ing rule. | 654 


three dimenſions, and bath no diviſor of leſs than tub, will 
admit of any compound diviſor of tao dimenfions, ibid, 


An explication of what has been delivered in the laſt article, 656 
413. Hau ta find the compound diviſor of a quantity made out of the 
powers of tao different letters, when all it's terms are of the 
fame number of dimenſions. © . 
414. The reaſon of the foregoing rule will appear upon tryal. 657 
„ . 5 
Of the Arithmetic of ſurd quantities. ibid. 
415, Definitions. 658 
416. To reduce ſurds of different roots to others of the ſame root. ibid. 
417. Of the addition and ſubtraction of ſurd RTE. 659 
418, Of the multiplication and diviſion of ſurd quantities. ibid. 
419. Jo reduce roots from higher to lower denominations. 660 
420. To reduce ſurds, when poſſible, from bigher to lower terms. 661 
421. To free the denominater of a fraction from all radicality, where 
the ſquare or biquadrate root, or both are concerned. ibid, 
422. To extract the ſquare root of any binomial, whoſe tawo parts 
when ſquared are commenſurable to each otber. 662 
Examples. 1 663 


How to proceed, when more radical quantities than one are 
concerned in a given trinomial or quadrinomial ſquare. 665 


423. Lemma. If a and b be too incommenſurable quantities, but 


ſuch whoſe ſquares aa and bb are both rational; I ſay then, 
that ab the product of their multiplication will be irrational. 666 
A demonſtration of the rule given at the latter end of art. 422. ibid. 


424. The analyſis in art. 422 applied to the reſolution of ſuch bi- 


quadratic equations as fall under the name. and form of qua. 
dratics.. | 667 


42 5. 
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425. A Lemma. If a binomial whoſe parts when ſquared are both 
rational, be raiſed to a cube, and this cube be reſolved into 

another binomial in ſuch a manner as ſhall preſently be ſhewn ; 
1 2 then that the two parts of the cube will be affected with 
the ſame ſurds as the tao correſponding parts of the root, and 
no other; comparing the greater part of the cube with the 


greater part of the root, and the leſſer part of the cube with 
the leſſer part of the root. And 2 verſa. 4 . 


426 . To extract the third, fifth or ſeventh root &c of a binomial, 


whoſe parts when ſquared are both rational, bbid. 
Enes. | 5 672 

| BOOK X. PART I. 5 
Of equations in general, and their roots. 676 
427. Definitions. ibid. 


428. Every equation hath as many roots, Poſſible and impoſſible, as 


there are dimenſions in the higheſt power of the unknown 
quantity, 


Of the generation of equations. 

429. To form an equation. that ſhall have any number of given 
n—_ | ibid. 

Whenever an equation may be wholly divided by the ſimple power, 

or by the ſquare, or the cube of the unknown quantity with- 

out a remainder, it is an infallible argument that one or two 
or three of the roots of ſuch an equation are equal to nothing. 678 
430. If any number of equations whoſe parts on one fide are equal to 
nothing on the other, be multiplied together, they will produce 
an equation of a ſuperior form, whoſe roots «will be the ſame 

with their s. 

Hence it is that impoſſible roots creep into equations of all orders 

and degrees whatever. EE. 
431. Jf any equation of a: ſuperior form be propoſed, whoſe parts on 
ELL one fide are all equal to nothing on. the ather,.and if the quan- 
tity which in the equation is ſuppoſed equal to nothing, can 
be reſolved into more fimple factors, in all which the un- 
known quantity is more or leſs concerned, and laſtly, if theſe 
factors be made each equal to nothing, you will then have a ſet 
of equations of an inferior rank, which all together awill have 
the ſame roots with thoſe of the equation. bropoſed. :. but theſe 
Ss | | | roots 
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668 


679 
ibid. 
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roots muſt now be more e by obtained, as being to be extra- ; 


+. Fed out of equations of a fumpler kind. e ibid. 
5 432. Hence it is that. the invention of drviſors ce comes to be of any 
| uſe in the reſolution of equations. F 680 
1395 Of the coefficients of the terms of equations. | 681 
434. Of the number of affirmative and negative roots in an equation 
8 all the roots are poſſible. 683 


4 ws happens, eſpecially in geometrical problems, that the roofs 
35 of equations are poſſible, and yet the ſchemes to which they re 
te may exhibit them fle on account of ſome Febization 
or other in the problem which. does not enter the equation, 685 


436. Of the transformation of equations in five particulars, 68 7 


437. Another transformation of equations, whereby the ſecond term of 
any equation may be taken away. _ 689 


A general theorem for taking away the third term of an 
Yer 691 
BOOk:X PART H. 


Of Cubic and Biquadratic 3 and firſt of 
cuVbic equations. 692 


438. If all the roots of a cubic 8 on be real, that is, none of 
them impoſſible, and if all the parts of ſuch an equation be 

ed on one fide according to the dimenſions of the unknown 

quantity, and ſo be ſuppoſed equal to nothing on the other ſide; 

Jay then, that as often as unlike ſigns follow one another in 


paſſing from the firſt term to the laſt, ſo many roots of this 
equation will be affirmative, and as often as like figns follow 
one another, ſo many roots will be negative. ibid. 
439. If the ſecond term of a cubic equation be taken away, and ſo the 
2 ation be reduced to this form, X*==px====q ; I ſay then, 
that whatever quantities be the roots of the equation x 
px=-+q, the ſame with their figns changed will be the roots 
of the equation *#px=—4q ; and vice verſa. 693 
o. Every cubic equation may be reduced to this form, to wit, 
R 694 
441. Preparation for enquiring into the roots of a cubic equati . 
this form, xi = gaax = zaab. ibid. 
442. Every cubic equation of this form, $*—73aax===2aab will 
have all it's roots poſſible, provided that b be not greater than 
a or leſs-than —a, but hes 55 thoſe tao limits. 6 


443+ Setting afide the caſe of the laſt artick, T fay that in all other 
- Caſs, 
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' caſes, the equation x*==3aax5===2aab can have only on- 
root poſſible; which root will be affirmative or negative ac- 
cording as b is ſo, that is, according as + or —2aab is 
concerned in the 2 696 


444. The "rags of the two laſt articles, ſuppoſing the ſeveral caſes 7 ; 
e 


cubic equations under the form of X*2=3aax====2aab 70 


reſtored to their primitive form $*==px===q. 698 

Of the reſolution cubic equations. 699 

445. To reſolve any cubic equation that hath but one poſſible root. ibid, 

1 xamples. | Wy "WIN . 

446. Another way more ſimple and direct. 704 

Examples of this method of reſolving cubic equations, 70G 
Extraction of the root of a cubic equation by the help of 

logarithms. „ ES 0 
447. All cubic equations might be reſolved this way, if we could 

| extract the cube root of an impoſſible binomial. ibid. 
448. The laſt caſe of cubic equations confidered, with a rule for find 

ing the root true in three of it's firſt figures at leaſk, 708 


449. Definitions. 710 
450, In every quadrilateral figure inſcribed in a circle, the redtan- 
| gle under the diagonals is equal to both the rectangles under. 
the oppoſite fides taken de 1 
4.51, A Lemma. (Fig. 64.) Let ABC be an equilateral triangle © 
inſcribed in a circle; and from any one of it's angles A, 
let a line as ADE be drawn, cutting the oppoſite ſide BC in 
D, and the circle in E; and joyn the chords BE, CE + I ſay 
then that cord AE will be equal to the ſum of the two chords 
BE and CE put together. : | F 
452. A Problem. (Fig. 65, 66.) Let ABCD. he an arc of a given 
: circle whoſe diameter is AF, and let the arc AB be a third 
part of the whole are ABCD: I is required, having given 
the chord of the arc ABD, to find the chord of the arc AB; 
and that, whether the arc ABD be leſs than a ſemicircle as 
in the 65th figure, or greater as in the 66th. ibid. 
453. A Problem. Allowing the triſection of a circular are, it is 
required to conſtrutt a cubic equation of this form, px 


===q, where the cube of © is ſuppoſed to be greater (or 


not leſs) than the [ſquare of 2 . ; 713 
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466, 1 0 7. 5 the reſolution of all forts of biquadratic equations 
y the mediation of cubics. 


| The CONTENTS.” WE, 5 
4 4 A Problem. Suppe 775 all things as inthe 127 articke let it 


now be require refobve. the Foregoing e by the . 
© belp of of a canon of fines. ' 714 


4 $ "oY A Problem. To find two mean propertionals between any two 


given numbers, 


X 17 
= 56, Mr Cotes's method of reſubvi ng cubic equations confidered . 
demonſtrated. 718 


457. Another method of reſoluin en equations, which finds al, 
the three roots at once; by Mr Colfon : with examples. 720 


4 58, 459, 460. Newton's method of approximation * to the 


reſolution of cubic equations. ; 722 


Ot the reſolution of biquadratic equations: and fr 


461, 462, 463. The reſolution of a biquadratic equation of this 


form, x. pax ＋qaaxx-＋Epax-＋ECa . 728 


464, 465. A further illuſtration of the foregoing reſolution by a 


geometrical problem out of Pappus. 730 


735 


: 46 8. The compoſition of a bi quadratic equati on whoſe ſecond term 


is wanting. 737 


469. The reſolution of a bi quadratic equation (according to the 


» foregoing method) whoſe ſecond and fourth terms are both 
wanting. 738 


This article concludes the beo, with a di greſſion upon the ex- 
cellency of the Mat hemati ical ' ſciences above all others for the 
diſcovery of truth ; their uſe and nece iy in mechanical 
and natural Philos by ; whence the fludy of them is re- 
commended preferably to Metaphyfical 22 tes and ſub- 
tilties. 0 

APPENDIX. 5 


A Letter from Profeſſor Saunderſon ts Mr Abraham de 


Moivre. 743 
08 de Moivre's method of extratting the cubic or any other 


_ an _ le binomial, ſuch as a- -b; with an 
ation of that method to the extraction of any root out 
any given power of the ſaid 3 3 744 
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